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FOREWORD 


This  IMA  Volume  ii»  Mathematics  aaJ  its  Applications 


FLOW  CONTROL 


is  based  I'n  »he  proceedings  of  a  workshop  that  was  an  integral  part  of  the 
1992-93  IMA  program  on  ^Control  Theory.'’  Historically,  flow  control  prob¬ 
lems  have  been  addre.-sed  through  experimental  investigations.  Analytic  and 
computational  research  had  been  based  on  drastically  simplified  How  mod¬ 
els.  However,  recently,  a  nutiiber  of  mathematicians  and  other  scientists  have 
been  addressing  flow  control  problems  without  invoking  such  simplifications, 
The  purpose  of  the  workshop  was  to  bring  together  these  scientists  and  other 
mnthemoficians  interested  in  entering  this  rapidly  growing  research  area  that 
will  have  significant  impact  on  applications. 

\Vc  thank  Max  D.  Gunzburg*  r  for  organiring  the  workshop  and  for  editing 
the  proceedings.  We  also  lake  this  ojiportnnity  to  thank  the  National  Science 
Foundation  and  Office  of  Naval  Research  whose  financial  support  made  the 
workshop  possible. 


Avner  Friedman 
Willard  Miller.  Jr. 
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PREFACE 


This  volume  contains  thn  proceedings  of  the  Period  of  Concentration 
in  Flow  Control  held  at  the  IMA  in  November,  UM.  This  gatherijiR  of 
engineers  and  mathejiiatieians  wna  especially  timely  af  it  coinciiled  »  h 
till-  emergence  of  the  role  of  mathematics  and  systematic  engineering  anal¬ 
ysis  in  flow  control  and  optimisation.  Since  this  meeting,  this  role  has 
significantly  expanded  to  the  point  where  now  sophisticated  matlienialical 
and  computational  tools  arc  being  increasingly  applied  to  the  control  and 
optimization  of  fluid  llcnvs.  Tims,  these  proceedings  serve  a.s  a  valuable 
rt'eord  of  some  important  work  that,  hns  gone  on  to  influence  the  practi¬ 
cal,  everyday  desicn  of  Hows  Moreover,  they  also  represent  very  nearly 
the  state  of  the  art  in  tht  formulation,  analysis,  and  romputation  of  flew 
control  problems. 

My  own  article  in  the  proceedings  attempts  to  set  the  stage  for  the 
remaining  articles  by  describing  the  history  of  attempts  at  flow  control  and 
optimization  and  e.xplaining  why  the  time  is  rip'  for  the  introduction  of 
.snphistic.ated  tools  from  the  theory  of  partial  differential  equations,  from 
optimirat.ioii  theory,  and  Iroin  computational  fluid  dynamics  into  the  study 
of  flow  control.  The  remainit.g  articles  in  the  volume  show  how  these  tools 
may  be  introdticed  to  attack  flow  control  problems.  Mathematical  issues 
in  optimal  control,  feedback  control,  and  controllability  of  fluid  flows  are 
treated  in  the  articles  by  E.  Casas,  A.  l-'ursikov  and  O.  ImanuviJov.  K.  Ito. 
H  Tran  and  3.  Scroggs,  S.  Sritharan,  S.  Stojaiiovic,  T.  fivobodny,  and  tt. 
Teiiiam.  Computational  studies  of  algorithms  and  of  particular  applica¬ 
tions  are  found  in  (he  articles  by  II.  Banks  and  R.  Smith,  3.  Borggaard.  3. 
Borggaard  and  3  riurns,  3.  Brock  and  W.  Ng,  3.  BiirVardt  and  3. 1’cterson. 
Y.-R.  Ou,  G.  Strunvilo,  and  A.  Taylor,  P.  Newiiiiui.  G  Hou,  and  11.  3ones. 
Among  (he  applicntions  con.sidered  in  this  volume  are  a'-.-mstics,  compress¬ 
ible  flow.s  aiid  incotnpressihle  flows,  chemical  vapor  d-  pos  tion,  turbulent 
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ACTIVE  CONTROL  OF  ACOUSTIC  PRESSURE  FIELDS 
USING  SMART  MATERIAL  TECHNOLOGIES  ‘ 

H.T.  BANKS*  AND  B.C  SMITH* 

Abgtr.vt.  An  nvfn’len-  describing  the  use  of  pieioceramie  patched  in  reducing  noise 
in  a  «loicti!r«!  acoustics  setting  is  presented.  The  passive  and  active  conlribution&due  to 
patches  which  aic  bonded  to  an  Euler- Bemnnili  beam  or  thin  shell  ure  brieSy  discussed 
and  the  results  arc  incorp  jMted  into  a  2-D  stmrfiiral  acoustics  model.  In  this  model, 
M  eslerior  noise  source  cause*  sf ructural  vibrations  which  in  turn  lead  to  interior  noise 
M  a  result  of  noidine.tr  Huid/sirtirtiire  rnupimg  mechanisms.  Interior  sound  pressure 
levels  arc  ruluced  via  patches  bonded  to  the  flexible  boundary  (a  beam  in  this  case) 
which  generate  ,'xttj  bending  moments  when  an  mit-of-phase  voltage  is  applied.  WcU- 
posedness  resuiis  fur  the  infinite  dimensional  system  are  discussed  and  a  Goierkin  scheme 
for  approximating  the  system  dynamics  is  outlined.  Control  is  impletneiited  by  using 
IQD  optimal  coni  lol  theory  to  ralrulate  gains  for  I  he  liiicorired  system  and  then  feeding 
these  gains  back  into  the  nonlinear  sy.stem  of  interest ,  Tlie  effectiveness  of  this  strategy 
for  this  pioMem  is  ilhtstraif-d  in  an  example. 

1.  Infroductiou.  The  recent  developiin-nt.  of  highly  fuel  efficient  tur 
boprop  and  iiirbofan  engines  which  also  prudiire  high  level.*;  of  interior  cabin 
not>je  (tflsjiecially  nt  low  frequencies)  has  slimnlated  a  substantia!  effort  on 
the  developnieiit  of  a  roniprohensive  active  control  methodology  for  interior 
prerasure  field  cavities  that  have  been  excited  by  .«!oine  primary  or  external 
source,  lu  this  overview  paper,  we  shall  discuss  recent  approar.hrs  and 
preliminary  results  in  the  growing  effort  to  devel.o?  “smart"  or  •‘adaptive  ’ 
material  concepts  (miUerials  that  possess  the  capability  for  both  .sensing 
and  actuation  are  often  called  “smart"  materials)  and  control  sirategir.s  for 
such  a  comprehensive  methodology. 

Interior  cavity  noi.se  in  aircrtift  with  turboprop  engines  is  produced  pri¬ 
marily  through  (nonlinear)  lluid/eiructiirc  interaction  mechanisms.  The 
turboprop  blades  produce  an  external  acoustic  prcsstjrc  field  which  is  con¬ 
verted  into  mechanical  vibrations  (hrougb  fluid /structure  interactions  at 
the  exterior  aircraft  cabin  walls.  In  turn,  these  mechanical  vibrations  pro¬ 
duce,  through  interactions  of  the  interior  cahin  walls  with  the  air  in  the 
cabin  cavity,  pressure  waves  or  an  interior  aronstic  pressure  field. 

Our  di.vcu.s.'uon  here  focuses  on  a  lime  domain  state  space  approach 
to  active  or  feedback  control  of  noise  in  the  interior  acoustic  cavity.  We 
are  especially  interested  in  models  and  inethodologica  which  treat  tran- 

*  The  rescariti  of  H.'l .B.  wm  wipporf cit  ir  pert  bv  the  Air  Force  Office  of  Screntific 
Bvsearch  under gr.vnl  .AFf)SR.91Wt091 .  Tlus  research  was  also  supported  hy  the  National 
.Aeronautic*  and  Space  Administration  under  NASA  Contract  Number*  N'ASt-lSCOS 
and  NA?1-19‘1S0  while  H.l.B.  was  a  visiting  *cienti*t  and  R.C.S,  was  in  residence  at 
the  Intiitule  for  Computer  AppUcafinn*  in  Science  and  Engineering  (IC.ASK),  NAS.A 
Langley  Rtsenreh  Center.  Hampton.  VA  236S1, 

*  Centre  for  Rese.nch  in  .Scientific  Computation,  North  Carolina  Stale  Univers.;ts'. 
Riileigh,  NC  27095. 

*  DepertmenI  of  Mathemalic*,  Iowa  .State  ITniversity.  Ame».  lA  53011. 
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sienl  dynamics.  There  is  a  substantial  literature  on  active  control  of  noise 
in  a  frequency  domain  setting  (see  [IS, 21, 24, 26, 2S]  for  some  examples  and 
further  references  to  both  experimental  and  analytic  efforts)  as  well  as 
a  growing  literature  on  infinite  dimen.siona!  state  space  time  domain  ap¬ 
proaches  (e.g.  {2, n, 8, 9. 10)).  Earlier  efforts  by  mo.st  researchers  focused  on 
a  control  methodology  implemented  through  stcondary  »ource  lechnigues 
with  the  input  or  f  ec.ondary  noise  based  on  feedback  of  noise  levels  in  the 
acoustic  cavity.  In  this  approach,  a  system  of  microphones  and  speakers  is 
btralegically  placed  in  the  interior  cavity  where  one  can  sense  the  pressure 
field  (composed  of  tlie  primary  source  plus  any  secondary  sources  present). 
This  information  is  used  as  feedback  for  the  Jictuators  or  speakers  which 
produce  a  (hopefully)  optimally  interfering  signal  (.secondary  noise)  to  re¬ 
duce  the  total  noise  levels  in  certain  critical  zones  (related  to  passenger 
comfort).  Roth  frequency  an<i  time  domain  settings  have  been  used  in  pro¬ 
viding  not  only  ‘‘proof  ef  concept’"  Hiiaiyses  but  also  in  designing  and  and 
implementing  these  ideas  (to  date,  mainly  in  liixnry  class  anfoinohiles). 

More  recently,  a  second  approach  utilizing  smart  materials  technology 
has  captured  the  attention  of  investigators.  There  are  a  large  number  of 
classes  of  smart  materials  (e.g.  electrorheological  fluids,  magnefostrictivrs, 
shape  memory  alloys)  but  we  shall  restrict  our  discussions  in  this  paper 
to  piezocerarnic  devices  such  as  piezoceramic  patches  which,  when  bonded 
to  a  structure  such  as  a  beam,  plate,  or  curved  cylindrical  shell,  act  as  an 
elee.tro-meehaniral  transducer.  When  excited  by  an  electric  field,  the  patch 
induces  a  strain  in  the  material  to  which  it  is  boiided  and  hence  can  be 
employed  as  an  actuator,  hforeover,  if  the  boat  riiHterial  undergoes  a  defor¬ 
mation  (either  bending  or  ext ension/cont faction),  this  produces  a  strain  in 
the  patch  which  results  in  a  voltage  across  the  patcli  that  is  proportional 
to  the  strain  and  thereby  periiiiU  the  use  of  the  patch  as  a  mechanical 
sensor.  If  constructed  and  wired  with  proper  circuits,  these  patches  can 
be  employed  a«  ■‘self-sensing  arliiBtfirs’’  [20],  thereby  providing  a  smart  or 
adaptive  material  capability  for  the  structure  to  which  the  device  is  bondeil 
or  .  which  it  is  embedded.  When  combined  with  a  computational  adaptive 
or  feedback  control  clement,  the  potential  for  self-controlled  or  intelligent 
structures  is  enormous. 

In  our  presentation  and  discussions  of  active  control  of  noise,  we  shall 
concentrate  on  actuator  aspects  of  pieroceramics.  In  the  noise  supp.-^ssion 
example  detailed  below,  we  tacitly  assume  that  acoustic  pressure  in  the 
cavity  and  wall  displacements  and  velocities  are  sensed  for  feedback.  For  a 
complete  smart  material  system,  one  would  use  piezocerarnic.  (strain)  sen¬ 
sors  and  c.avity  pressure  sensors  to  construct  a  state  estimator  for  feedback. 

The  motivating  example  we  consider  consists  of  an  c.xierior  noise  source 
which  is  separated  from  an  inteiior  cavity  by  an  active  wall  or  plate.  This 
plate  transmits  noise  or  vibrations  from  the  e.xterior  field  to  the  interior 
cavity  via  fluid/structure  interactions  thus  leading  to  the  formulation  of 
a  system  of  partial  dilferential  equations  consisting  of  an  acoustic  wave 
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equation  coupled  tvith  elasticity  equations  for  the  plate.  The  control  it 
implemented  in  the  example  via  piezoccramic  patches  on  the  plate  which 
are  exci^d  in  a  maimer  so  as  t-o  produce  pure  bending  moments.  It  should 
be  noted  that  the  incorporation  of  the  feedback  control  in  this  manner 
leads  to  a  system  with  an  unbounded  input  term  (in  this  case,  a  system  with 
input  coefficients  involvinglhe  Dirac  delta  “function”  and  its  “derivative”). 
Experiments  are  being  designed  and  carried  out  at  NASA  Langley  Research 
Center  in  which  the  interior  cavity  is  taken  to  be  cylindrical  with  a  circular 
active  plate  to  which  sectorial  piezoceramic  patches  are  bonded. 

While  the  motivating  structural  acoustics  applications  are  three  dimen¬ 
sional  in  nature,  many  of  the  theoretical  and  numerical  isnues  concerning 
system  modeling,  the  simulation  of  system  dynamics,  estimation  of  physi¬ 
cal  parameters,  and  the  developments  of  feasible  control  strategies  can  be 
studied  in  2-D  geometries  In  this  work,  we  consider  a  2-D  domain  n(t) 
which  is  bounded  on  three  side.s  hy  h.ird  walls  and  on  the  fourth  by  a  flexible 
beam  (sec  Figure  1).  A  periodic  forcing  function  /.  modeling  an  exterior 
noise  source,  causes  vibrations  in  the  beam  which  then  lead  to  unwanted 
interior  noise. 


This  specific  prc*hlem  wa.s  chosen  since  it  is  a  two  dimensional  slice, 
from  a  three  diinensiona!  cylindrical  domain  which  models  an  experimental 
apparatus  consisting  of  a  rigid  cylindrical  pipe  with  a  clamped  aluminum 
plate  at  one  end. 

As  a  2-D  analogue  of  the  plate,  the  perturbable  boundary  Toff)  (see 
Figure  1)  is  modeled  by  n  fixed  end  Euler  Bernoulli  beam  having  Kelvin- 
Voigt  damping.  Bonded  to  the  beam  ate  s  pairs  of  piezoccrainir.  patches 
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which  are  configured  and  e-xcited  in  a  manner  so  as  to  produce  pure  bending 
moments  (see  Figure  2).  We  reiterate  that  it  is  through  the  excitation  of 
these  patches  that  the  sound  pressure  levels  are  controlled. 

The  acoustic  response  inside  the  cavity  is  modeled  by  a  linear  wave 
equation  with  zero  normal  velocity  boundary  conditions  taken  on  three 
walls  in  order  to  simulate  the  rigid  walls  of  the  experimental  pipe.  The 
boundary  conditions  on  the  fourth  (beam)  side  of  the  acoustic  cavity  result 
from  nonlinear  velocity  and  pressure  couplings  between  the  acoustic  and 
structural  responses  (as  discussed  in  [1-1],  these  coupling  terms  are  nonlinear 
since  they  take  place  along  the  surface  of  the  vibrating  beam).  Finally, 
under  the  assumption  of  small  beam  displacements  which  is  inherent  in  the 
Euler- Bernoulli  theory,  the  variable  domain  ii(t)  is  replaced  by  the  fixed 
domain  fl  =  [0,a]  x  [O.t]  as  shown  in  Figure  2. 


Fig.  2.  Acoustic  cavity  with  fiiczoccra^tc patches  crcciing part  hndiv.fjmoTnfr.t:. 

In  terms  of  the  velocity  pof.enti.iI  6  (so  that,  p  pj6t  is  the  acou.stic 
pres.'iirr)  and  the  transverse  beam  displacements  ir.  the  strong  form  of  the 
approximate  controlled  model  for  the  c.onpled  .'y.strrn  i.s  then  given  by 


o-i-cd^<p  ,  (jr,  j/)  ,r  >  0  , 


Vo-ii~0  ,  (^ly)  G  r  ,t  >  0  . 


V<p(t,j;.  w(t.  t))  h  =  ii’;(t,3-)  ,  0  <  J"  <  o  ,  I  >  0  , 

(1.1)  +  =:-p;<?,(I.a-,u-(<,r))+/(I,x)  , 

=  w{l.(i)  =  =  {)  .  f>0  , 

OT  ax 

ipfO.i.y)  =  <>o(x,v)  .  ic(0.x)=  ti:o(j-) 

dill),  i-,  V)  =  di-.(x,y)  ,  u'-(0,i)  =  u'i(i) 
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(for  further  details  concerning  the  development,  of  this  model,  see  [14]). 
Here  p,  pj  and  e  are  the  beam  density,  equilibrium  density  of  the  atmo 
sphere,  and  speed  of  sound  in  the  cavity,  respectively.  The  general  beam 
moment  consmts  of  an  internal  component,  depending  on  material 

and  geometric  properties  of  the  beam  and  patches,  and  an  external  com¬ 
ponent  (the  control  term)  which  results  from  the  activation  of  the  patches 
through  an  applied  voltage.  Specific  descriptions  of  lliese  moments  in  a 
variety  of  settings  are  given  in  the  next  section.  Finally,  the  nonlinear  cou¬ 
pling  between  the  beam  vibrations  and  the  interior  acoustic  field  manifests 
itself  in  the  velocity  term  VeXf,  i,  u'(t,  r))  •  n  =  tt'i(/,  r)  and  the  backpres¬ 
sure 


2.  PiezocRramic  Patch/Stnicture  Interactions.  As  discus.sed  in 
the  last  section,  control  is  implemented  in  the  system  through  the  excita¬ 
tion  of  piezoceramic  patche.s  which  are  bonded  to  the  beam.  This  affects 
the  dynamic.^  of  ilm  beam  in  two  ways.  The  first  effect  is  passive  and  results 
from  the  structural  changes  incurred  with  the  bonding  of  the  patches  to  the 
stnicture.  In  addition  to  the  patch  thickness,  there  is  a  nontrivial  bond¬ 
ing  haycr,  and  both  contribute  to  a  moment  of  inertia  which  differs  from 
that  found  in  regions  of  the  structure  not  covered  with  patches  More¬ 
over,  the  den.sit.y,  Young's  inodulu.s  and  damping  coefficient  of  the  glue 
and  patch  differ  from  those  of  the  beam,  and  as  a  result,  these  parame¬ 
ters  must,  be  modeled  as  piecewise  constant.s  in  order  to  accurately  match 
sy.stem  frequencies  (see  [17]).  The  thinl  pn.ssive  contribution  is  due  to  the 
piezoelectric  property  which  dictates  that  when  the  patch  is  subjected  to 
an  in-p!ane  ."train,  a  voltage  proportional  to  t.hc  strain  is  produced.  Hence 
longitudinal  and  transverse  vibrations  in  the  beam  lend  to  the  generation 
of  current  which  provides  additional  damping  in  the  stnicture.  The  final 
(active)  contribution  from  the  piezoceramic  patches  results  from  the  in- 
plaric  strain.s  which  are  produced  when  a  voltage  is  applied.  This  leads  to 
the  generation  of  external  moments  and  forces  which  enter  the  equations 
of  motion  a.s  external  Joa<ls. 

The  initial  part  of  this  section  contains  a  discussion  concerning  the 
contributions  due  to  patches  which  are  bonded  to  an  Euler- Bernoulli  beam. 
The  changes  which  are  necessary  for  extending  iliese  arguments  to  plates 
and  shells  are  then  outlined  in  the  latter  part  of  the  section  with  further 
details  given  in  [IGj. 

2.1,  Piezocerwiuc  Pateh/Beam  Intoractiuiis.  In  the  discussion 
which  follows,  we  consider  an  Euler- Rernoulii  beam  of  length  (,  width  b  and 
thickness  h  as  depicted  in  Figure  3.  The  Young’s  modulus.  mas,s  den.sity 
(in  mass  per  unit  volume)  and  damping  coefficient  for  the  homogeneous 
beam  are  denoted  by  £>.pi  and  cb^,  respectively.  Bonded  to  the  beam 
arc  piczoceramic  patches  which  can  be  mounted  either  individually  or  in 
pairs  as  shown  in  Figures  3  and  4.  In  the  initial  discus-sion  concerning  the 
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contribution  due  to  the  patch  pairs,  it  is  assumed  that  both  patches  have 
thickness  T,  Young’s  modulus  Ept-  density  ppt,  and  damping  coefficient 
CDff  Moreover,  it  is  assumed  that  the  bonding  layers  for  each  patch  have 
the  same  thickness,  Young's  modulus,  density  and  damping  coefficient,  and 
these  parameters  are  denoted  by  Tti,  Eu,  fin  and  Cojf,  respectively.  We 
emphiisize  that  these  assumptions  are  made  solely  for  clarity  of  presenta¬ 
tion,  and  similar  results  can  he  obtained  in  an  analogous  manner  for  the 
more  general  case  in  whicli  the  patches  and  bonding  layers  have  differing 
thicknesses  and  material  properties  (see.  fore.xample.  [16]). 

For  an  Fulrr-Bernoulli  beam  having  this  configuration,  force  and  mo¬ 
ment  balancing  yields  the  strong  form  of  the  dynamic,  equations 


(2.1) 


P{i) 


dhi 

dP 


Pix] 


.  d-tv 


dP 


cr  Mr 

dr. 


where  Ar  and  Afi-  are  the  infernal  force  and  moment  resultants,  respectively 
(see  [12,16]).  .4s  depicted  in  Figure  3.  u  and  v  denote  the  transverse  and 
longitudinal  displarements.  respectively.  The  external  surface  loads  9,1.  ?i- 
and  m,  denote  normal  forces,  in-plane  forces  and  moments,  respectively. 
For  patch  pairs  with  edges  at  ii  and  rj,  the  density  of  the  structure  is 


p(x)  =  Pi/lb  +  2b(pteTii  -b  Vye(j’) 


where  the  characteristic  function  is  given  by 


(2.2) 


r  1  ,  xi  <  I  <  X2 
1  0  ,  otherwise  . 


Fig.  3.  Ciiutilcvcr  beam  with  piczoceramic  patches. 
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A  €or»«pondin^  weak  or  variational  form  of  the  equations  can  be  de¬ 
termined  by  choosing  V  =  /f|(ro)  x  Hj[Tu)  for  the  space  of  trial  functions 
where  To  denotes  the  beatn  and  the  subscript  b  again  denotes  the  set  of 
functions  which  must  satisfy  the  essential  boundary  conditions.  Through 
an  energy  derivation,  one  arrives  at  the  variational  form  for  the  beam  equa¬ 
tions 


(2.3) 


for  all  ftj  €  and  ©a  6  //jfCl’o).  Here  .V,  and  KI,  are  external  hnr 

force  and  moment  resultants.  As  discussed  in  (16^,  the  surface  loads  7, 
and  riij  of  (*2.1)  are  iocally  related  to  the  forces  and  moments  .V,  and  Al, 
(which  are  more  natural  <iuaiititir-s  to  use  in  a  weak  formulation)  through 
the  exprcs.sions  g,  =  Global  expre^inns  for  the 

specific  loads  which  result  from  the  activation  of  the  patches  in  both  the 
strong  and  weak  formulations  are  discussed  later  in  the  section. 


z 

T| 

.1! . 

■7  strain 

*»0 

1 

1  X 

(b) 


FlO.  4.  Stmin  distribution  for  Ihi  composite  structure  undeigoiny  bending  and 
fj-Unsiou:  (a)  patch  pair,  and  (b)  sinyh  fiatch. 
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Internal  Moment  and  Force  ResnltantH 


In  order  to  determine  expressiouB  for  the  internal  force  and  moment 
result anw  A',  and  A/,,  the  patch  pair  confisuralion  illustrated  in  Figure  4a 
is  considered  first,  nceaiise  these  resultants  depend  upon  the  stresses  and 
ultimately  upon  the  strains  occurring  in  the  structure,  the  description  of 
the  resultants  begin.s  with  a  description  of  the  in-plane  strains. 

In  accordance  with  the  Euler- Bernoulli  theory,  the  strain  is  a.ssuined  to 
be  linear  and  is  continuous  throughout  the  combined  structure.  With  f  and 
K  denoting  the  tnidsiirface  strain  and  change  in  curvature,  respectively,  the 
strain  at  an  arbitrary  point  in  the  beam,  bonding  layer,  or  patch  is  given 
by  e  =  €  -^  Kt  where  ;  is  the  distance  of  the  point  from  the  middle  surface 
of  the  beam  (see  Figure  4a).  Because  of  the  diflering  Young’s  moduli  and 
damping  coefficients  in  the  beam,  bonding  layer  and  patch,  the  stress  slopes 
will  differ  in  the  various  layers.  Under  the  assumption  that  the  stress  is 
proportional  to  a  linear  combination  of  strain  and  strain  rate,  the  stress  is 
given  by  < 

{£■*«  +  cubf  . 

Ehff-  +  cnu'  •  bonding  layers 

£';«?  + cpp.e  .  patches. 

The  coelTicients  ca  and  cp;;  are  the  Kelvin- Voigt  damping  coefficients 
for  the  beam  and  bonding  layer  while  the  coefficient  is  taken  to  be 
a  combination  of  the  Kelvin  Voigt  damping  coefficient  for  the  patch  and 
the  damping  which  results  from  the  production  of  current  when  the  struc¬ 
ture  vibrates,  Thi.s  latter  contTibiition  to  the  damping  results  from  the 
piezoelectric  effect  of  the  patches  which  dictates  that  a  voltage  is  produced 
when  the  patch  is  subjected  to  in-plane  strains.  Under  the  assumption  that 
the  Kelvin- Voigt  (material)  and  electrical  damping  have  appro.vimaiely  the 
same  types  of  effect  in  the  patch,  we  have  combined  the  two  into  the  co 
efficient  cop,-  which  is  con.eidered  to  he  unknown  and  like  the  other  pa¬ 
rameters.  must  ultimately  be  estimated  using  data  fitting  techniques  with 
experimental  data  when  con.sidering  actual  apfilic,ations.  We  also  point  out 
that  the  expres,sion  (2.4)  enn  easily  be  generalized  to  include  the  possibility 
of  differing  material  propertie.s  in  (he  (wo  patches  or  bonding  layers. 

The  force  and  momr-ni  resultants  are  obtained  by  integrating  the  stress 
across  the  thickness  of  the  structure  thus  yielding  the  expressions 


(2.5)  Nr  =  < 


f'-'- 

b  I  ffdz  .  regions  withotit  patches 

J-hn 

crrfr  ,  regions  with  patches 


n,-T 
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anti 

(2-6) 


fh/i 

i  I  ffzdz 
7-a/s 

/»/2+rM4T 
fc/2-T„-T 


,  regions  without  patches 
ffs  d:  ,  regions  witli  patches 


The  substitution  of  (2.1)  into  (2.5)  and  (2.C)  yields  expressions  for  the 
resultanls  in  terms  of  the  tnidsurface  strain  c  an<!  ciiange  in  curvature  k. 
By  considering  infinitesimal  deformations  of  the  middle  surface,  f  and  k 
can  be  rebated  to  the  longitudinal  and  transverse  displacements  u  and  u 
through  the  strain-displacement  equations 


du 

dr 


K  — 


d^w 


(see  (2jJ.  pages  ?  and  16).  For  a  beam  having  two  patches  bonded  to  it. 
the  internal  (material)  force  and  inonieiit  resuliaiits  are  then  given  by 


(27) 


.VV 


£■*(1)^  -i- Cij/i(r) 


d-u 

drdt 


Mr  ^  EI{x) 


$%: 

dx^ 


i  Ct)I(l) 


d^u. 

dt-dl 


where 

EK{i)  •=  EhUl  t  +  Ept'l'’tXpf{zt 

i  /(r)  -  t-b—  +  y  fiw'nt  +  Xyrir.) 

ci!^‘(c)  =  +  +26  [c/i^Tm  +  iriptT\  x>e(x) 

n  \  26  r  ,  1/1 

ce: '(r)  -  ^Ol-—  +  —  -  Cup^-i^p.j  Xp*(r)  ■ 

Here  Vi«e(*)  again  denotes  the  characteristic  function  described  in  (2.2). 
and  the  constants  03s<  and  uspj  are  given  by  usu  =  (h/2-P  Tuf  —  (ft/‘2)^ 
and  a-jpe  =  (/i/2  -h  2»r  -b  T)®  —  (/i/2  +  7k)‘"’. 

The  substitution  of  the  force  and  moment  cesulfants  in  (2  7)  into  the 
dynamic  equations  (2.1)  yields  the  equations  of  motion  for  the  combined 
structure  in  terms  of  the  transverse  and  longitudinal  displacements  u-  and 
«.  As  should  be  expected  for  a  beam  containing  a  pair  of  identical  patches 
which  are  bonded  symmetrically  about  the  middle  surface,  the  differential 
equations  (under  the  flret  order  Euler-Bernoulii  a<!.s-irnpfionR)  de.scribing 
the  vibrations  in  the  two  coordinate  directions  ace  nncnuplrd. 

To  see  how  this  differs  from  the  case  in  which  a  single  patch  is  bonded 
to  the  beam,  we  now  consider  the  case  in  which  a  patch  of  width  T  is 
bonded  to  the  beam  over  the  region  sj  <  a-  <  x-j  as  shown  in  Figure  4b. 
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Integrating  the  stresses  througli  the  combined  thickness  of  the  structure 
yields  the  rostiltant  expressions 


(2.8) 


..  r-l/  \0U  .  i,  ^  ,  ,d-U^  .  ,  ,  d^W 

A.  =  Eh(x)-^ 

nr/  T/  >  n  /  < 

d/.-  =  F/(x)  —  +  cr,;(r)--^  +  E,(r)-  + 


The  parameters  in  this  case  are  given  by 


Ehix)  —  Kihb  +  b -EitTu  -f  Eyt  T]  ,\-,.-(i) 
f^Hr)  =  ^  (A. /ant/  +  Ep^aj,/]  Vre(^) 

Es(»-)  =  ^  [E»<l2»/  -  fp,o;p,]  Xp,(f ) 

c/)A(j;)  =  cnithh^b  [f  Oi/TM  -t-co,/?] 

CvIU)  =  VDl-^  +  -^ 

rD;.(i)  --  -  [Cpt/OSH  +fCi)/atT<I  Xp«(''‘) 

with  a3^/  and  03;,.  defined  as  before  nnd  aj;./  and  ojp,  given  by  a^a  = 
(/i/2  +  Tu)'^  -  {hi2)\  «j„  =  (/v'2  +  Tsr  +  T)*  -  (h/2 - 

When  the  force  and  inoiiieiit  expressions  in  (2.8)  are  substituted  into 
the  dynamic  equations  (2.1),  it  is  apparent  that  the  longitudinal  and  trans 
verse  vibrations  are  conpUd  as  a  result  of  the  a.synirnetry  of  the  structure 
due  to  the  single  patch.  This  is  in  contrast  to  the  fa.se  when  patch  pairs 
are  bonded  to  the  beam  and  helps  to  indicate  the,  in  general,  nontrivia! 
effect  that  the  patches  have  on  the  passive  or  materia!  properties  of  the 
structure. 


[ecs/Uasc  +  eRpjOsp/l  Xf./f.J’) 


External  Moment  nnd  Force  Resultants 


The  second  coniriburion  from  the  piezoceraniic  patches  is  the  gen¬ 
eration  of  external  moments  and  forces  which  results  frotn  the  convens/- 
piezoelectric  property  that  when  a  voltage  is  applied,  in-plane  strains  are 
induced  in  the  patch,  rhe  magnitude  of  thc.se  induced  free  strains  is  given 
by 


where  rfj-  is  a  picrocer.amic  strain  constant,  and  Tj  .and  to  arc  the  voltages 
into  the  two  patches  in  the  pair.  VVe  point  out  that  when  a  voltage  is  applied 
to  a  free  patch  with  edgi-  ecorrlin.ites  ri  and  r?,  the  point  i  =  [xj  -I- 


nvn^yt i oj 
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will  not  move  whereas  the  symmetric  paints  on  either  side  will  move  an 
equal  amount  in  opposite  directions.  This  motivates  the  use  of  the  indicator 
ftinction  in  several  of  the  following  definitions. 

The  stresses  due  to  the  excitation  of  the  patches  arc  given  hy 

with  the  negative  signs  resnlting  from  conservation  of  forces  when  haiancing 
the  material  amt  indneeri  strejaes  in  the  patch. 

The  integration  of  the.<;e  stresses  through  the  thiekness  of  the  patches 
yield'  the  expressions 


(2.9) 

where 


(Afr),..  =f(Af..)pe.  +(A/,),.,l\,.,(r') 

+  (■f^r)rrj]  ?(^) 

-4-  T)\  i 

d  “iTu  f  T)V', 

I.V.)r.,  =  -  ITr-Wnil'? 


for  the  e.xterriHl  moments  and  forces  generafed  hy  the  activation  of  the 
patches.  The  presence  of  the  indicator  function 

(1  x<(X)  +  tj)/2 

0  X  =  (x,  +  x,)/2 

-1  ,  X>{X|fX2)/2 

results  from  the  fact  that  for  homogeneous  patches  having  uniform  thick 
ness,  opposite  but  equal  strains  are  generated  about  the  point  x  =  (xi  + 

^2)n. 

These  expressions  can  then  be  snhsliruted  directly  into  the  weak  equa¬ 
tions  (2,3)  as  loads  on  the  beam  (with  q.,  ~  0  and  V,  =  = 

(M,)pr).  In  order  tei  determine  the  patch  loads  for  the  strong  form  of  the 
beam  eqiiafion.s,  the  rc»rre.spoiiding  surface  moments  and  forces  are  found 
via  the  relationships 


-Si2(x) 


ffx 


d(.\f,)yc 
“  Oz 


and  these  latter  values  are  used  in  (2.1).  W'e  pr.int  out  that  thi.s  residts 
in  the  need  to  differentiate  across  diseominuitic-s  in  charartcristic  and  in¬ 
dicator  fiiiiction.s  (once  for  the  forr.t-  and  twice  for  the  moment)  whereas 


nunt  7-f  I  o  j 


12 


H.T.  Bankt  luid  R.C.  Smith 


this  problem  is  avoidrd  in  the  weak  formulation  since  the  derivatives  are 
transferred  on  the  test  functions.  In  fact,  the  effect  of  the  characteristic 
functions  in  the  latter  case,  is  to  simply  restrict  the  integrals  to  (he  region 
covered  by  the  pat  dies. 

The  general  moments  in  the  beam  component  of  the  structural  acous¬ 
tic  sy.stem  (1.1)  can  now  be  described  in  terms  of  the  internal  and  external 
moments  just  discussed.  By  combining  both  the  pn<wive  and  active  contri¬ 
butions  rlue  to  a  single  pair  of  patches  which  are  excited  out-of-phase,  the 
general  moment  is  given  by 

M  =  Mr  -  Wpc 


where  the  interna!  and  external  moments  arc 

..  ..T,  ,,  , 


as  given  in  (2. 7)  and  (2.9).  respectively  (the  latter  expression  i.s  obtained 
by  taking  1'  -  Vj  =  -Vi,,  in  (2.9)).  We  emph.viire  that  the  out  of  phase 
excitation  of  the  patches  prcHlnres  pure  bending  moments  and  lienee  only 
transverse  vibrutioiw  are  present  in  the  beam  response. 

For  a  system  in  which  .»  pairs  of  patches  are  homled  to  a  beam  and 
are  excited  out-of-phase,  the  beam  component  of  the  system  (M)  has  the 
form 


( i-ti  \  , 


d'^ 


=  /  +  X^Afu,(t)  — X,,e.(f) 


j=l 


where  tlenote.s  the  charartcristic  function  over  the  patcli  pair 

and  u,[i)  is  the  voltage  into  the  pair.  The  parameters  El  and  cpl  are 
given  by 


EI(r)  =  ^  [Eht.aw,  +  Ep.a?.f..'  \r,,(j  ) 

f  — 1 

h^b  f  1  ' 

CDiix)  -  coi—  +  2^  -y  [Cr/or.ff.nr,  4  ''itpt.aar.-J 
1=1 


while  the  patch  paramrrrrs  are  given  by  Kf  =  f-'rt,4</3i.(/>  4  271.^,  4  T,  ) 
(in  these  definitions,  the  bonding  bayers  and  patches  in  the  r'*’  pair  are 
considered  to  have  rhichness  Tt,-,  and  7).  respectively)  We  note  that  the 
discontinuous  parameters  p.  El.crtl  and  K?  lead  to  sect-ml  derivatives  of 


ft  I 
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,  chsiwwtrrijtic.  fiinftion*  whieh  tniiscs  in  the  strong  form  of  the 

equatMins,  The  transfer  of  these  derivatives  onto  test  functions  eliminates 
these  problems  in  the  weals  form  of  the  equations  and  is  one  motivation 
for  using  the  weals  form  of  the  system  equations  as  discussed  in  the  next 
section. 

2.2.  Patch  ContrIbnthniB  t«  PJals  and  Shall  Dynntnies.  fn  the 
lirsl  part  of  this  section,  the  eontrihutions  from  pieroceramic  patches  to 
I  the  longitudinal  and  transverse  vibrations  of  an  Euler  Bernoulli  beam  were 

examined.  It  was  noted  that  the  patch  contributions  could  be  categorized 
into  two  types;  the  first  resulted  from  the  structural  changes  incurred  when 
'  the  patches  were  bonded  to  the  beam  while  the  second  effect  was  due  to 

the  aerisntion  of  the  patches  when  a  voltage  was  applied  These  same  types 
of  effeets  result,  when  piezoceramic  patches  ate  bonded  to  more  complex 
strnewres  such  ns  thin  plates  or  shells. 

The  motion  of  a  plate  differs  fteiii  that  of  a  beam  in  that  two  «rt« 
of  longitudinal  motion  are  present  with  the  stretching  in  one  coordinate 
direction  related  to  the  contraction  in  the  other  tlirouth  the  Poisson  ratio 
I#.  In  thin  shells,  the  transverse  and  longitudinal  vibrations  are  coupled  due 
to  the  underlying  curvature  of  the  structure.  However,  once  the  uiidvrlyiiig 
dynamic  equ.ations  in  terms  of  the  force  and  moment  resultants  are  known, 
the  effects  due  to  the  presence  and  activation  of  the  piezoceramic  patches 
can  be  determined  in  a  manner  analogous  to  that  discussed  above  for  thin 
beams  {see  (16|). 

To  illustrate,  we  consider  a  thin  circultir  cylindriral  shell  of  radius  h, 
thickness  h  and  having  the  axial  coordinate  *  as  shown  in  Figure  b.  As 
in  the  beam  di.scti.ssion,  the  variable  z  measures  the  distance  of  a  point  on 
the  structure  from  the  corresponding  point  on  the  middle  surface  (;  =  0) 
along  flic  normal  to  the  middle  surface. 
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As  discussed  iu  [1C],  lli«“  inllnil*fsiinal  strain  rolationsliip.s  for  a  cylin¬ 
drical  shell  are 


Cf  —  Cf  -f" 
1 

««  = 


(f{t  -(•  iK») 


1  t  i/n 

~  TTTTfl  +  -  (i  +  '] 


whern  f .  and  rg  arc  norma!  Mrains  at  an  arbitrary  point  within  the  cylin¬ 
drical  shell  and  *•-»  i*  fhn  shi-.or  strain.  Here  Cg,  and  are  the  normal 
and  shear  strains  in  the  middle snrfnrc  and  Kr.  »<>  and  r  ate  the  midsurface 
diaiiRes  in  ciirvatnre  and  midsurface  twist  (see  [23],  page  8V 

In  terms  uf  the  rxial,  tangenfi.-d  and  radial  displacements  u.  i  .and 
u .  respectively  the  e.'iprcssiims  for  the  niidsurfnce  .str.ain.s  and  changes  in 
curvature  for  the  cylindfical  shell  are 


fVu 

1  di  w 

Or  1  du 

■  “  '/!<■}'}  7? 

Ox  H  C>9 

1  ^»Mi> 

1  ih' 

2  0‘\i-  2 

*'  e  —  ■■ 

m  (ff) 

'  noxoo  P. 

[f  ra  generahred  Hooke’s  law  in  which  stress  is  assumed  to  he  proportional 
to  a  linear  combination  of  strain  and  strain  rate  i.s  used  as  the  constitutive 
relation,  the  stress‘-s  in  Hie  shell  are  given  hy 


(Tr  •-=  -b  r^Hf'x  f  I'.ti*  ) 

1-1/;  1  -  J/; 

(Tji  =:  7— --?!<>  +  l/»<r)  ~  C - C  "b  • 

1  -  t',-  1  -  ia; 


fxtf  =  =  ;; 


E. 


1(1  +  i-.l 


txC  - 


vp. 


2(1  1  P.)-" 


where  it.  and  <T«  are  normal  stresses  and  Cx*  atid  arc  tangential  shear 
.sr,rcs.s.:si.  The  conet.anis  i>,  aiiJ  cp.  are  the  Voung's  mc.diilns,  Poisson 
ratio,  and  danrjdnc  coefficient  for  the  shell.  Similar  relations  are  found  in 
the  bonding  layers  and  p.ifches  'sec  (2.1)  for  uiiihigous  e.xpressions  for  the 
beam). 

The  inlcnia)  or  niavri.a)  miirnent  and  foree  resu’tants  .are  obtained  by 
integrating  the  sir>'sser  aernti  the  thickness  of  the  structure.  Kor  patches 
h.avii;g  ttiicknins  1  ar  l  bonding  layers  of  thickness  T;,-,  this  yield'-  tin- 
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exprewons 


(2.1!) 


r  1  _ 

L  J  J-i/3-Tu-T 

\o,  1 
<Tr»  J 

f  1  _ 

L  A'se  j  J-h/l-Tn-T 

Oft 

ftr,  1 

[  i^frt  J  J-hri-Tn-T 

!  fxi  J 

■  M»  1  _ 

1 

,  Mir  J  J-hp-Tn-T 

.  J 

dz 


zdz 


in  regions  of  (he  sfructure  covered  by  tlie  patches  with  similar  expressions 
in  those  region  of  the  structure  consisting  solely  of  shell  material  (the  limits 
of  integration  in  this  latter  case  are  —ft/2  and  ft/2).  Explicit  descriptions 
for  these  internal  moment  and  force  restiUants  can  he  found  in  [10]. 

In  a  shell  which  is  excited  by  the  activation  of  pierocerarnic  patches, 
the  external  monien's  and  forces  are  due  to  the  in-plane  strains 


*p«i 


(frhfi 


=  (‘^e)r!i 


Cftj  =  (Cr)pe.. 


(r#)pt 


which  result  from  (he  input  of  the  voltages  V'l  and  Vj  into  the  outer  and 
.nner  p.ntrhes.  The  resulting  external  stresses  are  given  by 

E-  /Tj 

=  (rce)rfi  =  *rfi  >  {^r)pej  —  —  “t  ■ 

r  —  i/i  1  — 

tW  a  patch  with  bounding  values  ri,  xj.  and  4;  tlie  total  cYteroa! 
line  moments  and  forces  are 


(A/*),.e  =  (lAfpV,,  +  (\{f)p,,]XpAz,e) 

(2.12) 

(iVc)r.  l{A'c)pe,  +(.V*)r.a]\p,(r,0)Si.!(i)5i,;.(^) 

=  [(A'.)p(,  +(iVp)ptJ.X>f(.r,(?)Si,2fj:)5i.2(tf} 

where  the  indicator  function  i:,2(a')  is  defined  in  (2.10)  (with  a  similar 
definition  for  Si  attf))  and 


(  .  <i  <zi  ,  Cl  <0  <0-, 

0  .  otherwise  . 
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Th*'  individual  patch  moments  are  obtained  by  integrating  the  external 
stress  distribution  through  the  thickness  of  the  patches  in  the  same  manner 
used  in  the  beam  analysis  (see  [16]). 

In  order  to  obtain  a  strong  form  of  the  equations  of  niotion,  force  and 
moment  balancing  can  he  used  to  obtain  Donnell- Mushtari  shell  equations 


=  -/? 


dx 


-oi 


2(3*  )5i  ,2(^) 


no' -^dx  -  — W 


3(x)A\2(f) 


np(,.0)— ..  R— - 


-2- 


IrS 


=  Rq,;  -  R 


dx 


drdO 
1  d(M,),., 

R  dO 


(see  '1C. 23]  for  a  more  detailed  derivation  of  these  equations  as  well  as  a 
discussicui  coiiceruiiig  the  nssuiTiptions  that  are  made  in  obtaining  this  and 
other  forms  of  the  equations  of  motion  for  a  thin  shell).  The  contributions 
due  to  the  patches  are  incorporated  in  the  internal  moments  and  forces 
(2.11),  the  external  moments  and  forces  (2.12),  and  the  variable  density 
p{x.e). 


3.  Weak  Form  and  Well-Posedness  of  the  Structtiral  Acous¬ 
tics  Model.  .As  dismissed  in  the  last  two  sections,  the  incorporation  of 
the  piMocerainic  patch  contributions  into  the  strong  form  of  the  model¬ 
ing  systftm  equations  leads  to  first  and  second  derivatives  of  characteristic 
functions  since  both  the  internal  and  external  inoriieiiis  contain  di.sconli- 
nuities  at  the  edges  of  the  patches.  This  yields  an  unbounded  control  input 
operator  and  leads  to  difficulties  when  appro.ximating  (he  dynamics  of  the 
coufded  sy.stem.  To  avoid  those  difficulties,  it  is  advantageous  to  formulate 
the  problem  in  weak  or  variational  form  (the  use  of  the  variational  form 
also  permits  the  use  tjf  basis  functions  having  less  smoothness  than  those 
used  when  approximating  the  solution  to  the  strong  form  of  the  equations). 

3.1.  Wnnk  Form  of  the  System  Eciuatiuns.  The  state  for  the 
second-order  form  of  the  2-D  structural  acoustics  problem  is  taken  to  be 
r  =  (ip.  i/.)  in  the  Hilbert  sp.ice  H  —  L‘{U)  x  L'l  1 V)  with  the  energy  inner 
product 


+ 


The  choice  of  the  space  Z*(Q),  defined  as  the  quotient  of  L^iV.)  over  tht' 
constant  functions,  results  from  the  fact  that  the  poteatiaW  are  determined 
only  up  to  fi  constant. 
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To  pRSvide  s  class  of  functions  which  arc  considered  when  defining 
a  %'ariational  form  of  the  problem,  we  also  define  the  Hilbert  space  V'  = 
X  ffo(To)  where  ff^Q)  Is  the  quotient  space  of//*  over  the  constant 
functions  and  ffo(ro)  is  given  by  //ofFo)  =  {tJ  €  /f^CFo) :  =  «’''(*)  = 

0  of  #  =  O.o}.  The  V  inner  product  is  taken  as  (here  and  below  we  use 
the  notation  D=  ■^) 

(("•)■(')),."  "  L 

Ab  diacossed  in  (14],  integration  in  combination  with  the  use  of  Green’s 
theorem  then  yields  the  nonlinear  first-order  variational  form 


(3.1) 


/  +  /  puifjtjdy 

/n  c  Jr .4 

+  /  p/Vd  /  EJD'^tvD-Tjd-, 

Jn  /r., 

t  /  {cvW-w,D^n  +  pj  (oifu')*?  -  *^7 

»'ro 


for  all  ({,!/)  in  V'  (here  denotes  the  characteri#-tir  function  over 

the  patch).  We  note  that  the  nonlinear  coupling  term  can  be  written 
ac  ^iff.i.uCf.jr))  =  ^,(t,£,0) -r  ^i(<,a;,u'(f,-(;))  where  -E 

^((f ,  z,  u‘(f ,  z))  —  d({f ,  z.  0).  We  will  make  tise  of  this  decomposition  in  llie 
abstract  forninlalion  of  the  nonlinear  system  as  a  perturbation  of  a  lin¬ 
earized  system  in  our  discussion  below.  Again,  a  more  complete  discussion 
and  motivation  concerning  the  formulation  of  the  first-order  system  in  weak 
form  is  given  in  [14]. 

We  point  out  that  in  this  variational  form  the  derivatives  have  been 
transferred  from  the  plate  and  patch  momentsonto  the  test  fuiu  lions.  This 
eliminates  the  problem  of  having  to  approxim.ate  the  derivatives  of  the 
characteristic  function  and  the  Dirac  delta  as  is  the  case  with  the  strong 
form  of  the  equations. 

The  system  (3.1)  can  be  formally  approximated  by  replacing  the  state 
variables  by  their  finite  dimensional  approximations  and  constructing  the 
resulting  matrix  system.  Hence  it  is  in  a  form  wliich  i,«  suitable  for  use  in 
applications.  In  order  to  discust  the  well-posrdness  of  the  model,  however, 
it  is  advantageous  to  pose  the  problem  in  terms  of  Rosquilinear  forms  and 
the  bounded  operators  wliich  they  define,  and  this  is  the  subject  of  the  rest 
of  the  section. 


ADA294785 


18 


H.T.  BanJM  and  R.C.  Smith 


3.?,.  Abstract  First-Order  Formulntion.  As  motivated  by  theoret¬ 
ical  results  in  [3.4.(j,15j,  we  consider  the  Gclfand  triple  F  ^  ~  //*  ^  V'* 

with  pivot  space  H  am!  define  sesquilinear  forms  Ci  :  V  x  V  IR.,  i  =  1, 2 
by 

Jii  Ju 

tr2(<l>,'l<)  =  /  [cofD^u  D-t}  +  pf{dT)  -  w^)]dy 
Jrc 

where  ♦  =  f<;5,  ui)  and  ®  ,  ij)  are  in  V  (see  [20]  for  biisic  definitions  and 

fundamental  functional  analysis  theory). 

As  detailed  for  a  similar  problem  in  (loj,  it  is  straightforward  to  show 
that  with  these  definitions,  (Tj  and  <72  are  bounded  (there  exist  e|  and  co 
such  that  |ffi(<l>, 4r)l  <  ci|d>\'l\I'lv  and  |<r2(<t, 'i')|  <  e2|d>lv'|'lt|i-),  a\  is 
V-elliptic  and  ff?  is  H-sernielliptic  (there  exist  e  >  0  and  6  >  0  such  that 
Re  (Ti($,<t)  >  cl$7’  Re<Tj(d‘,i)  >  61$!^  for  all  ^  £  V')  and  that  o-j 
is  .symmetric  (<7]($,  4')  =  ^1(4*.  ♦)  for  all  4,4'  €  V’).  As  a  result  of  the 
boundedness,  wc  can  define  operators  €  C{V.  V')  by 

for  I  =  1,2. 

To  a<‘count  for  the  control  contributions,  we  let  V  denote  the  Hilbert 
space  containing  the  control  inputs  {U  =  f/?  in  our  structural  acoustics 
example),  and  we  define  the  control  operator  D  £  £(t''.  V’*)  by 

yA:fu,x,-,.(x)yjV- 

for  41  €  V,  where  {  : -/v.  is  the  usual  duality  j)airing.  Finally,  let¬ 
ting  f  =  (0,//V»)  atid  G(c.rf)  =  (C, -/>;i?((u))  where  again.  <?((u)  = 
?!;(/, X.  u)(l.  a-))  =  X.  i/:(t,  x))  “  ©;(t.  1,0)  dcHOtcs  the  nonlinear  pertur¬ 
bation  to  the  linear  coupling  term,  we  can  write  the  control  system  in  weak 
or  variational  form 


(3.2) 


(r(,(t),4')j„  v-  t  <t3(i:(th^)  +  <t3(r(t).4') 

=  [Ru(J)  -f  F{t)  +  G(r(f).  J,(l))  4')v..  v 

for  4'  in  V'.  This  tlien  yields  the  sy.slem 

ZuU)-^  Aj:,(l)  +  Aiz(t)=  Bu{t)-f  F(t)  }  G(i(/), r,f()j 

in  V'*. 

To  apply  infinite  diinensional  control  results  for  periodic  forcing  I’uric- 
tions  to  this  problem,  it  is  advantageous  to  write  the  system  in  first-order 
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form.  This  is  accomplished  by  defining  the  product  spaces  H  =  Vx,  11  and 
V  .=  V  %V  with  the  norms 

We  point  out  that  V  ^  Ft  o;  Ft*  V"  again  forms  a  Gelfand  triple. 

The  sesquilinear  form  <r  :  V  x  V  — *  W  is  then  defined  by 

<r(0.x)  =  er((T.  +  <rj{T.  ♦)  +  trjfA,*) 

where  v  =  9)  and  0  =  (T.  A). 

For  the  state  Z{i)  =  (j(t),c,(t))  in  Tf,  we  can  subsequently  write  the 
system  in  the  first-order  variational  form 

(3.n)  {2,(t),  x)v.  +  c{Z[t).  V)  =  {Bu{l)  +  m  -r  <7(2(0).  y)v.,v 

where  .F(0  (0,  r(t)).  (7(2(t))  -t.  (O.G(:(t).i,(t)))  andBufO  =  (O,5n(0). 

As  usual,  the  relation  (3.3)  must  hold  for  all  \  €  V.  Finally,  the  weak  form 

(3.3)  is  formally  equivalent  to  the  system 

(3.4)  Z,{t)=AZ{t)-\-C{i,Z{t)) 
in  V*  where 

(3.5)  C(t,2(/))  =  Ku(t)  +  ^'(/)  1  <7(2(0) 
and 

dom  ^  =  {©  =  (T.  A)  e  H  :  A  6  V.  AiT  +  .4,  A  S  // } 

Of' 

-.4i  -Aa 

3.3.  Model  Well-Posediiess.  In  the  previous  discussion ,  the  weak 
form  of  the  coupled  structural  aroustic  equations  was  written  as  an  abstract 
first-order  serailinear  initial  value  problem  with  a  state  in  ‘H.  The  nonlinear 
forcing  lerni  C{t,  Z{1))  =  Bti{1)  +  Z(t)  +  Q{ZU))  however  lies  in  V*  rather 
than  H  since  the  control  term  B  £  C{U,V')  defines  the  product  space 
control  term  Biilt)  =  (0,  fl«(t))  €  {0}  x  I"  C  V'  x  V*  .-  V.  Hence  the 
standard  theory  for  abstract  .scmilinear  Cauchy  problems  does  not  apply 
directly,  and  the  first  step  in  the  following  discussion  is  the  outline  for 
arguments  which  can  be  used  to  extend  the  operator  A  to  a  space  where 
the.  theory  docs  apply.  A  more  extensive  discussion  concerning  the  well- 
posedneas  of  a  linear  problem  of  this  type  can  be  found  in  [15]  and  details 
for  the  following  arguments  can  be  found  jn  that  work. 

The  first  step  in  determining  the  well-posediiese  of  the  system  model 
is  to  argue  that  A  gencriitcs  a  f  e-s^migroup  on  H.  As  noted  earlier,  the 
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c«$(liii]incar  form  (Tj  is  V-e!liptic,  continuous  and  symmetric  while  is  con¬ 
tinuous  and  H-semidliptic.  From  the  Lumer-Philips  theorem  (with  further 
arguments  found  in  [1]  and  pages  82-84  of  [4))  this  then  implies  that  the 
operator  A  defined  in  (3  6)  generates  a  Co-femigronp  on  the  state  space  W. 
Moreover,  the  semigroup  satisfies  the  exponential  hound  lT(t)|  <  £“'*  for 
t  >  0  (where  in  fact,  u;  =  0  due  to  the  fact  that  A  is  dissipative  as  shown 
in  [4]). 

Since  Su(i)  liis  ill  V  rather  than  W,  the  next  step  is  to  extend  the 
semigroup  T (< )  on  7i  to  a  semigroup  T (/)  on  a  larger  space  VV*  {0}  x  V" 
so  as  to  be  conipatib’e  with  the  forcing  term  (this  is  accomplished  using 
"extrapolation  space"  ideas  and  arguments  similar  to  those  presented  in 
[6.7,22;). 

As  detailed  in  [15],  llie  space  of  interest  is  drfiiird  in  terms  of  dom>(* 
whers 

domel*  =  {\  =(4',’l')€«|'It  6  -  AJ'J' t  M] 

-♦ 

Sperifu  ally,  the  space  IV  =  [dom^*]  is  taken  to  be  doiii^*  wiili  the  inner 
product 

for  some  arbitrary  but  fixed  Ay  with  A©  >  w  (recall  that  the  original  solution 
semigroup  satisfies  the  bound  |7  (01  <  c"*)-  As  proven  in  [7],  the  resulting 
VV  norm  is  equivalent  to  the  graph  norm  corresponding  to  A'  ■  Moreover, 
we  have  that  {0}  x  V'“  C  VV‘  =  [doiii,4’]*  (see  [16]  for  dot, ails). 

From  the  definition  of  .4"  and  the  equivalence  of  the  VV  norm  with  the 
graph  norm  corresponding  to  *4*.  wc  can  define  >10  S  H’*  by 

(Je)  (,v)  =  (QA-xim 

for  all  0  C  71.  \  €  VV’.  With  iliis  definition  .snd  the  Riesr  representation 
theorem  it  is  shown  in  [15’  lliat  ,4  is  an  extension  of  the  original  operator 
A  from  domw4  C  7i  \u  all  of  7i.  Finally,  as  proven  in  [7].  the  operator  A 
is  the  infinitesimal  generator  of  a  Co-semigroup  T(t)  on  VV*  which  is  an 
extension  of  T(i}  from  7i  to  VV*. 

In  the  corresponding  linear  problem,  under  reasonable  regularity  con¬ 
ditions  on  1 1--  H(t)  and  \  ■—  F(l),  one  can  immediately  argue  the  existence 
of  a  unitpie  strong  solution  to  the  .system  in  Urm.s  of  the  extended  semi¬ 
group  '/(!)•  Ff'f  ill'’-  scmilinear  problem  of  interest,  liow-  ver,  the  nonlinear 
nonliomogerieous  terms  must  satisfy  certain  continuity  criteria  in  order  to 
obtain  similar  rf-sult.s.  For  example,  if  we  Jet  denote  the  reflexive  Hanarh 
space  VV“  and  assume  that  (T  ;  [0.  J]  x  A'  —  A'  defined  in  (3.5)  is  continuous 
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in  t  on  (O.TJ  and  uniformly  Lipschitz  continuous  on  X,  then  the  integral 
equation 


(i.7)  Z(t)  =  nt)Zo  + 


Bu(s)  +  /’(«)  +  <7(2W) 


^  da 


ii.  wlhdeflned  for  Bv  +  F  +  G{Z)  6  i'((0.  J).  V'*).  Moreover,  for  2(0)  - 
2n,  the  solution  2(1)  of  (3.7)  is  a  unique  mild  solution  to  (3.4)  (.see  Theo¬ 
rem  1.2,  page  181  of  (2^).  In  addition,  if  C  :  [0,T]  x  X  —  X  is  lipschitz 
continuous  in  both  variables,  then  it  follows  from  Theorem  1 .6.  page  189  of 
[27]  that  (3.7)  provides  the  strong  solution  to  (3.4)  interpreted  in  the  IV 
sense. 

The  required  continuity  of  the  nonhoinogeneotis  ter.ms  flu  and  F  is 
demonstrated  in  (15]  and  hence  the  remaining  question  eonterns  the  l,ip- 
schitz  continuity  of  the  nonlinear  coupling  term  G(i,r()  =  (0,  -p/<j,(u  )). 
If  wc  assume  that  the  input  terms  F  and  Hu  are  sufficiently  smooth  so  as 
to  assure  the  necessary  continuity  in  6'(.?.  C(),  then  our  open  loop  nonline.ar 
system  is  well-posed. 

3.4.  Wcll-Posedncss  of  the  Closed  Loop  System.  The  arguments 
leading  to  the  well-posedness  risults  for  the  linear  and  nonlinear  open  loop 
models  can  also  be  extended  to  the  closed  loop  systems  which  result  when 
the  gains  determiiu-d  for  a  corresponding  LQR  problem  are  fed  hack  into 
the  system.  In  determining  these  gains,  the  perturbing  force  F  is  assumed 
to  be  periodic  (this  is  a  reasonable  assumption  since  F  models  tlie  exterior 
noise  which  in  thi.«  problem  i.s  generated  by  the  revolution  of  turboprop  or 
turbofaii  blades). 

Discussing  first  the  /mcarirc'/ problem,  the  periodic  LQR  problem  con¬ 
sists  of  finding  u  e  L^{0,r  ;  L')  which  minimizes  a  quadratic  cost  functional 
of  the  form 

■•/(«)=  •{(Q2(().2(t))w  +  {llu(t),u{t))u)dt 


subject  to  2((l)  =  .42{t)  -f  Bu{t)  -t-  F{l)  with  2(0)  2(t),  Since  2  = 

the  operator  Q  tan  lie  chetsen  so  as  to  emphasize  the  min 
imization  of  paiiicular  state  variables  a.s  well  a.s  to  create  windows  that 
can  be  used  to  decrease  slate  variations  of  certain  frequencies.  The  control 
space  U  is  taken  to  be  IR‘  if  a  patches  are  used  in  the  model,  and  it  is 
assumed  that  the  operator  R  £  Ciff)  is  an  .s  x  s  diagonal  matrix  where 
Cj,  >  O.i  =  I, i.s  the  weight  on  the  controlling  voltage  into  the 
patch.  In  (he  case  that  B  is  hounded  on  H.  a  complete  feedback  theory  for 
this  periodic  pcobl'.-iii  can  he  given  n.«  discussed  in  [19].  Ihis  iheory  can 
be  extended  lo  also  include  the  ca.se  of  unbounded  B,  i.e.  B  £  £(l’,  V*). 
of  interest  here  (see  j.!i').  Under  usual  stabilizability  and  detectalulity  as- 
sumplbiii  on  (he  system  n.s  well  .is  standard  assumptions  on  Q,  the  optimal 
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control  is  given  by 

(3.8)  u(0  =  -«*^fi*(n2(/)-r(<)i 

when'  n  €  £(V'.  V’)  is  the  nniqne  tionnegafivc  self-adjoint,  solution  of  the 
algehrair  Riceati  equation 

(3.9)  >4’n-hn^-nsR"'B*n-K3  =  o. 

Here  r  is  the  unique  r-pcriodic  solution  of 

(3.10)  r(l)  =  -{A'  -  llBR-^B‘)r{l)  -f  n7-(/) 
and  the  optimal  trajeetcry  2,  is  the  solution  of 

(3.11)  i(/)  =  (/I  -5R-'fi“n)2(t)  +  BR-Hi’r{f)  4  jr(t)  . 

As  discussed  in  (.5]  for  tlie  ca^c  when  B  6  £(?•'.  V*).  one  also  finds 
that  the  operator  >1  -  generates  an  exponentially  stable  Crr 

semigroup  «S'(t)  on  the  state  space  ‘H.  From  Cr)rollary  10.6.  page  41  e«f 
(27).  this  implies  that  -  IIHA*"' 6'  generates  the  corresponding  adjoint 
semigroup  5’ ft)  on  Tf’  c-  7i.  The  semigroup  5(tl)  can  then  be  extended 
through  the  extrapolation  space  techniques  just  discussed  to  a  larger  space 
Vi”  0  (0)  X  V",  and  with  rcasonahlo  regularity  a.ssumptions  on  t  ►—  rft), 
this  implie.s  the  exi.stence  of  solutions  to  the  tracking  equation  (3.10)  and 
closed  loop  sy.stem  (3  11)  for  r(0)  =  ro  and  2(0)  -  2n. 

As  discussed  in  greater  detail  in  the  next  section  where- the  corrc.spond- 
ing  finite  dimensional  control  prohlem  is  considered,  an  effective  strategy 
for  controlling  the  original  nonlinear  system  is  to  dcterinine  the  gains  for 
the  linearized  model  and  feed  tliese  back  into  the  nonlinear  system.  This 
then  yields  the  nonlinear  closed  loop  system 

ZU)  =  (.'I  -  ffK-'£t*U)2(t)  4  BR-'B'r{t)  4  T{i)  4  Gi(Z‘*i} 

where  again,  A  -  RRj'lTIl  generate.s  the  Cvsemigroup  SH)  which  can 
then  be  extended  to  VV.  With  the  as.suriipfion  that  the  input  term  F  is 
.sufficiently  smooth  so  as  to  assure  the  necessary  continuity  in  ncnhcinoge 
neons  terms,  the  clo.sed  loop  nonlinear  system  is  also  well-posed. 

4.  System  Appruxiiiiatiuii  nntl  the  Finite  Dimensional  Con¬ 
trol  Problem,  llie  discussion  thus  far  has  reiifer"'d  arottnd  the  infinite 
dimensional  model  for  the  structural  aeoiwtie  .system  as  we))  a«j  istue.s  cc'ii- 
cerning  its  v.’ell-posedriess.  However,  in  order  to  develop  viable  schemes 
for  approximating  the  nonlinear  system  dyn.amic.s.  estimating  physical  pa¬ 
rameters.  and  determining  control  gains,  ajipropriaie  finite  dimensional 
approximations  to  the  state  vari.ahles  w  and  <i>  must  he  developed  For 
rea.sons  discussed  in  [.3],  .a  fi'.alcrkin  scheme  was  chosen  and  the  potential 
and  beam  displacement  were  discretized  in  terms  I'f  spline  and  spectral 
expansions,  respectively. 
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4.1.  System  Approximation.  A  tensored  Legendre  basis  wm  used 
for  the  discretiiation  of  the  arotjstic  velocity  potential.  Letting  Pf(x)  and 
Pfin)  denote  the  stsn<Iar<l  Legendre  polynomials  that  have  been  scaled 
by  transformation  to  the  intervals  (0,o]  and  [0,f],  respectively,  the  basis 
functions  |  }  for  the  cavity  were  then  defined  as 

=  P^lt)P'{y)  for  i  =  0,l, my,  »  +  y^0, 

where  m  =  (ir>,  +  I)  ■  (triy  +  1)  -  1.  The  condition  i  +  j^Q  eliminates  the 
constant  function  thus  guaranteeing  that  the  set  of  functions  is  suitable  as 
a  basis  for  the  quotient,  space.  The  m  dimensional  cavity  approximating 
suhspace  is  taken  to  be  span  {5”}"  ^  and  the  approximate  cavity 

solution  is  give,;  by 

m 

1-1 

m, 

i=0  i«'l 

Cubic  splines  were  used  as  a  basis  for  the  beam  displacement  since 
they  satisfy  the  smoothness  requirement  as  well  a.s  being  easily  imple¬ 
mented  when  adapting  to  the  fixed-end  boundary  conditions  and  patch 
discretization?  fjctting  {/?’’  }"Jj'  denote  the  cubic  splines  which  have  been 
modified  to  sati'fy  the  boundary  conditions  (sec  (3.M]  for  details),  the  cor¬ 
responding  M  —  1  dimensional  beam  approximating  subspace  is  given  by 

=  span  {fl,"}"-/  and  the  approximate  beam  solution  is  taken  U>  be 

n-l 

i=l 

■J'he  »p)»ro,vimating  State  space  was  then  ta.ken  to  be  H'''  =  x 
where  rV  =  m  n  —  1,  and  the  product  space  for  the  first  order  .system  is 
W'  =  W'  X  .  By  restricting  the  infinite  dimensional  systi-m  (3.1)  to 
H''  X  :  one  obtains  the  nonlinear  finite  dimensional  system 

=  A^'  (y''(t))  +  h^u(t)  -I-  F-'^’(f) 

.lf  '  y-''(0)  - 

or  equivalently 

Sr''(t)  =  A^  (y'rt))  +  i3'  u«)  -I- 

y^’(0)-yr. 

Explicit  descript  ions  of  the  mass  and  stiffness  operators  and  A'^fi.'^ft)) 
as  well  as  detailed  definitions  of  the  control  matrix  and  the  force  vector 
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F'^it)  can  be  found  in  [3,13].  The  vector  (t)  = 

Contains  the  2.V  x  1 

approximate  state  coefficients  while  a(<)  =  (ui(<).- •  contains  the 

s  control  variables.  As  detailed  in  [11],  the  nonlinearity  in  the  operator 
•4'  (!/'  {#))  manifests  itself  in  the  dependence  of  the  operator  on  the  un¬ 
known  coefficients  {u.'.(#)). 

4.2.  The  Finite  Dimensional  Control  Problem.  Due  to  the  non¬ 
linearity  in  the  infinite  dimensional  system  (3.1)  and  hence  the  finitt!  dimen¬ 
sional  matrix  system  (4.1).  LQR  feedback  control  results  for  problems  with 
periodic  forcing  terms  can  not  be  directly  applied  as  there  were  in  [3].  In¬ 
stead,  the  following  strategy  was  adopted.  The  infinite  dimensional  sy.sicm 
was  linearired  by  replacing  the  nonlinear  coupling  term  r,  u<{t.  r})  by 
its  linear  component  r.O)  (this  is  wjuivalent  to  taking  C'(c(t).  Jift))  = 
0  in  (3.2)  or  ((»(j?(t))  =  0  in  (3.3)  or  (3.4)).  This  linearization  is  motivated 
by  the  assumption  of  small  beam  di.splacemenfs  which  is  inherent  in  the 
Euler-Bernonlli  tlxsDry  (for  pliy.Mcally  rea.sonahle  input  forr.e.s,  the  be.am 
di.splacenient.s  arc  of  the  order  10"^m  for  the  geometries  of  interest).  The 
feedback  gains  for  t  his  approximate  linearized  system  were  calculated  from 
a  periodic  LQR  theory  (see  [3])  and  were  then  fed  back  into  the  nonlinear 
problem  to  create  a  stable  nonlinear  ck'«sed  loop  control  cystem. 

To  illustrate  this  control  strategy,  the  LQR  theory  for  problems  with 
periodic  input  terms  is  briefly  out  lined.  The  resulting  gains  are  then  applied 
to  the  nonlinear  problem  of  interest  vvith  the  results  being  illu.strated  in  an 
example. 

Linear  Periodic  Control  Problem 

As  discussed  in  [3],  the  approximation  of  the  nonlinear  coupling  term 
U’(t.  r))  by  its  linear  component,  and  the  projection  of  the  resulting 
system  into  the  finite  dimensional  subspacc  Tf"'  x  H*''  yields  the  linear 
finite  dimensional  Cauchy  equation 

^  y^(<) +  £?•''«(() 

(4.2) 

.v''(0)=.v^' 

(this  system  can  also  he  obtained  by  restricting  the  infinite  din'ionsional 
system  (.3.2)  with  G(r((),  j,(<))  =  0  to  x  The  components  of  the 
linear  stiffness  matrix  can  be  found  in  [3]. 

The  periodic  finite  dimensional  control  problem  is  then  to  li.ud  u 
/.’"'(O.r)  which  minimizes 

1  /T 

./■'(u)  =  -j  ),]/''"(<)) -(-  (/fu(f),  u(<))iHr  }  (/(  ,  A'  =  ?rt-(-n— 1 

where  y''  solves  (4.2),  r  is  the  period.  H  is  an  s  x  #  diagonal  matrix  and 
r,j  >  0,  i  =  1.  •  •  • .  s  is  the  weight  or  penally  on  the  conttolliiig  voltage  into 
the  i''*  patch. 
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Xlw  nonncgative  definite  matrix  is  chosen  in  a  manner  so  as  to 
to  einphasife  the  minimiration  of  particular  state  variables.  From  energy 
considerations  as  discussed  in  [3],  an  appropriate  choice  for  Q^’  in  this  case 
is 


Q'*  =  M^V 

whore  is  the  ina«  matrix,  and  the  diagonal  matrix  P  is  given  by 

P  =  diag  (dir’.d2r-'.d3/”’.4ef""‘]  • 

Here  /*  ,F  =  m.n  —  1  ,  denotes  hky.  k  identity  and  the  parameters  dj  are 
chosen  to  enhance  stability  and  performance  of  the  feedback. 

The  optimal  control  is  then  given  by 

[r'^(<)  -  ll''/(t)] 

where  !!•''  is  the  solution  to  the  algebraic  Ricrati  ecpiation 

(4.3)  (.■i*'')^n'’  f  +  g''  =  o . 

For  the  regulator  problem  with  periodic  forcing  function  F^  (l),  r'  (#)  must 
Mtisfy  the  linear  dilferential  equation 

(4  4)  r'^(i)  +  11-'^ /'•'■(/) 

r''(0)  =  r''(r) 

while  the  optimal  trajectory  is  the  solution  to  the  linear  differential  eoua- 
tion 

=  (/1''  -  /?-''■  y''(f)  +  J3'^f?-*(J3^f  r^(0  +  F^(f) 

j,^(0)  =  ,v'V)- 

The  finite  dimensional  optimal  control,  Riccali  solution,  tracking  equa¬ 
tion  and  closed  loop  system  can  be  compared  with  the  original  infinite 
dimensional  relations  given  in  (3.8),  (3.9).  (3.10)  and  (3.11),  respectively. 
In  order  to  guarantee  the  convergence  R*'  -♦  If,  —  r.  and  hence  the 
convergence  of  m''  --  w.  it  is  sufficient  to  impose  various  conditions  on  the 
original  and  approximate  systems.  These  hypothese.s  include  convergence 
requirements  for  the  uncontrolled  problem  as  well  as  the  requirement  that 
the  approximation  systems  preserve  stabilirahility  and  detectability  mar¬ 
gins  uniformly.  A  fully  developed  theory  (see  [5j)  is  available  for  the  case 
when  =  0  (in  this  case  the  tracking  variable  r  does  not  appear  iu  the 
solution)  even  when  B  is  unbounded.  However,  the  theory  in  [o]  requires 
strong  damping  in  the  second-order  system  whereas  the  only  damping  in 
our  system  is  the  strong  Kelvin- Voigt  damping  in  the  beam  (damping  in 
the  cavity  was  omitted  due  to  the  relatively  small  dimensions  involved). 


ADA294785 


26  H.T.  and  R.C.  Smith 

Although  the  convcrgcnrfi  tlipory  of  [5]  Uofs  not  directly  apply  here,  nu¬ 
merical  tests  indicate  that  convergence  is  obtained  even  though  this  system 
contains  only  weak  or  boundary  damping. 

Nonlinear  Control  Problem 

To  extend  these  results  to  th>’  nonlinear  system  of  interisi,  tin:  linear 
gains  were  calculated  and  fed  hack  into  the  nonlinear  system  (4.1),  thus 
yielding  the  .suhoptimal  control 

and  the  closed  loop  system 

=  (!(’'■{<))  -  4  r-'V) 

/•(n)  =  ,/(r) . 

The  Riecati  matrix  FI'''  and  tracking  vector  r''(/)  are  .solulions  to  (4.3)  aiid 
(4.4)  which  arise  when  formulating  the  corresponding  IQK  prohlerii. 

Example:  Nonlinear  Control 

To  illustrate  the  dynamics  and  effects  of  feedback  control  on  a  nonlinear 
system  modeling  a  2-D  analogue  of  a  3-0  experimental  setup,  a  .6  m  by 
1  m  cavity  with  a  flexible  beam  at  one  end  wat  considered  (see  Figure  6). 
The  beam  was  assumed  to  have  width  and  thickness  .1  m  and  .OO-'j  in, 
respectively,  and  the  Young’s  modulus  and  beam  density  were  taken  to 
be  E  =  7.1  X  10*°  N/m'^  and  pi,  =  2700  kg/m^.  This  yielded  the  stiffness 
parameter  El  =  73.96  Nm^  and  linear  mass  density  p  =  1.35  kg/m.  The 
damping  parameter  for  the  beam  was  chosen  to  be  cpI  =  .001  kgm^jsec. 
The  speed  of  sound  and  atmospheric  density  inside  the  cavity  were  taken 
to  be  c  =  343  m/sec  and  pj  =  1.21  kg/m^,  respertiveiy. 


riG.  6.  Acoustic  cavity  ivith  one  cfntered  1/2  length  patch. 
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SeveriJ  forcing  functions  modeling  uniform  (in  space)  periodic  exterior 
sound  sourcoj  were  considered.  In  this  example,  the  forcing  function  was 
taken  to  be  /(I,  r)  =  2.04  siii(4?0srf)  which  models  a  periodic  plane  wave 
with  a  root  mean  square  (tins)  sound  ptewnre  U-vrl  of  117  dB.  The  fre¬ 
quency  of  235  herli  is  approximately  halfway  between  the  first  and  fourth 
natural  frequencies  of  the  system  (as  shown  in  (111,  these  occur  at  65.0 
hertr  and  387.8  herls,  respectively). 

The  dynamics  of  the  uncontrolled  system  were  approximated  ttsing 
80  cavity  basis  functions  (m,  =  =  8)  and  II  beam  basi.s  function.s 

(n  =  12).  The  time  interval  of  interest  was  taken  to  be  [0, 16/235]  which 
admitted  16  periods  of  the  driving  frequency,  and  time  histories  of  the 
beam  displacement  at  A'  =  .3  and  cavity  pressure  at  A’  =  ..1.V  —  .1  on 
this  temporal  interval  are  plotted  in  Figures  7  and  8. 

The  frequency  plots  of  the  uncontrolled  beam  displacement  and  cavity 
pre.«iHrc  in  Figures  0  and  10  exhibit  not  only  the  driving  frequency  hut  also 
transient  responses  .at  65.0, 181.6, 3'l5-2. 387.7  and  .510.5  hertr  which  are  due 
to  the  natur.al  frequencies  of  the  coupled  system  (see  (11)  for  a  ct.mplf.ie 
discussion  of  the  dynamics  and  natural  frequencies  for  the  corresponding 
linearired  .sy.stem).  In  particular,  the  high  energy  response  at  181.6  hertz 
indicates  a  strong  excitation  of  the  system  at  what  correspond.s  to  the 
freqtiency  for  the  first  mode  of  the  uncoupled  cavity  (care  must  be  taken 
when  describing  the  dynamics  of  the  system  in  terms  of  the  undamped 
beam  and  cavity  modes  since  the  nonlinear  coupling  and  beam  damping 
yield  system  responses  which  differ  soninwhaT,  from  those  of  the  isolated 
components)  T'le  presence  of  the  multiple  frequencies  can  also  be  seen  in 
the  time  bislor.>  plots  of  I  he  uncontrolled  beam  displacement  and  cavity 
pressure  in  Figures  7  and  8. 

Control  w.TS  then  implemented  by  using  Potter's  method  to  calculate 
the  gains  for  the  linearized  system  and  feedijig  them  hack  info  the  nonlinear 
system  a.s  discussed  previously.  The  following  rt?snl?s  were  obtained  with  an 
out-of  phase  single  pair  (so  as  to  create  purr;  bending  moments)  of  centered 
patches  covering  one  half  of  the  beam  length  as  shown  in  Figure  6.  The 
quadratic  cost  functional  parameters  were  taken  to  be  d\  =  d2  =  = 

I,rf3  =  and  R  ■-  10“^  with  d^  chosen  to  have  larger  magnitude 
to  more  heavily  penalise  large  pressure  variations. 

Figure  H  contains  a  plot  of  the  controlling  voltage  «(<).  As  e.xpected. 
it  is  periodic,  and  Uie  magnitude  remains  below  2-5  V'  which  is  a  physically 
reasonable  voltage  lo  apply  to  the  pieroceramic  patches. 

We  point,  out  that  the  application  of  U»e  controlling  voltage  resulted  in 
a  high  frequency  transient  response  and  168  cavity  basi.s  6inr.tion.s  (m, 

=  12)  and  IB  beam  basis  functions  (n  =  16)  were  needed  to  rc.solve  the 
controlled  system  dynamics. 

From  Figures  7  and  8,  it  can  be  seen  that  the  controlled  responses 
undergo  a  transient  phase  of  approximately  three  periods  and  then  ate 
maintained  at  a  low  magnitude  throughout  the  rest  of  the  time  interval. 
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By  calculating  flir  riris  pressure  levels,  it  was  determined  that  at  the  point 
(.V,  >')  =  (.3,  .1).  the  uncontrolled  sound  pressure  level  is  82.8  dB  whereas 
•.he  controlled  sound  pressure  is  reduced  15.7  dB  to  fl7.1  dB.  The  level 
of  reduction  berotnes  even  more  significant  as  one  moves  deeper  into  the 
cavity  siiici*  the  strong  cavity  excitation  in  the  uncontrolled  case  yields  high 
m.Tgnitude  pressure  oscillations  near  the  b.vk  wall  which  are  uniformly 
reduced  by  the  application  of  the  controlling  voltage,  rin.illy,  it  is  noted 
that  tlie  relative  reduction  in  pressure  is  mure  significant  than  the  reduction 
in  beam  displacement.  This  is  due  to  the  heavier  penalization  of  pre.ssurc 
fluctuations  through  the  choices  dj  =  1  and  da  =  lOV 

Tl>e  frequency  plots  of  the  ccntrollcd  responses  (in  Figures  9  aiid  10) 
sliow  tliai  the  deiuiinr.nt  resp.on.se  is  now  at  the  driving  frequency  of  235 
hertz.  '1  he\  also  deiiionsiraie  the  presence  o^  high  frequency  transient 
responses  which  are  miuh  more  significant  than  tho.se  found  in  the  un- 
ronirolled  case.  '1  hit  iiidical'-s  that  the  iiiteiior  pre.ssnre  osr.illnrions  are 
reduced  through  two  inechaiiisins  wlien  the  rontrollhig  voltage  is  applied; 
the  first  is  Joe  (o  the  reduced  magnitude  of  the  beam  displacements  while 
the  second  is  due  tc  the  e.Kcitation  of  high  frequency  beam  oscillations 
which  cotiple  less  t'.  adily  witli  the  ulterior  acoustic  field.  The  combination 
of  the  two  rt  sub>'  in  sitiiificautly  re  liireri  interior  .sound  pressure  levels. 
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FlO.  8.  Vncontroll'H  and  r.nitlralli:'l  acoualic  pressure  at  (AM')  —  (.3.  .1) 
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Fig.  9.  linconhofinl  and  cuntrolkd  frcquenctes  cakuiattJ  on  the  Beam. 
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Fig.  11.  Ihc  coutwlHny  voltngv  u{  t). 
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5.  ConcliiMon.  In  this  paper,  we  have  dbeussed  several  of  the  issues 
which  are  involved  in  using  piezoceramic  patches  as  aetnators  in  a  non¬ 
linear  structural  acoustics  application.  The  patches  affect  the  dynamics 
of  the  coupled  system  by  contributing  external  forces  and  moments  to  the 
structure  when  a  voltage  is  applied,  and  the  first  part  of  the  discussion  is 
centered  around  a  description  of  the  interactions  between  the  patches  and 
an  Euler-BcrnonlH  beam  and  a  thin  cylindrical  shell.  In  thi.s  discussion,  care 
was  taken  to  distinguish  between  the  passive  (material)  contributions,  due 
to  the  added  thickness  and  differing  material  properties  of  the  patch  and 
bonding  layer,  and  the  active  (external)  contributions  which  re.sult  from 
the  strains  which  are  produced  when  a  voltage  is  applied  to  the  patches. 

As  a  result  of  the  differing  material  properties  and  presence  of  the 
piezoceramic  patches,  the  material  and  control  pararrieters  of  the  combined 
structure  are  piecewise  constant  in  nature  and  hence  lead  to  discoritiniiitirs 
in  the  inonient.  and  force  resultants.  This  leads  to  difliculties  in  the  strong 
form  of  the  system  equations  when  the  moments  are  differentiated  and  is 
one  motivation  for  using  the  weak  or  variational  form  where  the  derivatives 
are  transferred  onto  the  test  functions.  The  weak  form  is  also  advantagemis 
for  many  approximation  schf:mcs  since  it  reduces  the  sniwithnefs  require¬ 
ments  for  the  basis  elements.  Finally,  well-posedness  issues  were  considered 
by  posing  the  weak  form  in  the  context  of  sesquilinear  forms. 

Due  to  the  nonlinearities  arising  in  the  coupling  between  the  beam  vi¬ 
brations  and  the  interior  acoustic  field,  LQR  feedback  control  results  could 
not  he  directly  applied  to  the  problem.  Instead,  gains  corresponding  to  the 
linearized  problem  were  calculated  and  fed  hack  into  the  nonlinear  system 
As  demonstrated  by  the  results  in  the  example  as  well  as  the  more  exten¬ 
sive  set  of  examples  in  [M],  this  strategy  is  very  effective  for  this  jiroblcm. 
This  is  partly  due  to  the  weakress  of  the  nonlinearity.  By  comparing  the 
nonlinear  results  reported  here  and  in  [14]  with  the  corresponding  linear 
ones  in  [11],  one  can  see  that  qualitatively,  the  two  sets  agree  closely.  This 
can  be  explained  by  the  fart  that  the  beam  displacements  are  very  small 
and  hence  the  linearized  coupling  terms  quite  accurately  approximate  the. 
true  nonlinear  expressions. 
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ON  THE  PRESENCE  OF  SHOCKS  m  DOMAIN 
OPTIMIZATION  OF  EULER  FLOWS 

J.T.  BORGGAAHD* 

Abstract.  In  this  we  cnn^idrr  a  «hape  optimization  problem  for  a  1-D  Euler 
flow  We  show  that  for  problem*  with  shocks,  the  use  of  high  ortltr  CFD  schemes 
can  produce  artificial  local  minima  in  the  approximate  cost  functional.  These  local 
minima  ran  ratise  optimization  algorithms  to  fail.  We  illustrate  this  phenomenon,  show 
how  hybrid  algorithms  may  be  constructed  to  overcome  tliis  problem  and  speculate  on 
potential  difficulties  that  may  occur  in  more  complex  situations. 


1.  lutroductiuu  and  motivation.  The  use  of  domain  optimization 
techniques  in  the  dt'sigii  of  fluid  flow  systems  has  shown  great  promise  in 
many  areas  of  application.  In  this  paper,  tve  focus  on  domain  optimization 
problems  which  involve  sliocks.  An  example  of  a  problem  of  this  type 
is  the  optimal  forebody  simulator  design  problem.  A  forcbody-simulator 
(FBS)  is  a  device  that  is  shaped  and  attached  to  a  jet  engine  in  order 
to  produce,  a  flow  that  “simulates”  the  flow  that  would  result  from  a  full 
aircraft  forcbody.  The  optimization  problem  is  to  find  the.  shape  of  this  FB.S 
which  will  provide  flow  to  the  engine  inlet  which  is  as  close  as  possible  to  the 
flow  which  the  engine  would  receive  in  flight.  This  problem  is  described 
in  detail  in  papers  by  Huddleston  (C]  and  Borggaard,  Burns,  Cliff  and 
Gunzhurger  [1]. 

Fluid  flow  systems  which  are  modeled  by  Euler  equations  are  inter¬ 
esting  since  they  are  of  mixed  type,  which  can  lead  to  discontinuities  (or 
shocks)  in  their  flow  solutions.  The  exi,stencc  of  shocks  produces  some 
interesting  difficulties  in  the  resulting  optimization  problem,  which  is  pri¬ 
marily  caused  by  the  choice  of  a  rnimorica'  approximation.  To  understand 
this  behavior,  we  study  a  simple  model  which  displays  the  same  features 
as  the  optimal  FBS  design  problem. 

The  model  problem  consists  of  a  steady-st.ate  Euler  flow  in  a  1-D  duct 
with  variable  cross-sectional  area.  The  goal  of  the  optimal  design  problem  is 
to  find  the  cross  sectional  area  that  minimizes  the.  distance  between  the  flow 
and  adesired  flow.  With  the  proper  choice  of  inlet  and  outlet  conditions  and 
constraints  on  the  variation  of  the  duct  cross  sectional  area,  this  ptoblerii 
contains  a  shock.  Although  this  problem  is  complex  enough  to  capture  the 
difficulties  presented  by  shocks  in  the  flow,  the  1-D  problem  can  be  solved 
analytically.  Consequently,  the  cost  functional  can  easily  be  computed 
and  there  are  several  numerical  schemes  w'hich  can  be  used  to  solve  this 


*  Thife  worJe  was  supportfd  in  p«srf  by  rh^  Air  Force  Office  of  Scienlilic  KesfRrrh  un¬ 
der  grunt  AFOSR  1  49C20  92-1-0078.  The  author  would  like  to  express  his  appreciation 
to  Dr.  John  A.  Bums  for  his  helpful  suggestions.  Depaitment  of  Malhernatics,  Inter- 
disdplinary  Center  for  Applied  Maihematicfc.  Virginia  Polyteclmic  institute  and  State 
Cniversity,  BUrkshurg.  Virg'mia  24061. 
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ptobUm.  This  model  problem  has  been  used  by  Frank  and  Shubin  [5]  in 
their  study  of  optimal  design. 

As  noted  above,  steady  state  Euler  equations  produce  interesting  be¬ 
havior  when  used  in  an  optimisation  scheme.  The  basic  prublein  comes 
from  trying  to  “mateJj'’  discontinuous  flow  solutions.  We  shall  see  that  in 
theory  the  minimum  is  very  distinct,  i.e.  the  cost  functional  has  a  clear 
global  minimum  caused  by  the  penalty  of  not  matching  shock  locations. 
However,  using  numerical  methods  to  solve  the  minimisation  problem  can 
cause  local  minima  in  the  approximate  cost  functional.  Thus,  optimization 
strategies  which  are  u.vd  to  solve  this  class  of  problems  have  to  account 
for  this  phenomena. 

The  remainder  of  this  paper  is  organized  as  follows.  We  present  a 
description  of  the  model  problem  in  the  next  section.  This  1-D  problem 
may  be  found  in  the  paper  by  Frank  and  Shubin  [5].  However,  for  com¬ 
pleteness  we  present  a  description  of  the  reduction  of  the  Euler  equations 
to  3  single  ordinary  differential  equation  and  give  the  solution.  The  op 
tirnal  design  problem  is  presented  and  approximated  by  using  numerical 
schemes  to  solve  the  Euler  equations.  We  show  how  the  approximate  eo.st 
functional  is  affecied  by  different  numerical  appio-ximation  schemes  and 
demonstrate  how  using  a  particular  numerical  method  (which  accurately 
ntodels  the  shock)  can  lead  to  negative  results  wiien  used  in  conjunction 
with  an  optimization  algorithm.  A  hybrid  optimal  design  algorithm  is  pre¬ 
sented  which  produces  an  optimal  design  an<l  avoids  the  problem  caused 
by  the  local  minima.  Finally,  we  summarize  onr  finHings  and  disf«.se  the 
potential  applicability  to  more  complex  problems,  .such  a.«  the  optimal  FRS 
design  problem. 

2.  Model  problem  description. 

2.1.  One  diuiensioual  Euler  equations.  Although  the  formulation 
presented  below  may  be  found  in  [•!»].  it  is  included  here  for  completeness 
and  to  introduce  notation.  .4ssuming  a  steady,  inviscid  flow  in  a  duct  (see 
Figure  2.1)  where  the  flow  variables  (p,  «,  e  and  p  denoting  density,  velocity, 
internal  energy  and  pressure)  depend  only  on  the  length  along  the  duct, 
the  balance  laws  produce  the  following  form  of  the  Euler  equations; 

(2.1)  puA  =  constant  ~  C 

(2.2)  =  -pe.4 


(2.3) 


pe  -(-  -pu'  -(-  p 


uA  =  constant  =  £, 


where  A({)  is  the  cross-sectional  area  as  shown  in  Figure  2.1.  This  set  of 
equations  can  be  reduced  to  a  single  ordinary  differential  equation  for  the 
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velocity  by  substituting  equations  (2.1),  (2.3)  and  the  ideal  gas  law, 

(2.4)  p=(7-l)/j€.  (7  =  1.4  for  air) 

info  the  momentum  balance  equation  (2.2).  The  resulting  equation  is 


//]  ^Ai,.  H.  - 

w  J  r  -4  u 


where  7  -  (7  -  l)/(7  f  1)  and  //  =  2^ L/C.  Defining 

(2.0)  /(h)-u+—  and  g{u,A)=  ~{^u-  —), 

U  A  it 

we  describe  the  state  u,  given  a  cross-sectional  area  /!(•)  (with  .4(  >  0).  as 
the  solution  to  the  following  two- point  boundary  value  problem; 

[/(«)](-!-.</(«, -4)  =  0 


1/(0)  ■=  M,.i  and  u(l )=«.,„». 


FiC.  2-1.  l  i?  D'^ci  'LitS  Vcryi-^.g  Crcss^Sf^lionat  Ann 

When  u  is  .smooth,  equation  (2.>'5)  can  be  ’.vritien  is 

.4u(—  —  u^)^  =  A’, 

7 


(2.8) 
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where  K  is  a  constant,.  Since;  Af  >  0.  H  follows  from  the  theory  of  hyper¬ 
bolic  equation*  ([2]  and  [7])  that  t.hc  geometry  of  a  diffusing  duct  {A^  >  0) 
can  produce  at  most  one  (normal)  shock.  Thus,  equation  (2.8)  can  be  used 
to  determine  the  flow  on  either  side  of  the  shock  (by  using  the  boundary 
conditions  to  determine  the  %’ahies  of  the  constants  and  Keut)-  All 
that  remains  is  to  determine  the  location  of  the  shock. 

Since  the  flow  is  steady,  the  shock  speed  a  is  zero.  This  implies  that 

(2.9)  o(«.)  =  ^(tu)  =1-4=0,  (=--:>  u.  =  \/^) 

an  U; 

where  u.  is  the  speed  of  sound.  Applying  the  Rankine-Hugoniot  condition 
(7|  yields 

(2.10)  W/Wr  =  H, 


where  u;  and  Mr  represent  the  limiting  velocity  from  the  left  and  from  the 
right  of  the  shock,  rc.spcctively.  The  value  of  the  shock  location,  can  he 
determined  by  solving  the  equation 


(2.!])  t4u,(|  -  0?)=^  =  A->(6)  =  vr-Ur(4  -  t/;)Th 

A$f|  ^  A«Hif  ; 


along  with  (2.10).  for  u)  and  u-.  Applying  (2.8).  A({.)  can  be  found  and 
since  .4{  >  0  if  follows  that  one  can  solve  for  4.. 

Consider  the  solufion  of  equation  (2.7)  with 


(2.12)  .4(f)  =  1.05-)-  (1.745  -  l.05)f  -  0.r)9sin(2rf), 

f  =  0.4/2.4,  H  =  1.14.  «,■„  =  1.290  and  u,u»  =  0  500.  Using  the  technitpie 
described  above,  we  get  .'1(f. )  =  I.-lTD'a  which  leads  to  f  ,  =  0.4780  ('tsing 
MATLAB  to  invert  equation  (2.12)).  The  resulting  solution  for  u  is  plotted 
in  Figure  2.2. 

3.2.  Optuniaation problem.  Let  .4  =  {.4  :  [0  1]  —  IK (.4  €  C(0, 1), 
.4«(f)  >  0}  and  define  .7  :  A  —  1R  by 


(2.13) 


J{A) 


£l.(x: 


A())- 


u(r)]"di' 


where  u(i;.4( ))  is  the  solution  of  the  Imundary  value  problem  (2.7).  The 
optimal  design  problem  is  to  find  .4’  €  .4  such  that 


J{A‘)  <  J(A)  for  nil  A  C  A. 

This  is  now  an  infinite  dimensional  optimal  control  problem  and  one  could 
use  the  theory  of  distributed  parameter  control  to  attack  this  problem. 
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Fig.  2.2.  l:xact  S'jl..li)fyi  of  l-O  I'iiryiti/  Duct  frohitn 


However,  we  shall  restrict  our  attention  to  the  ease  (as  is  common  in  prac¬ 
tice)  where  ^l(-)  has  been  parainetiTized.  This  leads  to  the  problem  of 
minimizing  J  over  a  finite  diinen.sional  stihspace  B  CA. 

In  onr  example,  we  consider  a  subspace  of  the  Beriisteiii-Ilezier  qnaHratie. 
polynomials,  B^.  Bernstein-Bezier  polynomials  pcessess  several  nice  propi- 
erties  when  used  in  approximations.  The  most  important  for  ns  are  the 
convex  hull  and  endpoint  interpolation  propwrties  (see  e.g  [4]).  These 
properties  allow  us  to  satisfy  the  monotonicity  requirement  and  match  the 
inflow  and  outflow  cross  sectional  area  easily.  Thus  we  lw.ik  at  optimization 
over 

(2.14)  £f  =  1.05/?^46fBf-f  l.rdSBj; 

e  (1.00,1.745)} 

whore 

=  (;  )r( I c€{o,ii. 

In  particular,  we  optimize  over  a  one  parameter  family  of  f '*  curves. 

It  is  also  the  ca<e  that  (as  in  the  optimal  FDS  problem)  given  any  A  € 
B,  it  may  not  he  possible  to  analytically  .solve  (2.7)  for  w.  Goiise<|iieiirly,  one 
mii.st  consider  numerical  approximations,  such  as  finite  difTcronre  methods, 
for  solving  (2.7).  In  any  practical  problem  one  must  consider  a  discrete 
analog  of  the  optimization  problem  above. 

The  discretized  optimizalion  problem  now  brromes;  Find  .4*  G  S  ic 
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miniimze 

C2.I8)  =  1  ^ 

where  f»;'  {.4)  is  a  numerical  approxinjation  of  v{A)  at  discrete  points  in 
[0,1]  and  uf  is  discrete  data.  For  our  problem,  will  come  from  finite 
difference  solutions  of  (2.7)  discussed  in  Section  3,  and  if'  will  correspond 
to  points  taken  from  the  curve  given  in  Figure  2.2.  Note  that  we  assume 
that  experimental  data  is  given  at  the  finite  difference  mesh  points.  If  this 
were  not  true,  then  some  type  of  interpolation  must  be  used. 

3.  Nuincrical  fusults. 

3,1.  fiitroductlon.  In  this  .section,  we  study  the  phenomenon  of  lo¬ 
cal  minima  in  the  appro.ximale  cost  functional,  We  consider  three 
numerical  schemes  (5]  for  fiiiding  approximations  n''  of  the  boundary  value 
problem  (2.7).  These  are  the  Godunov,  the  Enquist-Osher  and  the  arti¬ 
ficial  viscosity  methods.  The  methods  discretize  the  interval  [0,1]  liiio  A' 
cells  of  length  h  B  1/A',  with  centers,  =  fi(j  —  1/2).  j  =  1, . . .,  ,V.  The 
flow  velocity  u  is  modeled  as  a  constant  over  each  of  these  cells  (u*'  is  the 
constant  associated  with  the  jth  cell).  In  all  of  these  methods,  is  found 
as  the  root  of  a  system  of  nonlinear  equations, 

(3.1)  LiHirJi-in  +  3^  =.  0  j  ^  1 . .V 

where  fj  =  and  tj.-  --  ,  Ai^j)).  The  thre-e  methods  differ  in 

how  the  flux  is  determined  from  /)+i  and  /(«.).  The  Godunov 

method  use.s  the  formula 

/;+!  U;.Uj  +  i<U.; 

/r+i/i  Uj<«.  <U;+i: 

,  max(/i,/.,+i)  U;+i  <  u.  <  Uj, 
the  Enquist-Osher  method  uses 

<  u.; 

Uj.  Uj+i  > 

Uj  <  u.  <  Uj+i: 

/(U.)  Uj  +  t  <  U.  <  Uj. 

and  the  artificial  viscosity  method  uses 

/j^t/2  -  1/2  {/<4!  +  fj  -  Uj  +  i  -t  Uj}  . 

These  three  methods  were  applied  to  (2.7)  where  the  cross-sectional 
area  w,-is  given  by  equation  (2.12).  Plots  of  these  solutions  for  N  =  45 
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along  with  the  exact  solution  are  shown  in  P'igute  3.1.  Of  the  three  methods 
considered  here,  the  Godunov  method  provides  the  better  approximation 
to  the  discontinuous  solution  u.  The  Enquiat-Osher  method  gives  similar 
results  except  there  isotie  more  mesh  point  in  the  transition  region  between 
the  supersonic  and  subsonic  flow.  The  artificial  viscosity  method,  on  the 
other  hand,  has  significant  error  in  this  region. 


Flii.  .3.),  A'»Tn<-i>af  5o/»!tc’i4  o/l-D  terrene  Duct  Proikrr. 

As  eliown  in  the  next  section's,  the  approximate  cc.st  functional  , 
which  is  obtained  using  tlic  Godunov  method  to  solve  (2.7)  for  ,  eontains 
(nunierically  generated)  local  tninima.  while  the  approximate  cost  function¬ 
als  obtained  using  the  Einmist-Osher  and  artificial  viscosity  methods  do 
not.  Furthermore,  an  example  is  jiresented  where  cascading  the  Godunov 
method  into  an  optimiration  algorithm  dors  not  produce  the  global  min¬ 
imum.  In  addition,  a  hybrid  scheme  is  presented  which  circumvents  the 
optimization  problems  caused  by  the  local  minima  and  achieves  the  global 
minimum. 

3.2.  Cost  functionals.  Two  levels  of  approximation  were  used  to 
obtain  from  J.  The  first  was  to  replace  the  integral  '.iperator  in  J  by 
the  sum  of  terms .4(-))  — ’((£,)]•  weiglited  by  .'V(=c  j).  The  second  was 
to  replace  by  it^'  and  u(£i)  by  ti;' .  The  accuracy  of  the  second 

level  of  approximation  is  solely  determined  by  the  particular  choice  of  the 
numerical  scheme  (for  this  problem,  there  is  no  error  in  replacing  u(£i)  by 
li^').  However,  it  i.s  the  first  level  of  approximation  which  can  introduce 
the  interesting  behavio:  in  the  approximate  cost  functionals. 

We  demonstrate  this  fact  by  plotting  the  cost  functional  J  vs  the 
Bezier  parameter  bp  in  Figure  3.2.  The  cost  functional  ,7  contains  a  well  de* 
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finwl  unique  minimum  due  to  the  large  penalty  aiaajciated  with  not  mateh- 
ing  the  ahock  locations.  Figure  3.3  contains  plots  of  vg.  6^  (for  a  few 
values  of  N)  where  «'  consists  of  (mesh)  point  evaluations  of  the  exact 
solution  to  (2  7)  ■  Therefore,  only  the  first  level  of  appro-ximation  is  used. 
We  see  that  the  resulting  approximate  cost  functionals  contain  steps  which 
are  clearly  local  minima  when  bp  is  to  the  left  of  the  global  iiiinimum,  6*. 


FH7.  S.i.  Cent  F^nciivf.at  unfA  i'-wc/ 


FlO.  3.;i.  Cifff  yvneiisnei  *tiH  Fra-*  Hru* 

The  ren-son  for  the  existence  of  these  stcjis  (and  hencr:  the  local  min 
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ima)  in  the  approximate  cost  functional  may  be  explained  as  follows.  The 
approximate  co.st  functional  contains  a  weighted  .sum  of  terms  of  the 
form  -  «(?i)]’.  If  and  «({,•)  represent  flow  on  different 

sides  of  the  shock,  i.e.  if  is  supersonic  and  u(^,-)  is  subsonic,  or 

visa  versa,  then  the  fth  term  in  the  sum  adds  a  large  contribution  to  . 
Whereas,  if  «({,;  .-1)  and  repre.sent  flow  on  the  same  side  of  the  shock, 
i.e.  either  both  are  supersonic  or  both  arc  .subsonic,  then  the  ith  term  is 
not  nearly  as  significant.  As  the  Rerier  parameter  ft,,  varies,  the  location 
of  tlje  shock  in  H  .ilso  varies.  Hence,  as  the  shock  location  pas.=es  through 

u((,  .  .-1)  will  jump  from  supersonic  to  subsonic,  or  visa  versa.  This  will 
significantly  change  the  value  of  the  fth  term  in  the  summation.  It  is  this 
cliaiige  which  causes  the  step.s 

Ibis  reasoning  alsu  le.id*  to  the  conclusion  that  performing  'he  firs', 
level  of  approxiriiaiioii  of  ,7  liy  a  Kieiiianti  siiiii 

,v 

1=1 

where  {c,  }  ate  weights  and  {x,}  is  any  “practicar  distribution  of  points  in 
[0,1]  (i  e.  not  all  clustered  near  the  endpoints),  produces  'lie  same  behavior 
in  JZ'*' .  Remarkably,  this  includes  Gaussian  integration  rules  of  arbitrary 
accuracy. 

We  turn  now  to  the  second  level  of  approximation,  where  u(^i:.4)  is 
replaced  by  one  of  the  numerical  apprc.'ximations  to  the  boundary 

value  problem  (2.T).  As  shown  in  Figure  3.1.  there  is  .some  approximation 
error  near  tlie  .slierk  u“ing  any  of  these  methods.  C'emsi  ijuently,  there  are 
values  of  v'  which  lie.  between  the  snper.s<anic  and  subsonic  flow  curves. 
The  terms  in  tie  siiinmafii'n  whi  h  correspond  to  these  points  do  not  have 
the  same  dramn'ir  rhangc  in  value  when  the  shock  lie^  just  on  either  side 
of  them  Therefore,  this  appreiximation  error  in  u/*  rends  to  smooth  out 

The  approximate  cost  functionals  jZ'*  and  JZ***  obtainerd  using  the 
Godunov  scheme  .arc  shown  in  Figure  .T.-l.  We  note  that  there  are  local 
minima  to  the  left  sf  the  global  nainimum.  This  is  similar  to  the  behavior 
in  Figure  3.3.  except  the  approximate  cost  functional  is  much  "smoother'. 
For  the  cn.ses  when  the  KnquisT.-Osher  and  artificial  viscosity  method.s  are 
used  to  compute  J'-’  and  J'*'  (plotted  in  Figures  3. -a  and  3.6.  respectively), 
these  artificial  local  minima  do  not  occur.  The  fact  that  there  are  more 
mesh  points  connecting  the  supersonic  and  the  subsonic  ficiw  curves  account 
for  the  smooth  approximate  cost  functionals. 

3.3.  Optimizatiou  results.  In  this  section,  we  present  optimization 
results  using  a  "Hack  bo.v"  method  [o].  This  method  couples  the  evalua¬ 
tion  of  drscrihrd  in  Section  2.2  with  a  BFGS  based  quasi  Newton  min¬ 
imization  algorithm  using  finite  difftrence  approximations  to  evaluate  the 
gradient  (3,.  This  iiieiliod  is  aptdied  to  the  opliniizalion  problem  (2.15). 
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FlU.  3.1.  Affroiima.lt  Cast  Fa^rtioi.al  ■  Claivvor 


Table  3.1 

Mi'iimiiatiav  ksir,}  Gcdu"i?\;  Mt'.hoil 


Iteraticu 

Bezier  Parameter 

Objective  Function 

Gradient 

0 

1.13000 

6.24486 

-6.926M 

1 

1.13{137 

6  20974 

-1.19887 

2 

1.14133 

6.20818 

-0..108.52 

3 

1.11235 

0.2079.5 

-0.01043 

4 

1.14246 

6.20795 

■0.00156 

5 

1.14246 

6.20795 

-0.00001 

6 

1.14216 

6.20795 

o.oouuo 

This  “Mack  box”  method  i?  used  to  try  to  find  the  Bezier  parameter  h‘ 
which  uniquely  deficribee  the  cro.s.A-Hcctional  area  .4*  €  B-  We  will  compare 
the  convergence  of  niiiiimiration  .■schemes  when  the  cot^l  futictional  Jf’’*  is 
computed  using  numerical  solutions  oblaineri  using  l«r>th  the  Oodunov 
and  the  Enquist-Osher  methods. 

We  saw  ill  the  last  section  that  when  the  co.st  functional  is  computed 
using  the  (jodunov  method,  there  were  a  large  number  of  local  mininia. 
Observe  that  w’hen  an  iteration  is  .started  with  an  initial  guess  for  the 
Bezier  parameter  of  1.13  (near  a  local  minimum),  the  iteration  stalls  at  a 
local  minimum  since  the  gradi*  nt.  goes  to  zero.  This  iteration  history  is 
presented  in  Table  3.1  above. 

When  the  iteration  is  started  to  the  right  of  lliis  loeal  minima,  e.g. 
an  initial  Bezier  parameter  of  1.18,  we  find  ili.af  the  iteration  converges 
(tee  Table  .1.2)  to  the  global  niin'umiin  .sf^.n  in  Figure  .3.1.  However,  the 
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Fig.  3.5.  Ayfroxnr.iit  Ccsl  Fvvctiotiil  ■ 


Tahib  :i.2 

.V/intmisifiuii  Gcitrtov  lUtthod 


Iteration 

Bezier  Parameter 

Objective  Function 

Gradient 

0 

1.18000 

5.28370 

-89,30653 

1 

1.19309 

4.60100 

-26.30958 

2 

I.19S55 

4.49142 

•14  93506 

3 

1.20572 

4.41886 

-6.18889 

6 

1.21.580 

4.292,31 

-85..3.3195 

11 

1.24404 

.3.49924 

-2.23058 

22 

1.. 304 12 

1.7G931 

-0.01503 

33 

1., 3.5864 

1.70586 

-11.89953 

4'1 

1.. 37125 

0.10889 

0.13637 

convergence  is  slow,  taking  M  steps.  The  slow  convergnicf  is  raiised  by 
the  algorithm  having  to  pa.>s  over  the,  “steps’  in  the  .approximate  cost 
functional. 

Fast  convergence  is  observed,  however,  when  we  cotripiite  I  he  approx¬ 
imate  cost  function.al  using  the  Enquist-Osher  method.  Tliis  is  expected 
since,  as  we  saw  in  Figure  3.5.  the  extra  point  in  the  shock  region  removes 
the  local  minim.a  from  J-'' .  Starling  at  the  same  initial  point  of  1.13  which 
causeri  the  Godunov  mr-tiiod  to  fail,  we  find  that  convergence  is  reached  in 
just  6  iterations.  The  iteration  history  using  the  Enquist-Osher  method  in 
our  ‘'hlark  box’’  .=ch(  me  is  pre.sented  in  Table  3.3  below.  It  is  important  to 
note  that  although  this  convergence  is  rapid,  the  value  of  the  global  inini- 
niircr  for  this  approxim.ite  cost  functional  is  still  not  the  best  estimate 
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FlO.  3.$,  Apf’vrirr.tf^  Col  Fv:iietiinel  -  Artificiil  Vitectii^-  HcKtne 


Table  3.3 

MiniTUiliar.  nhe  Ent*ttl-Oihtr  Mtthoi 


Iteration 

Bezier  Parameter 

Objective  Function 

Gradient  . 

0 

1.13000 

6.15.394 

-23.80509  ; 

1 

1.33000 

0.903.5S 

-27.61271  1 

2 

1.37000 

0.15503 

5.40034  1 

3 

1..16310 

0.14660 

-2.92231 

4 

1.36357 

0.14.329 

0.02460 

5 

1.. 36563 

0.14.329 

0.00040 

6 

1.36558 

0.14.329 

0.00040 

of  b‘  (the  minimum  of  J)  we  can  nchieve.  As  we  saw  above  (.and  in  Figure 
3-4)  the  Godunov  method  prodnre.s  a  more  accurate  approximation  of  J. 

3.4.  Hybrid  optimization  scheini?,  F/xaminingthe  approximate  co«t 
funcliouals  in  Figure  3.,3,  we  stie  that  erroneous  Te.<;ults  could  be  obtained 
from  opUinizaiion  schemes  which  would  u.se  a  perfect  numerical  solution 
of  the  boundary  value  problem  (2.7).  We  have  also  seen  that  using  th»- 
Godunov  scheme  to  evaluate  the  apjiroximatc  cost  functional  can  lead  to 
problems  if  we  are  unlucky  enough  to  start  neat  a  local  sninimtjm. 

Here  we  jirtiposc  a  strategy  designed  to  overcome  the  problem  when 
approximate  cost  functionals  have  artificial  local  minima  as  those  in  Figures 
3.3  or  3.4.  We  begin  the  iteration  conipnf  ing  J  '"  using  a  numerical  scheme 
which  uses  enough  dissipation  to  “smear’’  the  shock  over  several  grid  points. 
Thw  would  allow  us  to  converge  quickly  to  a  region  which  is  close  to  the 
minimum.  At  this  point,  we  u.se  the  more  accurate  estimate  of  ir'  in 
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Table  3.4 

Atitiimittlion  utinf  H^hrii  Mtihoi 


Iteration 

Bezier  Parameter 

Objective  Function 

Gradient 

0 

1.13000 

6.15394 

-23.80509 

1 

1.33000 

0.90358 

-27.61271 

2 

1.37000 

0.15503 

5.46034 

3 

1.36,340 

0.14660 

-2.92231 

0 

1.3G340 

0.12991 

-5.72003 

1 

1.37050 

0.10929 

-0.70580 

2 

1.37150 

0.10917 

0.18529 

3 

1.37077 

0.10911 

-0.57659 

4 

1.37094 

0.10902 

-0.49790 

5 

1.3713s 

0.10899 

1.21808 

6 

1.. 37 107 

0.10896 

-0.44042 

7 

1.37115 

0.10892 

-0.40.346 

s 

1  37123 

0.10889 

-0.36974 

9 

1.37126 

0.10889 

0.49282 

10 

1.37125 

0.10889 

-0.36076 

:i 

1.37125 

0.10889 

0.46915 

12 

1.37125 

0.10889 

0.16183 

and  conlinue  the  optimization.  This  hybrid  method  will  work  only  if  (as 
is  the  case  here)  the  first  method  produces  a  global  minitiiuiii  close  enough 
to  the  global  minimum  of  the  second  approximation  so  that  using  this  as  a 
.starting  value  avoids  local  minima  and  converges  to  a  more  accurate  global 
riiiniimim. 

An  example  of  this  hybrid  method  is  presented  below.  Tlie  scheme 
.switches  from  the  Enejuist-Osher  to  the  Godunov  method  when  tlie  change 
in  j'^  is  less  than  9.01.  The  optimization  results  are  given  in  Table  3.-1 
below.  V\e  see  that  starting  with  an  initial  guess  of  1.13,  this  algorithm 
converged  to  the  optiinutii  value  acliieved  in  'J  able  3.2.  The  first  3  iterations 
used  the  Enquist-Osher  method  and  then  switched  to  the  Godunov  method 
for  the  remaining  12  iterations. 

4,  Comments.  .Shape  optimization  problems  for  sy.stems  wuth  .shocks 
can  produce  une.xpected  result.s.  We  illu.strated  one  of  these  features  by 
Studying  a  particular  Euler  flow  using  a  model  l-I)  steady  state  duct  prob¬ 
lem.  Numerical  approximations  of  the  cost  functional  coupled  with  dis¬ 
continuous  solutions  (shocks)  arising  from  the  Euler  equations,  produced 
artificial  local  iniiiiiiia  in  the  approximate  cost  functional,  as  we  expected. 
It  was  ohterved  (hat  tfntse  local  minima  are  more  pronounced  when  the 
numerical  approximation  scheme  predict  the  shock  more  accurately.  Al.so, 
the  existence  of  these  numerically  generated  local  minima  caused  a  domain 
optimization  scheme  to  fail  to  converge  to  the  global  minimum.  The  point 
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of  this  example  is  to  show  that  applying  optimisation  loops  to  ‘'accurate” 
Euler  flo%v  eolvcra  may  produce  designs  that  arc  not  optimal. 

We  demonstrated  that  Euler  flow  solvers  which  have  sufficient  numer¬ 
ical  dissipation  do  not  produce  these  artificial  minima.  This  was  used  to 
construct  a  hybrid  algorithm  which  used  a  flow  solver  containing  numerical 
dissipation  to  produce  a  belter  initial  guess  for  an  optiniiration  algorithm 
based  on  a  more  accurate  flow  solver.  This  hybrid  method  requires  that 
one  can  find  an  initial  guess  which  is  close  enough  to  the  minimum  so  that 
the  numerically  generated  local  minima  are  not  encountered. 

However,  other  strategies  for  avoiding  the  local  minima  problem  can 
be  considered.  A  natural  approach  is  to  find  a  good  initial  guess  by  first 
optimiring  on  a  coarse  mesh.  In  addition  to  the  istiie  of  efficiency,  one 
should  encounter  fewer  local  minima.  As  noted  above,  introduction  of 
implicit  numerical  dissipation  (present  in  some  numerical  schenie.s)  may 
avoid  the  local  minima  problem  altogether.  In  practice,  one  may  be  able 
to  increase  the  artificial  dissipation  level  in  those  numerical  scheme.s  using 
artilicial  dis.«ipation  for  stability.  This  may  be  necessary  when  computing 
on  very  fine  meshes.  Experience  with  the  optimal  KBS  design  problem 
has  shown  that  the  dissipation  present,  for  stabilizing  the  numerical  scheme 
may  itself  by  sufficient  to  avoid  the  prohirm. 

A  desirable  strategy  would  be  to  use  numerical  methods  which  track 
the  shock  locations.  If  the  location  of  the  shocks  in  the  experinicnt.al  data  is 
also  known,  then  the  integration  in  equation  (2.13)  could  he  approximated 
more  carefully  and  avoid  the  problem  altogether.  Uufortnnately  this  is  not 
always  feasible.  The  optimal  FBS  design  problem  is  an  example  where  the 
shock  location  is  not  known. 
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A  SENSITIVITY  EQUATION  APPROACH  TO  SHAPE 
OPTIMIZATION  IN  FLUID  FLOWS 

JEFF  BORGGAARD*  AND  JOHN  BURNS* 

Abstract,  lii  tliis  paper  wr  apply  a  tantftivity  equation  method  to  shape  optiiniza* 
iion  problems.  An  algorithm  is  developed  and  tested  on  a  problctti  of  UeslKiiinfc  optimal 
forebody  simulators  for  a  20.  invisridsupenonieflow.  Thealgoritlunusesa  BFGS/'Irust 
Hegion  optimiratinn  srheme  with  sensitivities  computed  by  uumerically  approximating 
the  linear  partial  differential  equations  that  determine  the  flow  »ensit}vilies.  Numerical 
examples  are  presented  to  illustrate  the  method. 

1.  Introclucticin.  Th.'  dtwlopiurnt  of  practical  computational  met  h 
ods  for  optimiration  bn.'cH  d.'sign  and  control  often  relies  on  cascading 
simulation  software  into  optiini/ation  algorithms.  Black  box  methods  are 
examples  of  this  approach.  .Although  tho  precise  form  of  the  overall  "op¬ 
timal  design”  (OD)  algorithm  may  change,  there  is  an  often  unstated  as¬ 
sumption  that  properly  combining  the  “best.”  simul.ation  .algorithm  with 
the  “best"  opliiiiizatioit  scliome  will  produce  a  good  OD  algorithm.  There 
are  many  e.xamples  to  show  that  in  general  this  aasiimprion  is  not  v.alid. 
However,  in  many  cases  it  is  a  valid  as'suniption  and  often  this  approach 
is  the  only  practical  w.ay  of  attacking  complex  optitnal  design  problems. 
If  one  uses  this  cascading  approach,  then  it  is  still  important  to  carefully 
pass  information  between  the  simulation  nnd  the  optimizer.  Typically, 
one  uses  a  simulation  code  to  produce  a  finite  dimcn.sional  model  and  this 
discrete  model  is  then  used  to  supply  approximate  function  evaluations 
to  the  optimization  algorithm.  Moreover,  the  approximate  functions  are 
then  differentiated  to  supply  gradients  needed  by  the  optimizer.  Although 
there  ate  numerous  variations  on  this  theme,  they  all  may  be  formulated  as 
“approxiinate-rhcn-optimize"  approaches.  There  are  other  approaches  that 
first  formulate  the  problem  as  an  infinite  dimensional  oplimization  prob¬ 
lem  and  Then  use  numerical  scherriss  to  approximate  the  optimal  design. 
.All-nt-once,  one  shot  and  adjoint  methods  are  examples  of  i  bis  “opiiniize- 
then-approxim.ate"  approach.  Regardless  of  which  ajjproarh  one  chooses, 
some  type  of  approximation  must  be  introduced  at  some  point  in  the  design 
process. 
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The  sensitivity  equation  (SE)  method  is  an  approach  that  views  the 
simulation  scheme  as  a  device  to  produce  approximations  of  both  the  func¬ 
tion  and  the  sensitivities.  The  basic  idea  is  to  produce  approximetions  of 
the  infinite  dimensional  sensitivities  and  to  pa.ss  these  "approximate deriva¬ 
tives”  to  the  optimirer  along  with  the  approximate  function  evaluations. 
There  arc  several  theoretical  and  practical  issues  that  need  to  be  consid¬ 
ered  when  this  approach  is  used.  For  example,  there  is  no  assurance  that 
the  SE  method  produces  “coiisistenl  derivatives."  This  will  depend  on  the 
particular  numerical  scheme  used  to  discretize  the  problem.  However,  the 
SE  method  allows  one  the  option  of  using  separate  numerical  schemes  for 
flow  solves  and  .sensitivities,  so  that  consistent  derivatives  can  be  forced. 
We  shall  not  address  these  issue*  in  this  short  paper.  The  goal  here  is  to 
illustrate  that  a  SE  based  method  can  be  used  with  standard  optimization 
schemes  to  produce  a  practical  fast  algorithm  for  optimal  design.  We  con 
centrate  on  a  particular  application  (the  optimal  forobody  design  problem) 
and  use  a  specific  iterative  solver  for  the  flow  equations  (PAIK.'J.  Many 
flow  solvers  are  iterative  and  for  these  types  of  codes,  the  SE  method  has 
perhaps  the  maximum  potential  for  improving  speed  and  accuracy. 

In  the  next  section  we  describe  the  forebody  design  problem  and  for¬ 
mulate  the  optimal  design  problem.  In  Sections  3  and  4  we  review  the 
derivation  of  the  sensitivity  eqiiatit)ns  and  in  Seefion  5  we  discuss  mod¬ 
ifications  to  an  existing  .simulation  code  that  are  needed  in  order  to  use 
that  code  for  computing  sensitivities.  In  Section  6,  we  present  numerical 
results  for  the  optimal  de.sign  problem  and  Section  7  contains  conclusions 
and  stiggestions  for  future  work. 

2.  Optimal  design  of  a  forobody  simulator.  This  problem  is  a 
2D  version  of  the  problem  described  in  [J,4,fi]  .  The  Arnold  Engineering 
Development  Center  (AFDC)  is  developing  a  free-jet  te.sf  facility  for  full- 
scale  testing  of  engines  in  various  free  flight  conditions.  .Although  the 
test  cells  are  large  enough  to  house  the  .jet  engines,  they  are  too  small 
to  contain  the  full  airpiane  forebody  and  engine.  Thus,  the  effect  of  the 
forward  fuselage  on  the  engine  inlet  flow  conditions  must  he  ‘"simulaied.' 
One  approacii  to  soiving  this  problem  is  to  replace  me  aciual  Idrebody  by 
a  smaller  object,  called  a  "forebody  simulator"  (FBS).  and  determine  the 
shape  of  the  FBS  that  produces  the  best  How  match  at  the  engine  inlet. 
The  2D  version  of  this  problem  is  illusi  rated  in  Figure  2.1  (see  [8] 

and  [9|), 

The  underlying  niathematical  model  is  hn.sod  on  conservation  laws  for 
mass,  momentum  and  energy.  For  inviscid  flow,  we  have  that 


where 
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KlOtmc  2.i:  £'£)  FcnMy 


/p) 

f  m  ^ 

(  " 

in 

mu+  P 

•»  ii/l  /• •• 
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1 1  — 

mv 
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nv  +  P 

\f:) 

\  {E  +  P)u  y 

\  {E-P)v ; 

The  velocity  components  n  and  v,  the  pKssnre  P.  the  tempernfurt  T.  and 
the  Mach  number  M  are  related  to  the  conservation  variables,  i  c.,  the 
components  of  the  vector  Q,  by 


fn 


h 


(2.3)  r=7(7- 1) 


P  =  (7 


1)  +  ‘=')j  . 


and 


u*  f  !  ■ 
7 


At.  thR  inflow  boundary,  we  want  to  simulate  a  free-jel.  so  that  we  speeify 
ilie  total  prosiiiro  Pr.,  the  total  temperature  T.j  and  the  .Mach  riui.'iber 
jWo-  VVe  also  set  r  =  0  at  the  inflow  boundary.  If  u/.  P;  and  7)  denote 
the  inflow  values  of  the  x  component  of  the  velocity,  the  f>ressiire  and  the 
trniperatiirc.  those  may  b<’  recovered  from  Pi,,  Tlj  and  ^7^  hy 


T,= 


Tr, 


(l  +  =^.V/.2 


Po 


!1 1 


and  uj=  — 


.M.:7; 


U 


(2.4) 
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The  componeiite  of  Q  a»  the  inflow  may  then  be  determined  from  (2.4) 
through  the  relations 

(2.5)  Pi  =  -^,  mr=pjHi,  n/=0  and 

The  forebody  Is  a  solid  surface,  so  that  the  nornial  component  of  the 
velocity  vanishes,  i.e., 

(2.6)  utfi  +  vtfj  =  0  on  the  forebody, 

where  and  ^  are  the  components  of  the  unit  normal  vector  to  the 
honndary.  Note  that  we  impose  (2.6)  on  the  velocity  components  u  and  i', 
and  not  on  the  momentum  components  m  and  n.  Insofar  as  the  state  is 
wncvrned,  it  is  clear  that  it  doe.s  not  make  any  difference  whether  (2.6)  is 
imposed  on  w  and  n  or  .m  ii  and  f,  since  m  —  pu  and  n  =  pv  and  p  /  f). 
It  can  he  shown  that  it  does  not  make  any  difference  to  the  sensitivities  as 
well. 

Assume  that  at  r  =  ;J  the  desired  steady  state  flow  Q  =  Q{y)  is  given 
as  data  on  the  line  [called  the  Inlet  Reference  Plane) 

1RP  =  {(x,y)\i  =  $.cr<y<6}. 

Also,  we  assume  here  that  the  inflow  (total)  .Mach  number  A/y  cai>  be  used 
as  a  design  (control)  variable  along  with  the  shape  of  ilie  forebody.  Let 
the  forebody  be  determined  by  the  curve  F  =  Ffx).  o  <  i  <  d  and  let 
p  =  (Afo,r(  ).l.  The  problem  can  be  stated  as  the  following  optimization 
problem; 

Problem  PBS.  Given  data  Q  r -  Q{y)  on  the  IHP,  find  the  parameters 
p’  =  {.V/.*,r*(  ))  such  that,  the  functional 

(2.T)  J(p)  =-J  It  Qx(^.y)  -  Q{;j)  (fy 

is  minimized,  where  Qx(x,y)  —  ^cc{z',y. /<)  is  the  soltitton  tr.  the  .ctCildy 
State  Euler  c-qtiationi 

(2.8)  C(Q,p)  “ 

In  the  FBS  design  problem,  the  data  Q  is  generated  both  experimen 
tally  and  numerically.  In  particular,  the  ftill  airplane  forebody  (which  is 
longer  and  larger  tliam  the  de.^ired  FBS)  is  used  to  generate  the  data.  Since 
the  FBS  is  ’‘coiislraineil''  to  he  shorter  and  smaller,  wc  shall  consider  the 
optimization  problem  illustrated  in  Figure  2.2.  The  data  Q  is  genera*ed 
by  solving  (2  1)-(2.C)  for  the  long  forebody  in  Figure  2.'!-(a)  and  the  prob¬ 
lem  is  to  find  p’  to  minimize  J  where  the,  shortened  FBS  is  consttained 
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to  b«  one  half  the  length  of  the  “retil  forebody.’'  This  problem  provides 
a  realistic  test  of  the  optimal  design  algorithm  in  that  the  data  can  not 
be  fitted  exactly.  .Al.so.  wc  note,  that  we  have  a  problem  with  shocks  in 
the  flow  field.  As  shown  in  [2],  optimizatu  >  of  flows  with  shocks  can  be 
difiiculi  and  requires  some  understanding  o;  the  impact  that  shocks  have 
on  the  smoothness  of  the  cost  functional. 


TESTCEliWAlL 


1,11  iinf 


(a)  DATA  GENERATED  AT  Mach  «  s:  10  AKD  LONG  FOREBODY 


mTCELLWAU 


INFLOW 


m 


S»tOtT  rD«£M)OY 


(b)  FOREBODY  RESTRICTED  TO  1/2  LENGTH 


P'lGURE  3.2;  A  2D  Desiij^  PrebUp* 

Clearly  the  staiemenr  of  the  problem  is  not  complete  For  e.xainple. 
one  should  carefully  specify  the  set  of  admissible  curves  Ff  )  and  questions 
remain  about  existence,  uniqueness  and  integrability  of  •‘Uie”  solution  Q^. 
We  will  noi  address  these  issues  in  this  short  paper. 

Most  optimization  based  design  methods  require  the  computation  of 
the  derivatives  ij.  p).  These  derivatives  .ire  called  sensitivities  ami 

various  schemes  li-ave  been  developed  to  approximate  the  sen.sitivit.irs  nu¬ 
merically  {gee  (7j.  [Sj.  [10]  and  [llj).  A  coinnion  approach  is  to  nee  fi¬ 
nite  differences.  In  particular,  the  steady  state  equation  f2  b)  is  solved 
for  p  and  again  for  p4  Ap  and  then  ■^.Q^ix.p.p}  is  approximated  hy 

■-  !  t:!  method  is  often  costly  and  can  iiitroduce 

large  errors.  Another  afiptoarh  is  to  first  derive  an  equation  (the  sensitivity 
equation)  for  ,V^V)  numerically  solve  this  equation  We 
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shall  illustrate  this  approach  for  the  forebody  design  problem.  In  the  next 
two  sections  we  derive  the  sensitivity  equations.  Although  f  he.«c  derivations 
tnny  be  found  in  we  repeat  them  here  for  r,omplefenes.«. 

3.  Sensitivities  with  respect  to  the  inflow  Mach  number.  First, 
we  consider  the  design  parameter  .W|,  VVr  will  derive  equations  for  the 

sensitivity 


f.1.I) 

where 

{3.2) 


/  f>' 

mf 

n* 
\E> 


,  dp  ,  Gm  ,  _  Gn  .  . v  _ 

^"w/o*  -  OMc'  ”  ^ 


The  differential  equation  sy.stem  (2.1)  has  no  explicit  dependence  on 
the  design  parameter  Mq.  so  that  (xjuations  for  the  components  of  Q'  arc 
easily  determined  by  formally  differentiating  (2.1)  with  respect  to  .W|.  The 
result  is  the  system 


(.r.i) 

wliere 


^  ..  ££2  -  n 

dl  Gx  dy 


i3A)F{zz 


{  m' 

mu'  \  tn'w  f 
ror'  +  m'f 
\(£:+p)u'^(r'  +  p')«j 


and  P4  = 


/ 

nu'-t-n'ti 
nv'-n'r-hP' 

\(1+P)i'+(E'+P'hj 


iiid  where. 


(3.-5)  t,'=5|y. 


yA/^' 


P'  —  inW  T'  -•  ^ 

^  ~  OMU  ^  ^  GMl' 


and  where,  through  (2.3).  the  sensitivities  (3.2)  and  {3.ri)  arc  related  by 


P’  =  ('v-!)  fi.-)  -p(uu'-t 

M.«)  f in'-  4p'  anrf  V-lh  -  1 )  ~p'  -  (uu'+tf')] . 

P  \P  P~  ) 


Sotc  that  (S.3)  is  of  the  '.ante  form  as  (2.1J,  with  a  different  flux  vector. 
In  particular.  (3.3)  is  in  conservation  form.  As  a  result  of  the  fact  that  (3.3) 
is  linear  in  the  primed  variables,  and  that  by  (3.6)  e'  and  P'  are  hnear 
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in  the  components  of  O',  (3.3)  is  a  linear  system  in  the  sensitivity  (3.1), 
i.e.;  in  the  components  of  Q'. 

N’ow,  we  need  to  discuss  the  boundary  conditions  for  Q'.  Except  for 
the  inflow  conditions,  all  boundary  conditions  are  independent  of  the  design 
parameter  Mq.  Tims,  the  latter  may  be  differentiated  with  respect  to  .Wj 
to  obtain  boundary  eondition.«  for  the  sensitivities.  For  example,  at  the 
forebody  where  (‘J.6)  holds,  we  simply  would  have  that 

(3.7)  -f  =  (1  on  the  forebody. 

Similar  oprrarinns  yield  boundary  conditions  for  the  ser.sitivities  along 
symmetry  line.s.  otlier  solid  surfaces  and  at  the  outflow  boundary.  Note 
that  if  instead  of  (2.6),  one  interprets  the  no  penetration  couditiim  as  one 
on  the  momentum,  i.e.,  rtnji  f  ntjo  -  0  on  the  fotebody,  then  instead  of 

(3.7)  we  would  have  that 

(3.8)  m't;i  +  o't/;.  =  0  on  the  forebody 

wliieh  is  seemingly  difTerent  from  (3.7).  Hivwever.  (2.6)  and  (3.6'|  can  be 
used  to  show  that 

(3.!))  Tn'T)\  n  T)^  —  ~  t  '  vs)  ~  6  ~  t'  tji) 

so  that,  since  p  yt  0,  (3.7)  and  (3.8)  are  idciitifal. 

The  inflow  boundary  conditions  for  ilie  sensitivities  may  be  determined 
by  differentiating  (2  4)  and  (2.5)  with  rc.spect  to  the  design  parameter  tfr?. 
Note  that  rhis  p.arameter  appears  explicitly  in  the  right-hand-.sides  of  the 
equation?  in  (2.4)  and  (2.5).  Without  difficulty,  one  finds  from  (2.5)  that 

P;  =  ttp  7/  -  2'/ .  ”4  =  Pi . 


(3.10)  n',  =  0 


where,  ficm  (2.4), 


(1  t 


(3.n)and  u',^-^  +  Yy=r,  = - -—f— ;^H(7  -DAfo'i- 

2.1/;  2v/y  '2.\),A 

4.  Sensitivities  with  respect  to  the  forebody  design  pttramr- 
ters.  We  assume,  that  the  forebody  is  described  in  terms  of  a  finite  number 
of  dtsign  parameters  which  we  denote  by  J\.  k  =  l,...,7v,  and  that  the 
forehody  may  be  described  by  the  relation 

( ?.l )  y  4>(r;  P-.  ,P< _ ,  Fa ).  «  Jc  <  ,d 
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We  express  llie  dependence  of  the  state  variable  Q  on  tbr  roordinates 
and  the  design  parameters  by  Q  -  Qit,x,y;  ^f^., Pk)-  WV  have 
already  seen  what  equations  can  be  used  to  deft-rnn  «e  the  sensitivity  of  the 
state  with  respect  to  A/|,  i.e.,  for  Q'.  WV  now  discuss  what  equations  can 
be  used  to  determine  the  sensitivities  with  respect  to  the  forebody  design 
parameters  Pi.  k  -  I. , . K.  i.e.,  for 


m  «i 


(U)  =  ”*  -  ;,>.»"■< . '> 

System  <2.1)  has  no  explicit  dcpoiidcncr  on  the  design  paraim  tcrs  Pi. 
so  that  equations  for  the  coniponotts  of  Q-,  af<’  I’asily  detertiiincd  tiy  dif¬ 
ferentiating  (2.1)  with  respect  to  P*.  <■  =:  I,  ..  .,  A'.  This  produces  the 
systems,  k  I _ _  A",  given  by 

^  +  "V  -  0. 

Ot  Ot  dy 


mvt+mit’  I  nti  +  nji— Pe 

\^it'  4-  P)ut-¥{C,:+Pk)u/  \(^+  P)t'k+(Ei  +  Pi)i 

(4.5) 

and  where. 


, .  Ot  n  j  T 

t4.6j  i/i  =  t'k  -r^.  Pi  “  -rTr  and  T*  =  —  . 

oPh  OPk  OPt  oPi 

.Moreover,  by  (2  3).  the  sensifivin'es  t-l.e)  and  (  l.ti)  are  related  by 


«t  =  -  ^pi.  Pi  =  (-.  -  1)  ^Ek  -  ^Ptitr  ^  I'j  -  p{u«i  *  , 

(4.7)  »'i  --  —tti—  rpi;  and  Ti  =  1)  (-■  E'i  —  -^pk  —  tMU(.-‘-*  t>’H  , 

p  p^  \p  P‘  J 

for  k=l,. .  .,K. 

AH  boundary  rondilion-*  except  lb*.*  *)fie  on  the  forcbrrJy  .also  do  net 
depend  on  the  forebody  de.sigii  parameters  Pi.  h  =  1 . A’.  For  example. 
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consider  the  inflow  Lmindary  conditions  (2.'1)  (2.5).  DifTerentiatinfi  t.}ipse 
with  respect  to  ft.  I-  =  1 _ ji<'ds  that 


Pi/  -  mu  =  Tlicl  =  Ln  =  Tkl  =  Pkl  -  Ulcl  =  Vii  : 


—  0 


■Tt  t.hi'  inflow  boiindary.  Now  consider  the  boundary  condition  (i.C)  on  the 
for<  hodv.  We  have  that  on  tlie  forehodv 


(4.0) 


m 


<3* 

’  itx  ■ 


Coinl'inin;;  (0  ti)  ,ind  (1.0)  we  have  that 

(1  lOl  n-j - f  =  0 

OJ- 

al'.'.’if;  (he  forehodv  or,  displating  (l;e  fni!  fni.'.  •,:onnl  depend'’ nee  on  the  co 
ordinnres  and  design  parameters,  we  have  ai.  ■  point  {T,y)  on  the  forcbody, 
and  at  any  time  /, 


u  (t.  r.  V  ••  l\  .ft . Pi, );  Mi-  ft .  ft. 


V  c>'h 

•  .ft-)^(^;ft,ft2 . Ps) 

ilx 


(4,11)  -  r(f.x,y--<t(x;ft,ft2 . PkIMIPi.P^ . Pk)  ^0. 

We  can  proceed  to  differentiate  (a. 11)  with  respect  to  ,‘.r.y  of  (he  fore- 

hody  design  parameters  k  -  1 . A'.  The  result  is  'hat,  along  tlie 

forebody  for  fc  -  1 . A', 


where  u.  e  and  their  derivativ  s  aie  evalnatod  at  theforebody  (x.  y  =  •I’fx)). 

If  an  iterative  scheme  i.s  Used  to  find  a  steady  state  solution  of  this 
.sy.stem  ((  f  4;,  (d.?*),  f4.1’2i).  then  we  .vstinie  that  present  guesses  for  the 
state  variables  n  and  n  and  their  derivatives  (Iv/t'iy  and  Ov/Oy  and  for 

the  design  parartieters  My-  and  ftt.  k  ■=  1 . A',  are  known.  It  follows 

that  the  right-hand  side  of  (4  12)  is  known  a.s  well  and  equation  (’1.12)  the 
boundary  conditions  i'.k.ng  the  fc.rebody  for  the  sensitivities  witii  respect 
to  the  foret'ody  design  paramet.rvs,  is  rr.rroly  an  inhomogeneous  version  of 
1 1.10).  (iie  fe  undaiy  condition  .along  the  forebody  for  the  state. 

Let  u:'  no-.v  specializ'c  to  the  type  of  farebodies  considered  by  Huddle- 
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where  k  =  1, are  prescribed  functions,  e.g.,  Bezier  curvra 

(see  [6]).  In  this  case, 


(4.14) 

nnd 


and 


A  ( S 
dx  \dPt)~  dx 


(l.lo) 


t=i 


Combining  (4,I2)-(4.I5),  ono  obtains  that,  at  any  (j*,«5{r))  nn  the 
forebody  and  for  each  I-  =  1, . . . ,  A’, 


MIC) 


For  forebodies  of  the  type  (d-M),  (4.16)  gives  the  boundary  conditions 
along  the  forebody  for  the  sensitivities  with  respect  to  the  forebody  design 
paramet.er.s  Py.  le  —  1,...,A'.  It  Ls  nc»w  clear  that,  given  gnesises  for  the 
state  variables  n  and  t.  and  their  derivatives  du/dy  and  dv/dy  and  for  the 
design  parainerers  and  Pi.  i  =  1,...,A',  then  the  riglit-hand-side  of 
(4.16)  is  knciwn. 

Consider  now  the  problem  of  minimizing  J{p)  as  defined  above.  Most 
optimization  algorithms  use  gradient  information.  In  particular,  if  Pk  de¬ 
notes  one  of  the  shape  parameters,  then  the  derivative 


(4.17) 


OPi 


Jip)  =  J'  < 


0J\ 


ly-p) 


•  0-xs(d..v,p)  -  Qiy)  >  dy 


may  be  required  in  the  optimization  loop.  The  sensitivity 
safi.sfie»  the  .steady-.stafe  ver.sion  of  the  ^ensiti%■iu  ('(iiiatioiis  (4.4).  In  prac¬ 
tice  one  must  con-struct  appro.xiniations  to  i/.p)  and  feed  this 

information  into  the  optimizer. 

Assume  that  one  has  ap.articiilar  simulation  scheme  (finite  differences, 
finite  elements,  etc. )  to  approximate  the  flow  Q.^fx.y.p)  on  a  given  grid, 
i.e. 


(4.18)  Qh(x,yp)-Qr>,<x,y.p). 

a.*,  the  "step  size’’  h  —  0.  Given  the  design  parameter  p.  one  constructs  a 
grid  (depending  on  p)  and  then  computes  Q/,(x,  y.  p)  ss  Q.;c{x,.V.p)-  This 
process  may  require  some  type  of  iterative  scheme.  We  will  address  lias 
issue  below.  In  theory,  one  could  use  the  same  grid  and  computational 
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scheme  lo  approximate  y,p)  so  that  one  generates  ■‘approximate 

sensitivities” 

(4.19) 

J;,  oPt 

as  /)  — •  0  It  is  important  to  note  that  in  genera! 

(4.:.!U)  ^  P)l- 

i.e.  this  approach  may  not  provide  “consistent  sensitivities”.  However, 
.some  schemes  do  provide  consistent  derivatives  and  even  if  (•'1.20)  holds, 
the  error 

{4.21}  ^Dh  =  ^ 

may  be  sufficiently  small  so  that  the  optimization  algorithm  converges. 
Trust  region  me  thod.s  are  particularly  well  suited  for  problems  of  this  type, 
where  derivative  information  may  contain  (small)  error.s.  As  we  shall  see 
below,  there  are  certain  eases  where  ^  can  be  toiiiputed 

fast  and  accurately.  Hence,  the  SE  nirthod  pre^vides  estimates  for  sensi¬ 
tivities  that  may  prove  “good  enough”  for  optimization  and  yet  relatively 
cheap  to  compute.  A  comparibon  of  \-^ij^Q-.xj{x.y.p)'^  and  various  finite 

difTerenee  approximations  of  [(J/ifa-.  ,v.  jf<V  may  he  found  in  [.T. 

It  is  important  to  note  that  the  details  of  the  cem potations  needed 
to  apjtroximate  a  sensitivity  tire  net  the  central  issue  liere.  For  example, 
the  sensitivity  eijualkuis  (3.3)  aiid  (4.4)  are  viewed  a.*-  independent  partial 
differential  equations  that  must  be  solved  by  “.some”  numerical  scheme. 
Tine  schenie  docs  not  necessarily  have  to  be  the  same  s'-heme  used  to  solve 
the  flow  equation  f'2.1).  although  as  we  shall  see  below,  tli'-re  are  case.s 
where  using  t  he  same  scheme  is  a  useful  approach. 

Al.so,  note  that  the  sensitivity  equations  are  derived  for  the  problem 
foriiiiilatpd  on  she  “physicar  domain.  If  one  uses  a  couiputationa!  method 
that  maps  the  problem  to  a  c.omputafional  domain  (as  do-s  PARC),  then 
the  SE  method  de;e.s  not  require  derivatives  of  this  mapping.  One  simply 
maps  the  sensitivity  equation  [including  the  necessary  boundary  rondi- 
lions),  grids  the  computational  domain,  solves  the  resulting  transfcirmed 
equations  and  then  maps  back  to  the  physical  domain.  If.  on  the  other 
hand,  one  mapped  the  flow  equation  (‘i.l)  and  derived  a  sensitivity  eqtia- 
tion  in  the  computational  domain,  then  to  obtain  the  correct  sensitivities 
one  would  have  *o  compute  tlie  inapping  sensitivity.  Tlierefore.  it  is  more 
ellicient  to  (h-nve  the  .sensitivity  cquation.s  in  the  physical  domain. 

Finally,  we  ncite  that  the  PE  method  described  here  has  one  additional 
benefit.  To  cuiripnt.e  a.  sensitivity,  say  -^Qrcix.y.p),  then  one  first  se- 
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lects  llie  parameter  value  p.  constrncta  a  computationa!  grid  and  solves  for 
There  is  no  need  to  compute  grid  sensitivities. 

S.  Computing  sensitivities  using  an  existing  code  for  the  state. 
Suppose  one  has  available  a  code  to  compute  the  elate  variables,  i.e..  to  find 
approximate  solutions  of  (2.1)  along  with  boundary  and  initial  conditions. 
In  principle,  it  is  an  easy  matter  to  amend  such  a  code  so  that  it  can  also 
compute  sensitivities. 

First,  let  us  compare  (2.1)  with  (3.3).  If  one  wishes  to  amend  the 
existing  code  that  can  handle  (2.1)  so  that  it  can  treat  (3.3)  as  w“ll.  one 
has  to  change  the  definitions  of  the  flux  functions  from  those  given  in  (2.2) 
to  those  given  in  (3.4).  Note  iliat  the  solution  for  the  state  is  needed  in 
order  to  evaluate  tlie  flux  functions  of  (3.4). 

.Next,  note  tlial  (3.3)  and  (4.4)  are  identical  differential  equations. 
Thus,  ilie  cliaiigei  made  tn  the  rode  in  order  to  treat  (3. .3)  ran  also  be 
used  to  treat  (1.4)  In  fact,  as  long  as  the  differential  equation  and  any 
other  part  of  tlii-  problem  specification  do  not  explicitly  depend  on  the 
design  parameters,  (lie  analogous  relations  will  be  the  same  for  ail  the 
sensitivities. 

The  only  changes  that  vary  from  one  sensitivity  calculation  to  another 
are  tho.se  that  arise  from  conditions  in  which  the  design  parameters  appear 
explicitly.  In  oiir  example,  for  the  sensitivity  with  respect  to  one  must 
change  the  portion  of  the  code  that  treats  the  inflow  conditions  (2.4)-(2.5) 
so  that  it  can  instead  treat  i.3.10)-(.1.1 1).  In  the  problem  considered  here, 
the  nature  (i.e.  what  variables  are  .specified)  of  the  boundary  conditions  at 
the  inflow,  and  everywhere  else,  is  not  affected.  Note  that  for  the  sen.sitivity 
with  respect  to  the  boundary  condition  (3.7)  on  the  forohody  is  the 
same  as  that  for  the  slate,  given  by  (2.G). 

For  the  sensitivities  with  respect  to  the  forebody  design  parameters, 
the  inflow  boundary  conditions  simplify  to  (1.8).  i.e..  they  become  homo¬ 
geneous.  The  boundary  condition  at  the  forebody  is  now  given  by  (4.12) 
or  (4.16).  Once  again,  the  nature  of  the  boundary  conditions  is  unchanged 
from  that  for  the  stale  and  only  the  specified  data  is  different.  For  the 
inflow  boundary  conditions,  we  may  still  specify  the  same  conditions  for 
the  sensitivities,  but  now  they  would  be  homogeneous.  The  boundary  con¬ 
ditions  along  the  forebody  change  in  that  they  become  inhomogeneous, 
(compare  (4.10)  and  (4.io)). 

In  summary,  to  change  a  code  for  the  state  so  that  it  also  handles 
the  sensitivities,  one  must  redefine  the  flux  functions  in  the  differential 
equations,  and  the  data  in  the  boundary  conditions.  The  ch.angcs  necessary 
ill  the  code  to  account  for  any  parficubar  relation  that  does  not  explicitly 
involve  the  design  parnmeter.s  arc  independent  of  which  sensitivity  one  Is 
presently  ron.sidcring. 

The  previous  remarks  are  concerned  only  with  the  changes  one  mttst 
effect  in  a  state  code  in  order  to  handle  the  fact  that  one  is  discretizing 
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a  dilTtrent  problnm  when  one  considers  the  sensitivities.  We  have  seen 
that  tliese  changes  are  not  major  in  nature.  However,  there  are  additional 
changes  that  may  ho  needed  when  one  ailenipLs  to  solve  the  discrete  equa 
tions.  Ill  the  numerical  results  presented  below  we  use  f.lie  finite  difference 
code  “PARC"  (see  (4’  and  [8])  to  solve  the  state  and  sensitivity  equations. 
However,  the  following  comments  apply  equally  well  to  other  CFO  codes 
of  this  type. 

Since,  we  are  interested  in  steady  design  problems,  the  time  derivative 
in  (Z.l)  is  con.sidered  only  to  provi<lea  means  for  marching  to  a  steady  state. 
Now,  supjio.se  that  at  any  stage  of  a  Gauss-Newton,  or  other  iteration,  we 
have  used  PARC  to  find  an  appro-simate  su-ady  state  solution  of  (Z.l)  plus 
boundary  conditions.  In  order  to  do  this,  one  has  to  solve  a  sequence  of 
linear  algebraic  .systems  of  the  type 

(5.1)  n  =  0.1.2 . 

where  the  sequence  i»  terinimted  when  one  is  satisfied  that  a  steady  state 
has  been  reached  and  where  Q'i,"-  denotes  the  discrete  approximation  to 
the  state  Q  at  the  time  t  =  nAl.  We  denote  this  steady  state  solution  for 
the  a|i|irox<ination  to  the  state  by  (J;,.  One  problem  of  the  type  (5,1)  is 
solved  for  every  time  step.  In  (5.1).  the  matrix  A  and  vector  H  arise  from 
the  spatial  discretisation  of  the  finxe-s  and  the  boundary  conditions.  Both 
of  these  depend  on  the  stale  at  the  prev.oiis  time  level. 

Having  computed  a  steady  state  solution  by  (5.1).  the  task  at  hand  is 
now  to  compute  the  sensitivities.  We  will  focus  on  Q'.  the  sensitivity  witli 
respect  to  the  inflow  Mach  number.  .Analogous  results  hold  for  the  sensi¬ 
tivities  with  respect  to  the  furehndy  design  parameters.  Recall  that  given 
a  state,  the  sensitivity  equations  are  litioar  in  the  sensitivities.  '1  licrefore. 
if  one  is  interested  in  tlie  steady  slate  sf  nsitivities,  in.stead  of  (3.3)  one  may 
directly  treat  its  stationary  version 


(5.2) 


of:  ^  dFi 

()x  dy 


Since  (5  Z)  is  linear  in  (he  coniponenfs  of  Q',  one  does  not  need  !.j  considf-r 
marching  alg'>rithm.s  in  order  to  compute  a  steady  sen.'^itivity.  One  merely 
discretires  (5  2)  and  solves  the  resultant  linear  system,  which  has  the  form 

(5.3)  A{Qh}Q’,  =  B{Qk), 

where  denote?  the  discrete  approximatwa  to  the  steady  sensitivity.  The 
matrix  A  and  vector  f?  differ  from  the  .4  and  B  of  (-5.1)  because  we  have 
discretiz' d  different  differential  equations  and  boundary  condition.?.  Note 
that  A  and  B  in  (5.3)  depend  only  on  tlie  steady  slate  Qt,  and  thus  (5.3) 
is  a  hntar  system  of  algebraic  equ-Jions  for  the  discrete  sen.sitivity  Q),. 

The  cost  of  finding  a  solution  of  (5.3)  is  similar  to  that  for  finding  the 
solution  of  (5.1)  for  a  single  value  of  ri,  t.e.  for  a  single  rime,  step.  The 
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differeuces  in  the  assembly  of  the  co«fBcienl  insirici;*  and  tight-hand-sidcs 
of  (5.1)  and  (3.3)  ate  minor.  Thus,  in  theory  at  least,  ane  can  obtain  a 
$leady  sen$iimtf  in  the  same  computer  time  it  takes  to  perform  one  time 
step  in  a  state  calculatton.  If  one  wants  to  obtain  all  the  sensitivities,  e.g., 
A'  -f  1  in  our  example,  one  can  do  so  at  a  cost  similar  to  ,  e.g.,  K+1  time 
steps  of  the  state  calculation.  This  is  very  cheap  compared  to  the  multiple 
slate  calculations  necessary  in  order  to  compute  sensitivities  through  the 
use  of  difference  quotients. 

.Although  (.3.3)  is  in  theory  no  more  complex  than  one  time  step  in 
(5.1).  we  can  solve  (5  *2)  by  using  the  same  iterative  (or  another)  scheme. 
The  simplest  approach  (hut  « itainly  not  the  optimal  approach)  is  to  use 
the  PARC  code  to  solve  (.5,2)  by  time  marching.  In  particular,  assume  that 
is  a  solution  to  then  the  system 

(5.4)  [i  +  Af.4'(Ql;-')j  (Q')l"*”  =  [W)^’  + 

can  be  used  to  liiid  given  [Q')  "'  Thus,  one  makes  an  initial 

guess  for  and  (QI,)''''  and  then  iterates  (5.1)  and  (5.1)  simultaneously. 
.Also,  the  same  scheme  can  be  used  to  compute  any  Qt  -  i.e., 

(3.5)  [/  +  AfA'iQ,,'' ’)]  (Q* '  =  [ig* ’  +  AtB'iQl;’ ')]  . 

In  practice,  these  ‘oprimar’  estimates  of  speed  up  are  rarely  achieved. 
Moreover,  as  noted  above,  it  is  important  to  note  that  finite  difference  (FD) 
and  sensitivity  equation  (SE)  methods  do  not  nere.ssarily  produce  the  same 
results.  Since  the  ultirnaf«  aoal  is  to  find  useful  and  cheap  gradients  for 
optimizalioii.  the  most  important  issue  is  whether  or  not  the  SE  method 
combined  with  an  optimization  algorithm  produces  a  convergent  optimal 
design  as  fast  as  po.ssible.  VVe  have  tf^ted  this  scheme  on  the  forehody 
design  problem  and  the  next  section  contains  a  stimmary  of  these  results. 

6.  An  optimal  design  example.  In  order  to  illustrate  the  SF  method 
and  to  test  its  use  in  an  optimization  problem,  wc  used  the  P.4RC  code  ms 
described  above  to  compute  sensitivities  and  the  used  these  sensitivities  in 
a  BFOS/Trust  Region  scheme  to  find  an  optimal  shortened  forebody  sim¬ 
ulator  As  shown  in  Figure  2.2,  data  was  generated  by  solving  the  Euler 
equations  over  the  long  fotebody  at  a  Mach  number  of  2.fl.  The  objective 
is  to  find  a  forebody  simulator  with  length  one  half  of  the  long  forehody 
and  such  that  the  resulting  flow  matches  the  data  as  well  as  poasible.  i.e. 
minimizes  J'  along  the  outflow  boundary. 

The  shortened  forebody  was  parameterized  by  a  fiezier  curve  using  two 
parameter!-.  'J'lius,  iliece  are  three  design  parameters  p  =  (Af^.  P%.  Pz). 
The  algorithm  u.sed  in  this  numerical  experiment  was  based  on  using  the 
PARC  code  to  siinultaueously  march  to  the  steady  state  solutions  of  the 
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flow  and  sensitivity  equations.  We  made  no  attempt  to  optimize  the  algo¬ 
rithm  since  the  main  goal  was  to  test  for  convergence. 

The  design  algorithm  proceeds  as  follows.  First,  an  initial  guess  for  the 
optimal  design  is  made,  i.e..  we  select  a  p*  =  ((A/o)” ;  P\,  f’sV  A  good 
selection  of  initial  parameters  can  be  made  knowing  the  operating  condi¬ 
tions  of  the  aircraft  and  some  rough  guess  of  the  shape  from  the  aircraft 
forehody.  In  our  exatnple.  we  chose  tw  the  inlet  Mach  number  from  the 
computation  wliich  generated  our  data.  The  initial  guess  for  the  parame¬ 
ters  were  those  used  to  generate  the  long  forebody  (although  corresponding 
to  different  .x- local  ions)  These  parameters,  p'*,  are  used  to  generate  a  grid, 
the  inflow  and  (brelioJy  boundary  conditions  for  both  the  (low  (’2.1)  and 
sensitivity  equations  ((,1.3)  and  (  l.-l))  and  an  initial  guess  for  both  Q'^’’ 

and  ''Xfimple,  a  rough  guess  for  the  flow  field  uses 

the  constant  inflow  boundary  condition  throughout  the  flow  domain.  Like¬ 
wise,  the  initial  guess  for  is  taken  as  the  inflow  boundary  conditions 

(given  in  equation  (3.10))  throughout  the  flow  domain.  The  initial  guess 
for  (Qi is  initially  taken  as  zero  (except  on  the  forebody).  The  systems 
(5.1),  (5.4)  and  (5.5)  are  then  solved  simultaneously  (in  our  case  the  left 
hand  side  matrix  is  the  same  for  (51)  as  for  the  sensitivity  equations  (5.1) 

and  (5.5),  i.e.  .4  =  .4')  for  the  updated 

The  updated  is  then  used  to  formulate  (5.1),  (5.4)  and  (ijJ))  and  solve 
for  and  .  Then  one  iterates  until  the  desired  coiiver- 

genee  is  achieved.  In  our  example,  the  residuals,  AQh  -  -  yl’'  '] 

were  converged  to  approximately  (in  600  time  steps).  The  outflow 

data  Qr,  and  used  to  compute  Jfp'‘)  and  VJlp"). 

The  optiinizafion  algorithm  consisted  of  a  BFGS  secant  method  con- 
pled  willi  a  ‘'hook''  step  model  trust  region  method  (-5).  The  initial  Hessian 
was  obtained  by  finire  dilTerrnces  on  VJ(p).  The  function  and  gradient 
information  needed  by  the  optiiniz.ation  algorithm  is  obtained  by  cnlling 
the  modified  P.ARC  rode  with  p  =  p. 

This  algorithm  was  tested  for  the  case  where  the  forebody  simulator 
was  allowed  to  have  the  full  length  of  the  body  generating  ilie  data.  In  this 
case  the  optimization  algorithm  produced  exact  data  fits.  i.e.  J{p')  =  C 
and  it  recovered  the  parameters  used  to  generate  the  data.  However,  the 
more  realistic  test  (constraining  the  length  of  the  forebody  simulator)  also 
produced  a  convergent  design  and  reduced  the  cost  functional  signifirantly. 

Figure  fi.l  shows  the  flow  field  over  the  long  forebody.  Observe,  that 
there  is  a  shock  in  the  flow.  .4s  noted  in  [2',  sho.’ks  can  cause  difficulties 
if  one  is  not  careful  in  the  selection  of  an  appropriate  numerical  scheme. 
High  order  schemes  can  produre  (numeTir..illy  generated)  local  minimum 
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that  can  cause  the  optimization  loop  to  fail.  This  problem  is  avoided  here 
because  the  numerical  viscosity  in  PARC  (reijuired  for  stability)  issufficienl 
to  “smooth”  the  cost  functional  (see  '2)  for  details). 
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Figuw  6.2  shows  the  shape  and  flow  field  of  the  optimal  shortened  fore 
body.  Thi.s  design  was  obtained  after  12  iterations  of  the  optimization  loop. 
Figures  6  3  6  6  show  the  1*',  2"^.  3’''*,  5'^  and  12'*  iterations  for  each  of 
the  flow  variables. 


FigI’RE  6.2;  FImi* 
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FiGfRE  6.3:  JtiTstijr  tc  Oytivai  For.My  Daijn:  Drtatity 
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The  initial  guess  for  the  parameters  were 


J>"=  ((Af|f  .Pi.P?)  =(2.0,0.in,0.15) 


Jip°)  =  3  2330 

The  ‘'converged"  optima!  parameters  are 

p-  =  =  (‘2.020, 0.‘i0l,0.1jli) 

with 

=  0.2220. 

Observe  that  the  ctjst  function  was  decreased  by  more  than  939! .  Figure.^ 
(i.7  G.lOshow  a  coiiiparisoii  of  the  flow  lields  for  the  optimal  shortened  fore 
body  simulator  and  the  daia.  The  optimization  loops  converced  rapidly. 
For  e.i(ampli>,  =  0.233'1  and  J{p^)  =  O.‘2‘io9.  This  is  due  to  the  fact 
that  the  shock  location  w.is  found  quickly. 


FitiliRKfi.T:  C'iiTieTtn'^n  Opii'nal  t.r^i 

Dtn$ffy 
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Fliil.’Rr  ij  O^'frc!  ^'Soiii’i'i!  f.r,i  L:i<,  i'-rt- 


Vc.'t*-  dial  aliirc’UEh  th'-  fiows  nr''  rtc'^r.  fivrf  i-  a  MEuifii'iiii  error  near 
tli<-  foreSody.  Tiiis  ran  u'.sj  be  ven  in  iln-  plut'  in  bim;rw  G  II  R  11. 
h  is  v.-.jrdiwjiiie  to  nr.v-  that,  thr  mai'-h  i?  toiisjil'.ring  the  fact  iltn 
ehorioncd  foret  ody  is  r.on.itrainr d  t.o  one  half  ll;>:  length  cf  the  “real" 
forelmdy  Hii'J  only  two  Bezifr  paranxirf'  are  to  in-jil'i  I(  ).  It  is 
also  iJiiporlant  to  .n.'le  that  ti-e  shock  if  raptnr  by  ihe  optimal  design 
In  particular,  oti-erve  m  Figures  fi-.l-R.IH  how  the  optiiniyaiioii  algorithm 
■■-!  apes"  the  •l,;ir(ened  forobody  so  that  the  optimal  .shape  ha.s  a  hLr;: 
nose  J'lii.s  IS  iiecesfary  in  ord<?r  to  grncrat''  thr  rnrrrrt  -hock  location  a' 
the  f.ntfiow. 
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SHAPE  OPTIMIZATION  IK  FLlilD  FLOWS 


7.  Conchisinns.  Thf  niiinon'caloxpennifint  above  iilii'rrates  that  the 
SE  method  rnn  prodiiec  .sensirivitios  fmitnble  for  optimization  based  de 
sign.  There  are  a  number  of  interesting  t.heoretical  issues  that  need  to  be 
addressed  in  order  to  analyze  the  eonvergence  of  this  approach.  Moreover, 
one  should  investigate  “fasl  soIv<•r^'■  for  the  6eIl^ilivity  etiuations  (lutilfi- 
grid,  ete.)  as  well  as  develop  numerical  schemes  that  are  not  only  fast,  but 
produces  consistent  derivaiives  when  possiole. 

Finnily,  we  note  that  we  have  conducted  a  number  of  timing  tests 
which  compute  sensitivities  to  compnre  the  ,SFi  method  with  the  finite  dif 
ference  method.  In  particular,  we  ohserved  that  for  the  ptohlrm  above 
(with  three  design  parameters),  the  SF;  mefln.d  needed  only  Tih'/t  of  the 
CFl.'  lime  rec|Uired  by  finite  differencing.  When  twenty  de.sign  parameters 
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w#»  Mned,  the  SE  method  produced  these  sensitivities  In  abont  38%  of  the 
time  required  by  finito  differencing.  These  early  numerical  results  indicate 
that  considerable  computational  savings  may  be  possible  if  one  extends  and 
refines  the  basic  SE  method  presented  here. 
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QUASI- ANALYTICAL  SHAPE  MODIFICATIOIV  FOR 
NEIGHBORING  STEADY-STATE  EULER  SOLUTIONS 

J.S.  BHOCK*  AND  W.F.  XG* 

Ab»itrart.  A^ToHynamir  inv^r*^  me<ho<!5  which  are  govoniing  equation  con- 

^isfrnt  are  generally  limiteH  to  (he  Full  Potentia! equations.  Consistent  design  methods 
use  identical  governing  equations  for  all  fluid  dynamic  segments  of  the  algorithm,  iriclud- 
ing  (>hape  moHifiration.  This  ensures  that  alt  relevant  physical  information  is  included 
within  each  doign  estimate,  and  therefore,  a  minimum  number  of  analysis/desigii  ii- 
eratione  are  reqtiired.  Thi*  report  pre«enM  a  new,  and  consistent,  shape  modification 
method  for  future  use  within  a  direot-jiorafive  inverse  design  algorithm  The  method  is 
simple,  being  developed  from  a  truncated  quafl*analy(iral  Taylor  s  series  expansion  of 
the  global  governing  equations.  The  method  U  general,  since  it  may  use  either  the  Kuler 
or  Navier  Stokes  equations,  any  combination  of  numerical  techniques,  and  any  number 
of  spatial  dimensions.  The  proposed  method  also  includes  a  imiqu*  iterative  algorithm, 
and  new  geometry/grid  coiistraintb,  to  solve  the  over-determined  design  problem.  An 
upwind,  cell  centered,  finite- volume  forniuUiion  of  the  two-dimensional  Euler  <*quarions 
is  used  within  the  present  effort.  The  method  is  evaluated  within  a  symmetric  channel 
where  the  design  variable  is  a  p**4d*chanuel  rmnp  angle  which  is  nominally  $  rz  Tests 
were  cor.ductedfor  three  laig-jt  ramp  ourIc  perturbations.  Afr  -r  2%,  10%,  and  40%,  and 
three  inlet  Mvrh  numbers,  .\i  =  0.30,  O.So,  and  2.00.  For  a  single  design  estimate,  using 
design  like  test  condltii->iif,  the  new  method  is  dcnionslraicd  to  accurately  predict  geom¬ 
etry  shape  changes.  This  includes  the  transonic  test  case  with  an  t.xlreme  40%  design 
variable  perturbation  where  the  target  geometry  wa>  predicted  with  06%  arairary. 

1.  Introduction.  The  sbilify  of  Compii'atinnal  Fluid  Dytiatuics  (CFD) 
iiiefhodi  10  solve  direct,  or  an.al.v5i.s.  problems  h.o.s  progressed  rapidly  in  the 
last  two  decades.  Direct  solutions  for  complex  two  or  three  diuietisional  (2- 
D  or  3-D)  configurations  using  the  Fuler  or  Navier-Sbakes  (N-S)  equations 
are  eotnmon.  The  direct  problem  is  chararten^ed  by  the  .-|>ecificalion  of 
the  geometry  and  boundary  conditions  fRC’s).  followed  by  a  solulicui  of 
the  field  equations  governing  continuity,  rnomentuin.  and  energy  exc.'iange. 

Of  equal  importance  to  the  CFD  rommunii.y  is  the  aerodynamic  design 
problem.  The  design  problem  determines;  the  geometry  required  to  support 
a  given  set.  of  EC's,  ph'  .sic.il  con.slr.aints,  and  target  design  goals.  Ihe  target 
design  goafs  may  be  a  surface  function,  sueU  as  surface  pressure,  or  a  global 
parameter,  such  a.s  a  shock  free  flow  field.  Develi-.juuen'  of  more  ellirknt 
and  effective  aerodynamic  design  fr.rhnohagies  c-int.-mies  to  receive  great 
emphasis,  and  is  the  focus  of  the  present  researcJi. 

There  are  many  ways  ii;  which  aerodynamic  design  methods  can  he 
catergorized  [1-3].  Tins  report  considers  two  general  categories:  optimiza¬ 
tion  design  and  inverse  design.  Inverse  design  methods  may  be  subdivided 
as  classical  (T7].  shock-free  direct -iterative  [10-12],  and  stream  tuiie 

nielho.ds  [13-16].  A)!  of  titese  nethed*  pceesroai  unique  strengths  and  srr- 
cializations,  and  each  will  continue  to  serve  the  design  community. 


•  Me.  iianical  tnnino.riiu  D.;iiartir..nt.  Virginia  r'-'.lyr.rhni:  Institute  an  J  ti.-iU:  Idii- 
vei^ify.  tiUefcsburg,  V..\  24 >C]-0i'>5. 
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Optimization  design  methods  are  generally  considered  the  more  ad¬ 
vanced  of  the  two  aerodynamic  design  categories.  One  reason  may  be  the 
capability  to  perforin  design  tasks  using  the  Euler  or  N-S  equations  for  all 
fluid  dynamic  portions  of  the  method.  This  includes  both  the  analysis  imd 
sensitivity  derivative  codes  which  arc  coupled  within  a  design  optimization 
algorithm. 

Inveise  design  methods  ti.se  various  sets  of  governing  equations  and  im¬ 
plementation  algorithm  s.  Some  methods  use  the  Euler  of  N-S  equations 
m  part  of  the  algorithm,  while  others  tise  the  Full  Potential  (FP)  equations 
exehisivciy.  Some  iiieihods  couple  a  boundary  layer  (III,)  model  with  the 
FP  equations  for  the  initial  and  intermediate  direct  solutions.  However, 
the  reIat.ion.ship  within  each  inverse  design  algorithm  which  actually  pre¬ 
dicts  shapes,  the  design  methodologie.s,  arc  in  general  limited  to  the  FP 
equations. 

Direct- iterative  imerse  design  methods  are  conceptually  simple,  rela¬ 
tively  easy  to  implement,  and  so  the  most  commonly  used  inverse  design 
method.  These  are  also  considered  to  be  the  more  advanced  inverse  de.sign 
method  since  they  may  use  any  existing  Cf  D  analysis  code,  and  therefore 
governing  equations,  a.s  n  portion  of  the  method.  Direct-iterative  methods 
require  an  initial  geometry.  EC's,  an  initial  solution,  and  a  target  surface 
pressure  profile. 

Direct-iterative  inverse  design  methods  use  two  distinct  code  portions. 
A  shape  modificat  ion  code  is  coupled  with  an  analysis  code,  and  the  design 
geometry  is  determined  iteratively.  The  shape  modification  code  contains 
the  relationship  between  the  difference  in  the  initial  or  current  surface 
function  and  the  target  function,  to  the  change  in  geometry  necessary  to 
obtain  the  target.  These  relationships  are  termed  Body  Shape  Rule's  (BRR) 
[121- 

Separation  of  the  direct  and  design  portions  of  the  direct -iterative 
method  provides  beii*‘fit.B  and  disadvantages  The  most  advanced  analysis 
rode,  using  the  most  descriptive  set  of  governing  cqiintions,  may  be  used 
for  initial  and  intermediate  direct  solutions.  The  algorithm  separation  al«i 
allows  relatively  simple  BSR’s  to  be  dislinrt  from,  but  equally  valid  for. 
any  set  of  analysis  governing  equations  or  CFD  methods.  However,  cur¬ 
rent  HSR's  MO  based  on  Mach  number  dependent  potential  theory.  This 
disadvam.,ige  requires  a  dilferent  BSR.  to  be  used  within  each  flow  regime; 
siihsonic.  transom  r,  and  aiipersonic. 

AnMher  disadvantage  of  thrsc  popular  inverse  design  methods  is  that 
BSR's  are  only  local,  or  surface,  applications  of  potential  thec-ry.  This  is 
in  contrast  to  the  glolml  Euler  nr  N-S  equatiotis  Gtiverning  equation  com¬ 
patibility,  that  is  anal*  sis  and  .sb.ipe  modification  with  the  same  govetning 
equations,  at  either  the  Filler  or  .N-S  level  is  then  fire  not  presently  possi¬ 
ble.  Compatible,  or  consistent,  direct  iterative  .  hape  modification,  and  so 
inverse  design,  i.s  then  limited  to  the  FP  equation- 

The  limitafinn  of  consistent  iiiverse  design  at  the  FP  level  dors  have 
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exceplions.  A  iiniqtip  streain-tubc  method  has  been  successfully  demon¬ 
strated  for  inverse  design  using  the  potential  equations  and  includes  ro¬ 
tational  effects  [16].  Another  type  of  stream-tube  method  uses  the  quasi 
1-  D  Euler  equations  within  a  2  -  D  coordinate  system  (La].  These  meth¬ 
ods  provide  both  direct  and  inverse  design  solutions  in  2  —  Z)  which  satisfy 
their  respective  eqnation.s.  However,  consistent  extension  of  these  design 
methods  to  include  viscous  effects,  or  ?.  -  <0  extension,  is  not  pos.sible. 

A  general  inverse  design  method  would  be  equally  valid  for  any  set  of 
governini;  equations,  CFO  technologies,  and  number  of  spatial  dimensions. 
Also,  governing  equation  consistency  would  ensure  the  inclusion  of  all  rel¬ 
evant  phy.sirnl  information  within  each  shape  modification  estimate.  This 
may  red\irc  the  number  of  shape  modifications  required  to  satisfy  the  de¬ 
sign  targets,  and  would  be  inherently  Mach  number  independent.  The  goal 
of  the  present  research  is  to  develop  and  test  a  shape  modification  method 
with  these  qualities  whicli  my  be  incorporated  within  a  direct-iterative  in¬ 
verse  design  algorithm. 

Following  this  introduction,  the  fundamental  development  of  the  pro¬ 
posed  new  shape  nuidification  method  will  be  presented.  A  truncated  Tay¬ 
lor’s  series  expansion  of  the  discrete,  global  governing  equations  is  the  basis 
of  development.  The  iriincat.ed  series  relates  solution  and  geometry  changes 
with  qua.si-analytical  flux  Jacobian  matrice-s.  This  simple  and  general  con¬ 
cept  has  i>rf:viously  her  n  drmonsirntnd  to  provide  consistent  neighboring 
steady-state  solution  prediction.s  and  s<m.sifivity  derivatives  [17-22].  The 
attributes  of  the  truncated  .series  sati.sfy  the  goals  of  the  present  research 
and  it  provides  a  general  and  con.sistcnt  mean.s  for  shape  modification. 

The  present  research  is  the  first  attempt  to  use  the  truncated  series 
within  the  area  of  shape  modification,  and  therefore  inverse  design.  A 
niimher  of  unique  challenges  cxi.st  in  this  effort  which  were  not  of  concern 
in  the  previou*  studies.  Implementation  considerations  tor  the  2  —  D  Eu¬ 
ler  equations  and  a  unique  solution  algorithm  will  be  preeiented.  A  simple 
ch.annel  geometry,  and  design-like  test  parameters  will  then  be  defined.  Re¬ 
sults  of  the  new  method  will  be  presented  and  discussed  for  tests  including 
subsonic,  transonic,  and  supersonic  mlet  Mach  numbers,  and  a  summary 
of  the  research  will  conclude  the  document 

2.  Theory.  In  this  section  the  basic  theory  and  fumlamental  equa¬ 
tions  for  the  neve  sliaue  inodificatioii  iiiethod  are  presented  This  initial 
development  is  genera)  in  nature.  In  a  following  .section  the  particular  .set 
of  governing  equations  u.sed  in  this  research  will  be  presented,  along  with 
the  sperific  details  of  the  implementation. 

The  non-linear,  time- dependent,  coupled  partitil  differentia!  equations 
for  either  the  Euler  or  N-S  equations  can  be  expressed  as 

(2.1)  ^  +  H{Q)  =  i^ 

where  Q  is  tlie  vecl-  ir  of  rot-v-rs'  d  variables  The  vectr)r  Q  contains  cr.m- 


ADA294785 


82 


J.S.  BROCK  AND  W.F.  NG 


binations  of  density,  component  velocities,  and  energy  terms.  The  sire  of 
Q  and  the  residual  vector,  H{Q),  depends  on  the  number  of  spatial  dimen¬ 
sions  chosen.  The  residual  represents  the  sleady-slate  form  of  the  governing 
equations  and  is  an  explicit  function  of  the  conserved  variables.  At  steady- 
state  conditions  the  residual  is  exactly  aero  and  the  governing  equations, 
together  with  proper  BO’s.  are  satisfiefJ. 

The  numerical  description  or  discrete  version  of  the  residual  can  lake 
many  forms.  Two  choices  herein  are  eitlier  Jinitt*-dincreiice  or  finite- volume 
spatial  discretization,  and  either  upwind  or  central  difference  flux  evalua¬ 
tion.  The  culmination  of  these  and  other  decisions  determine  the  set  of 
CFD  technologies  used,  which  in  sun:  deterniiiie  the  CFD  method.  Irre¬ 
spective  of  the  CFD  method  chosen  to  describe  the  residual,  the  governing 
partial  differential  equations  must  be  discretized  over  the  domain  in  ques¬ 
tion.  The  semi  discrete  form  is  then  expressed  a.s 


(2.2) 


+  Rj  ^{Q)  =  0 


where  the  {j,  k)  indices  are  used  here  only  as  an  example  fur  fr,  u)  coordi 
nate.*  in  2  -  D.  This  expression  represents  one  equation  within  a  system  of 
non-linear,  roiiplrd,  ordinary  differential  equations.  The  system  of  equa 
lions  may  be  Integran  d  in  time  for  nn.steady  soliiiions  given  a  proper  set 
of  BC’s  and  initial  conditions  (IC). 

A  common  practice  in  determining  steady  stare  seiliitieri'  to  the  gov¬ 
erning  equation.'  is  to  integrate  the  coupled  syslcni  in  p.S‘'ndf,.time  fiom  a 
rc.TSOtiably  selected  set  of  IC’s.  lliU  is  performed  in  eit|i».r  an  explicit  or 
an  implicit  inaimei  iteratively,  where  implicit  integration  is  preferred,  (he 
Luler  implicit,  or  backward  Euler,  time  iiitegration  method  is  (•ciinmonly 
used. 


(2.3) 


■  /  dn'iQY 


Here  ('’•iif?}  is  the  finite  difference  for  the  vector  of  discrete  conserved 
variables  between  the  (n  -  1)  st  and  the  (n)th  time  level. 


(2.4)  {"At?}:.  {(2-*'} -(<?") 


The  explicit  dependence  of  the  governing  '■qnations  on  the  conserved 
variables.  Q  has  been  empha«ired  above.  What  is  understood,  but  not 
explicitly  aJiown,  is  the  dependenee  on  the  diseretized  doniHin.  the  grid, 
whieh  on  the  boimdafie  s  ineludee  the  body  geometry.  This  gee, me  try /grid 
dependence  is  generally  not  »xpressed  .since  direct,  se.liitions  generally  use 
a.  fixed  grief  with  only  the  di.scrcte  values  of  the  conserved  variables  being 
of  interest. 

To  this  point,  only  common  and  .well  understood  analj.sis  concepts  h:  V' 
been  pritM-ntcd  for  subsequent  compriri.son .  However,  the  geometry /grid  de¬ 
pendence  of  the  residual  becomes  equally  important  when  coinput.ntic.na! 
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design  mctliods  arc  considered  The  discrete  residual  vector  is  then  explic¬ 
itly  defined  to  be  a  function  of  both  the  discrete  solution  vector.  Q,  and 
discrete  geometry /grid  vector,  X. 

(2.5)  {R}  =  {/f(g.y)) 

The  vector  "X  represents  the  physical  (x.j/)  coordinates  of  the  discretized 
geometry  and  domain. 

(2.0)  A  =  {x,yf 

The  new  shape  modification  method  begins  with  the  discrete  residual 
system  of  equations.  Equation  2.&.  Consider  (wo  non-linear,  steady-state 
solutions  to  the  governing  equations,  Qi  and  Q^.  which  were  oht.ained  on 
two  similar  geomctrics/grids.  A'l  and  A'-j.  A  relationship  between  the  solu¬ 
tions  and  geometries/grids  r.an  be  obtained  with  a  Taylor  scries  expansion, 
in  both  Q  and  A,  from  the  first  to  tlie  second  solution  and  geometry /grid, 

(2.7)  {R:i(Q.X)}  =  {HJQ.J)} 


The  vectors  XQ  and  AA  are  defined  to  be  the  finite  change  in  conserved 
variables  and  ge'.'meiries/grids  betweyr.  the  s.->liition« 


L 


oQ  __ 
cl/?i«?  A-)l 


OX 


(AA) 


-I  o;(A(?)'-’.a(?aa-,(a:V)=] 


(2.8)  { ACl)  =  [Q?]  -  {Q  ! 

(2.0)  {AA}  =  {A.,}-{A;} 


If  the  two  soliitior.s  and  geor.ietries/grids  are  cioM.dy  related  (hei;  the 
high' r-order  term':  of  the  series  c.vn  bo  truncated  for  a  formally  first -trder 
acr-iirato  r  rjiinfir.'i  Also,  sir;,'‘e  both  solutions  are  at  steady  s’at.e  cond.- 
fioris,  liotli  residual  vec'ors  are  exactly  zero  and  can  bo  dropp'eJ  tooblam 
Equation  2.  iO. 


(2. Id! 


r)I!,^Xl 
(>Q' 


i^Q] 


I  ox 


{A.vi  n 


Tbit  evpresrbin  is  tfrni'd  tl:'-  standard  f>roilirtion/drsigr.  equation  and 
wa.»  first  dev'-hipfl  iy  Ta\ lor.  ct,  al  in  I'.'Jl  d7_.  The  fur. ctional  depen¬ 
dence  of  (he  Jis'  iifo  re<.i.b;a|  on  both  tlir  s-alnticr  vector  and  the  eMin- 
rtfy/gri'J  c'!r.rJin,ates  i«  not  «  new  r.or  -opt.  How,  vor  ovploit.ati.rn  of  this 
property  in  c<. nj  i  n;  with  the  triim  nted  Trivior's  series  exp-ansirr.  is  a 

Simple  yet  poweitul  tool  wliirh,  has  n';t  been  fully  oxplcrod. 
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The  relationship  between  any  finite  cliange  in  solution,  ^Q,  to  the  cor¬ 
responding  finite  change  in  geoin^ry/grid,  AX .  is  quite  evident  in  Equa¬ 
tion  2.10.  The  vcctore  AQ  and  AA’  are  relsied  by  two  flux  Jacobian  matri¬ 
ces.  dRfdQ  and  dK/dX,  which  are  derived  from  the.  global,  discrete  form 
of  the  governing  equations.  Therefore,  both  Jacobi.an  matrices  are  quasi- 
anaJytiral  expressions  and  are  e.xplicitly  derived  from  the  flux  evaluation 
method  of  choice. 

The  sensitivity  of  the  governing  equations  to  the  solution  variables. 
dRfdQ.  is  a  standard  matrix  used  ivithin  implicit  analy.sis  algorithms,  such 
as  Equation  2.3.  The  shortened  phrase  flux  Jacobian  is  the  commonly  used 
term  for  this  matrix.  The  sensitivity  of  the  governing  equations  to  the 
geometry/grid.  ORfDX,  is  the  focus  of  the  present  researcii  and  represents 
anew  BSR  for  direct-iterative  inverse  design  methods.  This  ie  a  relatively 
new  matrix  within  the  CFD  community  and  requires  special  distinction. 
The  short  and  simple  phase  metric  Jarohian.  while  strictly  a  misnomer,  is 
suggested  and  used  throughout  tliis  report. 

The  standard  [irediciion/de-ign  equation  can  be  ii.sed  in  many  wr.y«  If 
a  finite  change  in  the  geornetty/grid  ie  epecified,  AX,  tlnn  the  geometric 
forcing  function.  Fz-  is  known  and  a  change  in  solution  can  be  predicted 
AQ.  In  this  formal  the  e.xpression  is  termed  the  standard  prediction  equa¬ 
tion  and  the  results  are  referred  to  a»  geometric  stohition  preiiiction.s. 


(2.11) 


SRiQ.X) 


OQ 


{AA  }  =  -{/,] 


Note  that  tlie  suhscript.s  have  been  dropped  her”  for  expedience,  and  wi!! 
be  shown  subsequently  only  \vh<  n  nece.ssary  for  clarity. 

Geometric  siluiion  prediition*  have  he.n  demcirstratcd  for  both  the 
2— Euler  |irl  and  Thin  layer  X-S  iTI.X’Si  [211  equations.  Non-geometric 
solution  predictions  Lave  alsc.  been  demonstrated  with  a  ircidifi''d  version 
of  Equation  2  11  [In]  The-e  ‘.■.•lutiori  predictions  are  driven  by  v.ariation  of 
non-geometric  design  variablei!  muIi  as  iul-f  Mach  iiiimle  r  angle  of  a**ark. 
and  e.xit  ftressure.  The  r.on  gectneinc  form  ol'llu  rtaiidard  pr-dicii-m  etpia- 
tion  is  developed  in  ll'.e  same  liiaiuier  as  hI  .  ve  aft.-r  ’he  ri'..<cr”te  residii.n' 
is  exp>res5ed  as  an  explicit  function  of  the  non-geoineir.c  di -ign  v.analde.i 
The  major  use  of  the  standard  pted.cti'.n  equation  has  be.-u  in  etfi- 
ciently  obtaining  sensitivity  derivatives  for  use  v.  itiii  i  opiniii/Hiit  n  design 
nigorithnw  (ifi  22j.  Th;‘  is  also  acconipli.-hed  ^*y  luiirlicfiHl  i*.  pendenre 
modification  of  the  discrete  residual  to  include  specific  desig!*  variables, 
together  with  repeated  use  of  the  rliain  rule  'i!i<se  segsiti-.ity  ihrivH’.ves 
have  been  obtained  with  ‘he  Euler  and  It.sS  •quatijus  for  b  tili  linfe- 
diffetence  and  hmte  volume  discre'i/at ion  iiielhods  rentral  dilb  r- nc.-  and 
up'Wind  flux  evaluations,  siel  m  licth  2-t)  and  31 1 

The  pree-iit  nsfnnh  build-  on  the  -.nr.-,.—  an.l  utility  i  f  ih-  .stan¬ 
dard  pre  lirt  cr  /d.-,-ign  equat  ion  in  the  area  of  inverse  dec}^n  threugh  shape 
trindihcatiri.  If  a  finite  sediiti.-.n  cliant”  is  sfiecified,  AG  tt.eii  ll.r  -?;,iitirn 
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forcing  ftinction.  F,.  is  known  and  a  shape  iiiodiriratiou  prediction  can  be 
found,  A.Y.  In  this  format  the  expression  is  termed  the  standard  design 
equation  and  the  results  are  referred  to  as  design  predictions. 


(2.12) 


\9R((l.\) 

L  d.\ 


-ini 


The  standard  design  equation  is  the  fundamental  equation  for  the  pro 
posed  new  shape  nu.idificaiioii  ni'-thod.  This  equation  enables  shape  modi¬ 
fication  to  be  pcrli.irined  with  the  same  governing  equations,  and  successful 
CFD  lechmq  jis,  as  crigin.Tlly  selected  for  the  analysis  solution.  This  is 
the  eesence  of  coneistenl  design  and  i.s  guaranteed  .since  the  method  begin.s 
with  the  discrete  tersion  of  the  governing  equations.  Also,  since  the  govern¬ 
ing  equations  applv  for  all  Slow  regimes,  the  consistent  shape  modification 
method  i.s  similarly  M  ich  number  iiidependonf 

Since  the  higher  order  terms  were  truncated  in  the  Tayior  series  ex¬ 
pansion,  each  shnpr  ir.otlificarion  is  strictly  lirst-order  accurate.  l;e  of  all 
domain  and  IK"  equ  itions  also  proditces  a  global  system  of  equrliouv  which 
is  nioie  costly  111  s.alvc  than  current  loc.al  inetliods.  However,  consistent 
design  cn.siire.s  fli.at  all  relevant  near  and  far-field  physical  information  is 
included  in  the  metric  .lacobtan  BSR.  Incorporating  all  the  relevant  ;>liv,sics 
witbivi  each  shape  modificaticri  estimate  may  reduce  the  total  iiumb.i  r  of 
analysis/design  iterations. 

In  .siitnmary  the  dual  functional  dependence  of  the  discrete  re.sidual 
on  Q  and  A',  in  coniunctic.n  with  the  truncated  Taylor  series  expansion, 
pfcivides  a  new  sii.sjie  modification  method  wdiich  i.s  .simple  in  concepi  and 
straightforward  in  applieation  ,\s  no  restrictions  were  pl.iced  in  the  de- 
veloptnejit  the  new  meth(>d  lia.s  general  applicability.  That  is.  it  is  not 
restricted  to  any  set  of  governing  equations.  CTD  lerbnobgics,  or  spa’ial 
dimensions.  In  ilie  following  sect  ions  specific  d<  tail.sof  iniplrrneiiiation  will 
be  discussed  for  the  2-1)  t  uler  equation.' 

3.  Etilei-  Ihjuntions.  Tlv  governing  equations  used  in  the  present 
research  ao  (be  i'-D  Filler  r  qiiaf  ions.  .After  a  tran.sforma'ion  from  cartesian 
(j',  y)  to  geiicrabrcd  (,c,  ij)  roordinati  s  these  equation.?  may  be  wntfen  as 


(.1.1) 


wlieie  j  i-  'hi-  di’tcrn'.imnr  of  the  .lacohi.aii  matrix  of  the  cooruinal.'-  tran.s 
formation.  'I  he  coii.‘-''rv'-d  variables  and  residua!  are 


(1.2j 


Q 

mq) . 


{p.pM.pK,pe:\^ 

c)F(Q)  ^  ()G(Q) 


(3.3! 
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where  p  is  the  density,  u  and  i'  are  the  velocity  eotnponenUi  in  cartesian 
coordinates,  and  eo  is  the  total  energy 


Co  =  f  + 


U*+f* 


and  e  Is  the  specific  internal  energy.  .4lso,  iJie  2—D  primitive  variables  nre 
defined  below  and  include  the  pressure,  P. 

(3.5)  j  =  fp.u.v.P}^ 

The  generalized  coordinate  flux  vr.rtcir?  arc  given  as 

,3  6,  HQ)=^}nQ)^^-fa{Q) 

^  (m  = 

with  the  carteriaii  counterparts  given  i:;  Fq’.iation  3.7. 

,,  y,  t\Q)  -  Ipu.pa^  +  P,pHv,puh(.f 

G(Q)  =  [pt ,  pin .  p'  ~  ^  P, pvho]^ 

The  stagnation  enthalpy,  ho.  is  defined  in  Equation  3.8 

(3.8)  ho  =  e.,  -!■  - 

P 

and  the  calorically  perfect  ideal  ga>  law  i*  nsed  to  evaluate  the  pressure, 
P.  with  the  ratio  of  specific  hi’at.s  is  equal  to  a  =  I A 


These  governing  (.quatioiia  are  coinp'itmi  nially  '|e«rril>eil  in  ;»n  inte¬ 
gral.  conw'rsation  law  form,  using  an  upwiinl.  eell-eentered  fi nit-- volume 
forinulalion  (23)  'Ihis  foriinilatinn  is  idenliral  fur  both  t.lie  analysts  and 
shape  iiiodirieatk!ii  stdnlious,  and  i.s  intended  for  stnietiired  ff,0,  or  C 
type  grids  within  the  present  retearrh. 

To  en.aiire  that  additional  errors  are  not  (elded  to  the  original  series  ex¬ 
pansion.  Van  leer  5  eontiiiuoiisly  differentiable  flux  vector  splitting  method 
is  used  [24].  Second  order  upsvind  and  third  order  upwind  biased  primitive 
variable  extrapolation  is  performed  in  the  stream  wise  and  normal  direc¬ 
tions  respectively.  Also,  both  flux  and  metric  .larolnatt  malrice.s  require 
proper  linearization  of  all  hoimdary  equations. 

4.  Iiicrfiiieiitnl  Norinnl  Eqtiatiniis,  The  global  iinMirn  of  quasi- 
analytical  shape  modification  requires  the  iiiver.se  of  the  metric  Jacobian 
matrix.  Since  (he  present  research  is  the  first  assessfiieiit  of  the  -itainlard 
design  equatioijs  potential  for  shajie  iriodifiration,  it  is  al.so  the  first  at- 
tempt  of  tills  inversion  Ihis  section  discusses  two  inversion  diffiiultie.s 


QUASI- ANALYTICAL  SHAPE  MODIFICATION 


8? 


and  presents  the  Incremental  Norma!  Equations  (IXE)  as  a  simple  solution 
algorithm  which  circumvents  these.  However,  first  consider  the  vector  AQ 
in  Equation  2.12  as  known.  Together  with  the  flux  iiacohian  matrix  this 
vector  define.*  the  .solution  forcing  function.  F,,  for  tlie  standard  design 
equation. 

The  first  difficulty  encountered  in  solving  the  standard  design  equation 
is  the  evaluation  of  each  Jacobian  matrix,  and  the  inversion  of  the  metric 
Jacobian  matrix.  Both  the  flux  and  metric  Jacobian  matrices  must  be 
evaluated  exactly  to  get  the  proper  solution  for  AA'.  This  requires  the 
proper  linearization  ami  inclusion  of  the  BC  equations  within  each  matrix. 
The  proper  solution  for  AA'  also  requires  a  non-iterative  inversion  of  the 
metric  Jacobian  which  is  ct.'Sf.ly  in  terms  of  storage  and  cormnilational 
effort . 

The  second  difficulty  encountered  in  solving  the  standard  design  equa¬ 
tion  for  AA  requires  an  i  xamination  of  the  size  of  the  metric  Jaoul>ian 
matrix.  Recall  that  the  governing  equations  were  transformed  from  a  canc- 
.sian.  (x,!/),  to  a  generalized,  {s!b)-  coordinate  system  and  the  domain  is 
discretized.  In  the  present  effort,  (j.k)  corresponds  to  the  ((.'/)  direc- 
tion.s  respectively,  with  JDI.Vl  and  KBIM  defined  as  the  ma.ximum  (j,t) 
dimensions. 

The  total  number  of  domain  governing  and  boundary  BC  equations, 
and  the  total  number  of  phv.sical  (x,s/)  coordinate  unknowns  within  the 
domain  are  given  by  rn  and  n  respectively.  Both  the  number  of  equations 
and  the  coordinate  unknowns  are  functions  of  JDI.M  and  KDI.Vl  as  defined 
in  Equation  4.1. 


.  m  (JDIM  +  DihDlM  +  I)f }» 

■  r.  =:(JDIM){l<DlM){2) 

These  values  define  the  size  of  the  flux  and  metric  Jacobian  matrices,  and 
the  AQ  and  AA'  vectors  as  shown  in  E(|iialion  4.2. 


(4.2) 


d.\ 


{a:y}„ 


<1  - 


dR(Q.'X] 


oQ 


{ AC?) X 1 


Iher.-  are  approxim.itely  twice  the  number  of  l•quatiflI1s,  m.  as  there  are 
unknowns,  n  for  the  2  D  equ.ations  considered.  (In  [practire,  BC  equ.itions 
arp’  not  scplvcd  at  the  domain  corners  mid  therefore  m  should  be  reduced 
by  sixteen  hut  this  will  not  bo  further  noted  ) 

Coi..sisfent.  aerodyii.imic  inver.se  design  with  the  Euler  cpr  A'  -  S  equa 
lioii'  is  a  naturally  over  determined  pnjti/cm.  ih'-  original  2  D  fluid 
dynamic  partial  differential  equation  ha.«  four  equations  while  only  two  tin 
kiKPwns  for  shape  modification,  (x.i/).  G'lverniiig  and  RC  equations  arc 
aIsos>.ilved  at  more  posiiions  within  the  di.scretized  domain  than  there  arc 
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physies!  coordinate  positions.  Together,  these  factors  produce  a  mawively 
over-determined  system  of  linear  equations  and  so  an  exact  solution  for 
AA  is  not  possible. 

In  summary,  two  difficulties  exist  for  the  qun.sT-ana)yticaI  shape  mod- 
ification  solution.  The  first  is  the  requirement  of  exact  matrix  inversion 
which  »  costly.  This  is  feasible  for  2  —  D  cases,  but  it  is  prohibitive  for 
3  —  D.  The  second  problem  is  the  over-deteniiijied  nature  of  the  system. 
.Neither  of  these  difficulties  is  unique  to  the  2—D  Euler  equations.  The  finst 
problem  is  universal  to  governing  equations,  CFD  fechniqnc.s,  and  spatial 
dimensions.  The  second  problem,  the  over-determined  nature  of  the  .sys¬ 
tem.  IS  also  universal.  I'he  ratio  of  the  number  of  equations  to  the  number 
of  unknowns  will  change  slightly  for  3-D,  hut  a  m.TssivTly  over-determined 
system  of  equations  will  remain. 

Two simj le  techniques  are  now  applied  to  the  standard  de.sign  equation 
to  overcome  both  difficulties  and  to  obtain  the  best  .solution  possible.  First, 
it  is  beneficial  to  define  new  terms  and  re  cast  Equation  ‘1.2. 

i  -nx!  —  {AA}„xI 

mxfi 


(4.3) 


Am  «n  — 


dX 


(4.4) 


dk(Q,X) 


dQ 


{A(7}ri:xl  —  i}mxl 


'Ihe  standard  dtfsign  equation  is  now  simply  defined  in  Equation  t..o. 

(4.5)  .dmxrtinxl  d"  ^mxl  —  0 

The  fir.st  technique  i.s  to  apply  Newton’s  iterative  methi-d  to  the  liireat 
system  in  Equation  1.5  as  shown  in  Equation  4.6. 

fl'fi)  d„,  X 1  =  —(dm  ,  n-n  X  I  +  t,n  X  J  )m  X  1 

This  technique  is  typically  applied  to  root  finding  methods  for  systems 
of  non-linear  equations.  Heceiitly  however,  this  method  was  successfully 
demonstrated  to  reduce  the  storage  and  computational  cost  of  the  .eohition 
for  a  linear  system  [2.5]. 

The  stand.ard  design  equation  is  now  in  increnirnra?,  or  iterative  form. 
.4s  the  iteratjon.s  converge,  Ac  approaches  rero  siieh  that  any  approxima¬ 
tions  to  the  left-hand-side  (LIIS)  metric  .lacohian  matrix  will  not  affect 
the  solution  of  the  right-hand-side  (RHS)  equations.  The  LHS  matrix  may 
be  partitioned  such  that  large  3  -  D  problems  ran  be  efHcienlly  solved. 
Approximation.s  may  also  stabilise  its  inversion  and  reduce  the  rost  of  its 
evaluation.  These  approximations  include  inconsistent  LUS/RHS  nunier 
kal  evaluation  and  the  addition  of  a  diagonal  term  AI-k*.  any  tointnon 
iterative  algorithm  ran  be  used  to  solve  these  equations. 
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The  over-detertniued  nature  of  the  standard  design  equation  remains 
as  the  s^ond  inversion  difficulty.  The  be.st  solution  possible  for  AA'  would 
occur  if  each  equation  in  the  system  is  satisfied  in  a  least- sqtiared  sense. 
Singular  V'alue  Decomposition  (SVD)  is  one  popular  least-squared  method 
[26].  However,  the  SVD  method  is  storage  intensive  and  involves  arbitrary 
tolerance  filtering  of  the  singular  values.  Both  of  these  properties  eliminate 
SVD  from  consideration  for  fluid  dynamic  problems  which  are  typically 
large  and  include  complex  physical  phenomena. 

The  normal  equations  method  of  solution  also  obtains  a  least-squared 
solution  for  an  over-determined  linear  sj-stem  [26].  Simple pre- multiplication 
of  both  sides  of  Equation  4.6  by  the  transpose  of  the  metric  Jacobian  ma¬ 
trix.  /l^,  defines  the  normal  equation  format  as  shown  in  Equation  4.7. 

(4.  (  )  [A  Jy^.4p;yn]fi)(n  ASt)  X 1  —  “^nx*n(‘^nixn  ^»x  1  "h  ^mxi  )<xx  1 


The  linear  system  is  now  determined  in  Aj.  and  AA’  is  found  in  a 
least-squared  sense.  This  total  method,  Newton’s  root  finding  method  cast 
in  incremental  formulation,  defines  the  INE’s.  This  algorithm  is  the  key 
development  within  this  research,  and  therefore  is  an  integral  part  of  the 
proposed  method.  The  INE's  provide  an  algorithm  which  is  not  limited 
to  any  set  of  governing  cqiiation.s,  CFD  technologies,  or  number  of  spatial 
dimensions. 

Recall  that  the  INE’s  provide  the  flexibility  to  ap^oxitiiate  the  LHS 
matrix  and  still  obtain  the  least-squared  solution  for  AA .  Therefore,  both 
metric  Jacobian  niatrice.s  within  the  normal  ir.alrix,  A^.l,  may  be  dilTfreni 
in  a  numerical  sense  than  either  of  the  two  which  appear  on  the  RHS.  Ihe 
original  normal  matri.x  may  (hen  he  replaced  by  an  approximate  one  a,s 
shown  in  Equation  4.6. 


{4.f’) 


[el„xr*-^rnxnl»i  xn  {*'V.  xn»'^TU  xit  jn  x-. 


An  efficient  method  of  approximating  the  normal  matrix  would  use 
identical  metric  Jacobians  for  its  evaluation,  and  this  also  produces  a  sym¬ 
metric  normal  matrix.  .411  Jacobians  on  the  RHS  must  be  evaluated  in  a 
numerically  consistent  manner  to  obtain  the  Icast.-.sqiisrcd  solution.  There 
fore,  both  the  LHE  and  RHS  sides  of  the  INF.’s  are  .sepnr.atcly  consistent  in 
a  numerical  sense,  while  etjch  side  may  he  distinct  from  the  other. 

While  the  l.NE's  provide  the  best  possible  solution  for  the  over-determined 
linear  system,  a  least-wjti.xrcd  solution,  additional  errors  arc  introduced 
This  iiiiniijfiaed  errcir  .solution  docs  not  satisfy  each  equation  within  Die 
system  exactly  and  Ac  -  A(AA’)  is  found  only  in  a  least-sqtiarcd  sense, 
Aci.5.  Tlie  least-squared  error  of  the  solution,  tig,  is  then  atlditional  to 
the  second-order  terms  truncated  in  the  original  Taylor's  “eric-,  expansion. 
This  error  is  the  square  of  the  Ij  norm  of  the  standard  design  equation  with 
the  converged  vector  j/,s  as  shown  in  Equation  4.9. 


(4.9) 


ll(■■lr•iXT^*/..‘•,nxl  ^mxl)mx;  IIj  —  '/^LS 
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FWther  details  of  the  metric  Jacobian  and  normal  matrices  structure 
and  elements  are  given  in  Appendix  A,  However,  general  properties  of  the 
INE’s  are  of  special  interest.  The  normal  matrix  is  sparse  and  contains 
nine  diagonals,  A  through  /,  each  element  of  which  is  a  block  2x2  matrix. 
One  equation  within  the  INE  system  is  given  in  Equation  4.10  and  clearly 
shows  the  structure  of  the  system. 

(4.10)  +  EjhAzj-i,k  +  i  + 

Gj  tAzj^i  1-1  +  ffj  lAij+i  1  -i-  -  -F/fj  k 

The  INE  forcing  function,  E/v,  shown  in  Equation  4.11.  is  a  product  of  the 
metric  Jacchian  auid  the  sla.'idard  design  equation. 

(d.Jl)  E.V  nxl  —  •‘^‘nxtni^tnuLn'nx’.  •"  ^mvl ,lmx; 

The  number  of  diagonals  in  the  normal  matrix  is  independent  of  tlie 
solution  variable  extrapolation  order  used  in  either  coordinate  ditfcticm. 
This  is  in  rontra.st  to  the  flux  Jacobian  matrix  where  the  extrapolation 
order  determines  the  number  of  diagonals.  The  bandwidth  of  the  normal 
matrix  is  approximately  one  half  of  the  flux  jaenbians  bandwidth  whirli 
requires  less  storage  and  inversion  reksts.  Also,  if  the  ne>rmal  matrix  ir 
symmetric  the  cewf  of  storage  and  sciliition  are  further  reduced. 

4.  Geometry  and  Grid  Constraints.  I'nlike  direct  analysis  seJu- 
tions  of  the  fluid  dynamic  equations,  physical  constraints  for  aerodynamic 
design  solutions  niu.st  be  included  (27,  2S).  These  constraints  are  both  ge¬ 
ometric  and  aerodynamic  in  nature,  and  each  must  be  satisfied  within  a 
design  algorithm.  Geometric  con.strainfs  refer  to  the  restriction  of  .shape 
modification  to  certain  conditions  or  limits.  Examples  nre  the  fixed  h  ngth 
of  a  diffuser,  the  maximum  diameter  r)f  an  inlet,  and  closed  leading  auid 
trailing  edges  for  a  blade  or  an  airfnil, 

Opthuication design  iiictliodsiiiaximweor  minimire  aerodynamic  quan 
lilies  such  as  lift  and  drag.  .Aerodynamic  constraints  for  these  methods 
would  then  define  bounds  for  a  design  region.  However,  inver.se  design 
methods  attempt  to  satisfy  target  functions.  These  methods  retpiire  some 
means  of  determining  whether  the  target  function,  together  with  geometric 
conslrainte  and  Bl*'s,  are  physically  possible,  if  a  target  function  is  not 
physically  possible,  then  aerodynamic  constraints  alter  the  initial  i.irget 
such  that  a  valid  solution  of  the  flow  equations  is  possible.  The  resulting 
geometry  then  satisfies  the  adjusted  design  targets. 

Since  the  present  rose, arch  is  focu.sed  on  shape  modification,  and  not, 
jirt'crse  design,  thestt  aerodynamic  constr.ainls  .are  not  inehidcxl  at  this  lime. 
However,  the  new  shape  modification  method  presents  unique  geometric 
constraint  requirements  svhich  current  design  methods  are  not  required  to 
consider. 
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Geometric  constraints  within  current  design  methods  are  applied  lo¬ 
cally  at  the  body,  which  occupies  only  a  small  portion  of  the  discretized 
boundary.  Governing  equation  consistency  is  the  major  advantage  of  the 
proposed  uevi?  method  and  is  inherently  global  in  nature.  A  global  shape 
modification  method  requires  consideration  of  global  geometric  constraints, 
including  the  interior  of  the  grid  and  all  free  or  solid  surface  boundaries. 

These  new  global  geometric  constraints,  like  current  local  geometric 
and  aerodynamic  constraints,  are  problem  dependent  and  based  on  physical 
considerations  of  the  body  and  domain.  E.\.amples  are  the  outer  boundary 
of  an  airfoil  grid,  the  inlet  and  exit  planes  of  an  impeller,  and  the  centerline 
of  a  combuslioii  chamber.  Tne.se  surfaces  should  be  held  fixed  in  their 
original  positions  since  they  are  typically  not  considered  design  variables 

Therefore,  both  current  local  arid  new  global,  or  grid,  geometric  con¬ 
straints  must  be  addressed  within  the  qua.<;i- analytical  shape  modification 
method.  These  combined  gc-ometrie/grid  constraints  are  e.\pft‘s»ed  as  addi¬ 
tional  equations,  and  should  he  satif-fied  simultaneously  with  the  standard 
design  equation.  In  practice,  these  .additional  equations  are  of  the  form 
AX  j  k  9.  since  the  initial  geometry /grid  naturally  satisfy  the  constraints. 

However,  the  geometry /grid  constraint  equations  cannot  simply  be 
added  to  the  design  systwn  of  equations,  Equation  4.5.  All  equations, 
including  the  constraints,  arc  only  sati^fl<d  within  the  INE ‘s  in  a  least- 
M|uared  sense.  Alternately,  if  tlie-se  equations  arc  added  to  the  design 
system,  and  proper  adjustments  made  to  the  inefr’c  Jacobian  and  solution 
forcing  function,  they  would  be  exactly  .sati.sficd.  However,  both  of  these 
options  require  dynamic  storage  defmitiuns  in  the  basic  code  .st  ructure  that 
would  be  problem  and  constraint  dependent.  Thi.s  would  greatly  increase 
rhe  complexity  of  the  cotie  and  is  not  recoiuiiiendrd  at  this  time. 

•A  third  alternative,  which  maintaiiissimple  coding  and  gourra)  storage 
requirements,  includes  adjusting  the  system  to  reflect  the  constraint,  and 
then  to  replace  one  equation  within  the  standard  design  system  for  each 
constraint  [20],  Tliis  method  is  applied  to  the  standard  design  equation. 
Eqimfion  4.5,  and  exactly  satisfies  the  constraints  which  appe.ar  within  the 
solution  vector.  This  process  does,  however,  violate  ecinsistenry  to  some 
degree.  While  no  attempt  to  quantify  the  additional  error  is  pre.'cntly 
attempted,  this  method  is  considered  the  best  alternative.  Details  of  the 
implementation  are  given  in  Appendix  B. 

6.  INE  Singularity.  The  solution  of  .an  over-determined  system  of 
equations  witli  the  normal  equation  technique  is  subject  to  singularity  prol)- 
lems.  A  non-singular  normal  matrix  for  the  INE’s  would  be  ensured  if  each 
equation  a-ithin  the  standard  design  system  of  equ.nioiis  i.s  linearly  iin.e- 
pendem.  Both  aerradynaniic  .and  geometric  singularity  issue!,  Tor  the  liN'FV 
are  diseu.s.s!d  in  thin  .section.  A  simple  method  of  guaranteeing  a  non- 
singular  normal  matrix  is  proposed  anJ  ij,  an  i.itegral  part  of  the  present 
shape  modification  method 
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Thft  unknowns  in  the  global  shape  modification  method  are  the  physical 
(i.y)  coordinates  of  each  grid  point  within  the  domain.  If  two  grid  points 
within  the  initial,  or  an  intermediate,  grid  occupy  the  same  point  in  space, 
then  linear  independence  is  violated  for  two  equations  within  the  system.  A 
singular  normal  matrix  may  then  be  produced  if  this  occurred  often  within 
the  grid. 

Viscous  and  nighiy  non-linear  inviscid  problems  require  some  level  of 
grid  refinement.  For  these  conditions  grid  points  may  lie  close  together  emd 
the  normal  matrix  may  be  nearly  singular.  However,  due  to  the  inherently 
independent  discretiration  methods  employed  in  CFD.  both  of  these  geo 
metric  singularity  problems  should  not  occur.  However,  another  possible 
singularity  problem  does  exist  for  the  quasi  analytical  shape  modification 
method  which  is  a<’rc>dynamic  in  nature. 

Consider  a  solution  prediction  with  Equation  2.11  where  a  change  in 
geometries/grids,  AX  4-  h  usf*!  to  predict  the  change  in  solution  vari¬ 
ables,  AQ.  Specialize  this  case  to  one  with  localized  regions  of  uniform 
flow.  If  the  grid  is  simply  shifted  over  this  region,  the  proper  result  is 
that  no  change  in  solution  variables  be  predicted.  AQ  —  0.0.  This  re 
suit  is  guaranteed  since  tiie  local  metric  Jacobians  associated  with  uniform 
flow  are  zero.  This  may  however  be  delrimental  for  quasi-analytical  shape 
modification. 

Each  equation  within  the  standard  dc.sign  system  which  is  associated 
with  uniform  flow  conditions  contains  metric  Jacohi.sn  matrix  elements 
which  are  zero.  If  the  uniform  flow  area  i.s  large  enough  then  the  normal 
matrix,  may  be  singular  or  nearly  singular.  1  he  solution  forcing  function 
would  also  be  zero  since  AQ  —  0.0.  A  number  of  options  are  available 
to  avoid  this  problem  and  still  wjive  the  standard  design  system  with  the 
INE’s. 

One  alternative  is  to  test  the  metric  Jarobinn  matrix  and  identify  those 
row  elements  or  equations  which  may  cau.se  the  singularity.  In  practice  this 
is  the  evaluation  of  solution  variable  gradients  by  some  nrbiTary  tolerance 
level.  These  equntiori.s  n»ay  then  be  replaced  with  some  benign  identity 
statement  since  they  do  not  contribute  to  the  sy.stein  tif  etpiations.  This 
would  avoid  dynamic  storage  adjustment  and  is  analogous  to  the  SVD's 
method  of  filtering  singular  values.  However,  to  maintain  a  general  lunl 
simple  method  another  alternative  is  recommended. 

Recall  that  one  benefit  of  an  incremental  formulation  w.vi  the  flexibility 
to  approximate  the  LHS  matrix  to  ensure  stability  while  not  affecting  the 
final  results.  In  Ihih  case  the  normal  matrix  would  be  altered  to  ensure  a 
stable  inversion.  However,  simply  altering  this  matrix  to  begin  the  itera- 
tions  would  be  of  no  benefit  since  the  original  singularity  problem  would  be 
encountered  itgain  at  convergence.  Therefore,  a  combinatioji  of  techniques 
is  recommended  and  t.cst.cd  for  all  rases  within  the  present  efTort. 

The  first  tcchniqtnr  is  to  add  the  identity  matrix  to  the  normal  matrix 
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as  shown  in  Equation  6.1. 

(6.1)  (.4  nxm-'^’nxnlnxn  —  [^'nutn-^’nxnlnxn  +  l^nxn 


This  LHS  approximation  ensures  a  stable  inversion.  The  second  technique 
is  to  restrict  convergence,  measured  by  the  /j  norm  of  the  A:  =  A(AA’) 
vector,  to  engineering  accuracy.  Combined,  these  techniques  solve  the  im¬ 
portant  equations  within  the  sy.stem  to  an  acceptable  level  of  accuracy. 
At  the  same  lime  these  techniques  provide  a  general,  simple,  and  robust 
solution  of  the  INE’s. 

Incomplete  convergence  of  the  TNE's  however  does  not  satisfy  the  least- 
squared  solution  cf  the  norma!  equations  and  is  therefore  an  additional  er¬ 
ror.  The  total  error  within  the  qiia.si-analytic  shape  modification  method 
includes  a  least-squared  error,  a  geometry/grid  constraint  error,  and  the 
incomplete  convergence  error.  If  theses  arc  equivalent  to  the  second  or¬ 
der  terms  truncated  in  the  original  Taylor’s  seiics  expansion,  then  they 
contribute  no  additional  error  to  the  method.  At  this  time  no  attempt  is 
made  to  estimate  these  errors,  however  a  general  a.sses.sment  of  the  method’s 
strengths  is  made  with  res\ilts  that  follow. 

7.  Design-Like  Test.  The  forcing  function  for  the  standard  design 
equation  is  the  fiux  Jacobian  matrix,  dRjfiQ.  post  multiplied  by  the  AQ 
vector.  The  flux  Jacobian  niatri.x  is  evaluated  with  the  initial,  or  current 
solution  and  grid,  and  therefore  is  known  at  all  times.  The  vector  AQ  is  the 
finite  change  in  solution  variables  from  the  current  to  the  desired  solution. 
This  vector  is  defined  at  all  discrete  points  within  the  domain,  and  contains 
four  or  five  conserved  vari.ahles  for  either  &  2-Dot3  —  D  problem,  tnlike 
the  flux  Jacobian  matrix,  the  vector  AQ  is  only  partially  known  for  each 
shape  rnodilicatioii  estimate  within  an  ifer.otive  design  algorithm. 

Recall  that  direct-iterative  inverse  design  methods  specify  a  target  sur¬ 
face  function  as  the  design  goal.  This  target  function  is  typically  only 
defined  over  a  portion  of  the  surface.  On  the  remaining  portion  of  the 
boundary,  and  within  the  interior,  AQ  is  unknown.  The  target  fniirtion 
is  also  generally  only  one  of  the  four  or  live  primitive  variables  defined  at 
each  discrete  point  in  the  design  region.  Therefore,  the  kntown  portion  of 
the  vector  AQ  is  very  small.  Cuiteiit  BSR’s  are  applied  locally  anif  this 
limited,  or  partial,  AQ  is  sufficient .  However,  the  qiiaai-analytical  method 
is  a  global  method,  and  therefore  requires  a  full  AQ  vector. 

The  focus  of  the  present  research  is  an  initial  assessment  of  the  st.an- 
dard  design  equations  and  the  INE’s  ability  to  arruratcly  predict  shape 
modification.  A  design-like  te.s(  is  then  defined  as  one  in  which  the  full 
AQ  vector  is  specified.  This  provide.s  a  simple  moans  of  implementing  the 
test,  focuses  on  the  methods  ability,  and  is  the  best-case  scenario  for  evalu¬ 
ation.  The  astuiijpl.ioii  implied  herein  is  that  if  this  new  method  performs 
well  within  ti  df*ign-like  environment,  then  further  development  effort  is 
warranted.  It  may  then  be  modified  at  a  later  time  to  perform  within  a 
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direct-iterative  inverse  design  algorithm. 

The  de.sign-like  te.sf.  begins  by  defining  a  baseline  geometry  and  iden¬ 
tifying  one  or  more  design  variahlc.s.  A  similar  geometry,  with  perturbed 
design  variables,  d»  fine.s  the  target  geometry.  Grids,  and  non  linear  solu¬ 
tions  for  both  the  baseline  and  target  geometries  ate  then  obtained,  and 
the  difTereiire  between  the  solutions  defines  At?.  The  baseline  grid  and 
solution,  and  the  target,  solution,  but  not  the  target  grid,  are  then  used  for 
one  shape  modification  e.stimatc.  The  goal  is  to  predict  the  target  geome¬ 
try  and  grid.  Success  of  the  method  will  be  measured  by  the  comp.arison 
of  the  estimated  gecmeiry/grid  to  the  known  target. 

8.  Geometry  a«tl  Test  Pnrnnjeters,  The  geometry  used  in  the 
present  design-like  test  is  the  syiiimetrica!  rhannrl  shown  in  Figure  ?!.l. 
The  channel  contains  three  er|iial  length  sections,  with  a  ramp  in  the  mid¬ 
dle  section.  The  channel  inM.  half  height,  H ,  is  the  reference  length  and 
the  total  channel  length  three  times  this  value.  The  ramp  angle,  0.  is  the 
design  variable.  Target  goometrifs  are  those  with  perturbed  tamp  angles, 
while  each  sections  length,  and  the.  inlet  height  remain  constant.  Also,  to 
test  the  Mach  number  independence  of  the  method,  subsonic,  transonic, 
and  supersonic  inlet  Mach  numbers  test  cases  were  used.  St  =  0  30,0.85, 
and  2.0. 

Since  the  te'»  geometry  is  syinnielrica!  about  the  channel  rrntcrline, 
only  the  lower  portion  was  computationally  modeled.  Initially,  gtid.s  con¬ 
taining  ramp  angles  of  ^  =  o.O*,  o.l*.  &..5".  and  7.0"  were  generated.  Each 
grid  contained  31  and  21  lines  in  the  x  and  ,v-directioii  respectively,  and 
were  evenly  distributed.  The  baseline  grid,  with  0  =  5  0".  is  shotvn  in 
Figure  8.2.  The  three  target  grids  repre.sent  design  variable  changes  of 
A8  =  2%,  10'^,  and  40%. 

A  tangency  BC  was  applied  alrmg  the  tciwcr  wall  and  symmetry  was 
enforced  along  the  channel  centcrliiic  for  all  ca.ses.  For  the  subsonic  and 
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transonic  test  cases,  the  inlet  BC  held  the  stagnation  enthalpy  and  entropy 
fixfid  at  free  stream  value-s.  Also,  Ihe  vertical  component  of  velocity  was 
aero  and  the  pressure  was  extrapolated  from  the  interior.  Th'-  outlet  BC 
for  these  cases  extrapolated  the  density  and  both  componeiiis  of  velocity 
from  the  interior,  and  set  the  back  pressure  ratio  P^/Fx  =  10 
BC  for  the  supersonic  test  case  set  the  ratios  p/px  =  1  »/“»  =  l-ll' 

v/ti^,  =  0.0,  and  P/P^,  =  10.  The  supersonic  outlet  BC  extrapolated  all 
primitive  variables  from  the  interior. 

Non-linear  Euler  solutions  were  then  obtained  with  all  four  grids  .at 
each  Mach  number.  All  INL  solutions  used  a  baiidt-.l  matrix  direct  solver 
[.dO]  and  completed  -500  iterations  of  the  INX's  which  converged  the  h  norm 
of  the  Ac  vector  by  at  least  three  orders  of  magnitude.  The  goal  for  these 
tests  is  to  predict  the  tt  =  o.T,  6.5\  and  7.0"  geometries  and  grids  using 
the  I.NE's. 

9.  Results.  Kesult.s  for  two  sets  of  dcsign-like  te.st  cases  are  presented 
within  this  section.  The  first  set  is  for  an  unronstraim-d  sh.ape  modific.ation 
ie.st  wIk-i.'  the  g''oiricTTy/grid  con.straints  are  not  inchided.  These  tests 
were  completed  for  all  nine  f.argct  geometry  and  inlet  Mach  nunibsi  c-ise;, 
and  are  .ahown  for  comparison  p'trpo*e.s  only.  The  more  important,  and 
physically  ijieaiiitigfiil,  .set  of  nine  constrained  shape  ntodific.ation  estimates 
are  also  presented. 

The  first  unconstrained  test  case  is  the  target  ramp  angle  of  P  =  .5.1"  at 
the  subsonic  inlet  Mach  number  of  0.30  The  predicted  geotnetry  and  grid 
are  shown  in  Figure  9.1.  The  results  are  excellent  in  a  global,  tiualiutivc 
sense,  with  the  predicted  grid  being  similar  to  the  baseline  grid.  However, 
more  revealing  results  ,ire  predictions  of  local  geometry  rhanees,  A.Y.  from 
which  the  aetnal  p.rcdicted  geometry  is  easily  inferred. 

Figure  9.2  illustrates  the  local  variation  of  geometry.  Ay.  used  in  this 
report  to  as.sess  Ihe  success  of  each  shape  modification  All  subsetiueiit 
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gwmetry  shapt?  chaiiges.  will  romparr  Hir  known  target  function  of  Sy  to 
the  predicted  function.  Roth  tlv-  target  and  the  predicted  bhape  changes 
are  norrnalked  hy  the  known  change  in  height  along  the  channel  exit 

which  varif#:  for  eacli  target  geometry.  The  local  predictions  for  the 
M  =  0.30  and  #  =  5.1®  test  case  are  presented  in  figure  9,3. 

The  predicted  Ay  changes  in  cliannel  inlet,  ramp,  .and  exit  pl.ates  are 
straight  linns  that,  .are  everywhere  parallel  to  the  target  geometry  but  are 
shifted  slightly  downward.  The  Ay  changeb  for  the  channel  centerline  ex¬ 
hibited  these  same  characteristics  with  a  smaller  vertical  shift,  but  are  not 
shown  Also,  minor  horizontal  translations.  Az.  for  both  the  eentr  rlinc  .and 
lower  wall  were  noted  In  the  results  but  are  not  shown.  The.v  translations 
did  not  alter  the  total  channel  le.igth.  or  elfectivcly  the  end  pc»inf.«  of  the 
ramp,  which  can  he  inferred  from  Figure  9.3. 

The  results  in  Figure  9.3  imply  that  the  target  R  ■-  .5.1®  ramp  geome 
try  is  obtained  since  the  predicted  lines  are  parallel  lo  the  targets,  and  the 
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lengths  and  horizontal  positions  nro  unrhangod.  llowt.  vfr.  the  entire  do¬ 
main  has  been  shifted  slightly  down  and  »’xpai;iled  in  heigh'.  J  liis  vertical 
shifting  and  stretching,  and  the-  e.xcellent  global  rrsnlt.s  in  Figure  9.1,  are 
common  traits  for  all  of  the  unconstrained  results,  f/w-er  wall  re-vults  for 
all  unconstrained  test  casas  arc  .shown  in  Figure  9. 4  Each  graph  represents 
a  different  inlet  Mach  number  test  ea.se,  Af  =  0.30,0. 95,  end  2  0,  and  each 
centain-s  results  for  all  target  geomelries,  ^  =  5.1’.  5.5‘',  and  7.0’.  For 
each  inlet  Maeh  niimher  and  target  ramp  angle,  the  desired  geometry  is 
obtained  but  again  the  domain  is  vertically  shifted 

Collectively,  the  unconstrained  results  are  very  enco'iraging.  Each  grid 
point  within  the  domain  was  free  to  move  and  yet  the  target  gtvometry  wai 
obtained  with  only  minor  vertie/tl  .shifting  and  stretching  of  the  domain, 
'ilie  next  set  of  results  are  a  constrained  version  of  tho.ce  presented, 
and  therefore  represent  a  more  practical  application  of  the  INF/s. 

The  gcometry/grid  constraints  for  the  symmetriral  rhannrl  fix  the 
(i,p)  positions  of  the  channel  inlet  plane,  the  n  ntrrline.  and  the  entrance 
plate.  All  X  coordinates  within  the  domain  are  al.so  fixed  at  the  l>;we- 
Jine  positions.  All  y  coordinates  within  the  domain,  on  the  exit  plane,  on 
the  ramp,  and  on  the  exit  plate  are  free  to  move.  These  con.struint.s  ef. 
fectively  fix  the  cliaiiiitl  inlet  height  and  the  total  length  while  allowing 
geometry  changes  of  the  ramp,  the  channel  exit  plate,  and  the  exit  plane. 
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Thf-  for  fliw  constrained  test  cases  however  rcninin  massively 

over-dctermiicd. 

The  (  r-dicted  prids  for  each  of  the  nine  constrained  test  cases,  while 
n<'t  sliowii.  were  aj'ain  rxcrili  nf  in  .a  global  sense.  The  lower  wall  results 
for  each  of  these  test-  are  shown  in  Figure  9.5.  Each  graph  is  again  for  a 
diffcrcra  iiil« '  Mach  mimher,  Af  O.-IO.  O.S.a,  and  2.0.  and  eaeh  contains 
results  for  all  target  gronu  trl('.s,  d  =  .5.1*'.  5.5’.  and  7.0". 

For  e.ach  inlet  .Mach  uuniher  test  case  the  0  5.1’  and  5.5’  target 

geomi  lries  arc  obtained  These  two  -a.ses.  with  a  ma.ximum  design  vari¬ 
able  ch.ange  of  =  109v.  are  considered  within  a  norni.tl  dc’sign  range. 
H.'Wcvrr.  .  yen  ti;i>  c.xtreme  ramp  angle’  change  of  SO  =  40%  wa.s  predicted 
to  withie  of  its  target  value  for  the  traiisoiiir  test  case.  Therefore, 
the  qii.-wi  analytical  method,  with  gcroper  geomcTrir/grid  constraints  and 
design  like  te-sts  does  provide  accurate  and  physienlly  meaningful  shape 
modification  estimati.s 

The  /•,.  norm  of  ih-  afaudard  design  eqn.ition  with  zls~  and  the  t-j  norm 
of  the  targef  grid  imiris  the  predicted  grid,  (.Y|  —  A'^).  are  also  nten.sitrrs 
of  siirrrs«  for  this  shape  modification  ineihod.  However,  any  discussion  of 
these  vector  norms  or  any  other  errr-r  term  evaluation,  using  design-like 
tests  results  would  be  misleading.  The  most  relevant  evaluation  of  this 
method  niust  he  made  within  a  true  design  environment  in  which  oiil>  a 
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small  portion  of  the  vector  is  known.  Therefore,  a  through  assessment 
of  error  terms  and  equation  norms  is  not  included  within  the  present  report . 

10.  Summary.  A  new  method  for  shape  modification  wa.s  proposed 
for  future  inclusion  within  a  direct  iterative  aerodynamic  inverse  design 
algorithm.  The  method  is  based  on  a  truncated  qnasi-analytical  Taylor  s 
s?ries  e-Npansion  of  the  global  governing  equat  ions.  The  method  is  general 
and  provides  consistent  governing  equation  shape  modification  for  either 
the  Euler  or  .V  —  equations,  any  combination  of  CFD  techniques,  and 
any  number  of  spatial  dimensions. 

An  iterative  soiution  algorithm,  the  Incremental  Normal  Equations 
(INE);  was  developed  to  provide  a  least  squared  solution  for  the  inherently 
global  andovcr-determiiied  consistent  shape  modification  problem.  Global 
geometry /grid  constraints  were  also  included  to  provide  practical  shape 
modilication  estimates.  An  upwind,  cell-renferod,  finite-volume  formula¬ 
tion  of  the  Euler  equations  in  2  --  D  used  within  the  present  effort  for 
both  the  initial  direct  solutions  nnd  the  .shape  modification  estimates. 

The  method  was  evaluated  with  a  synunctric  channel  which  rontained 
a  mid-channel  ramp.  The  baseline  geometry  defined  the  design  variable 
ramp  angle  at  (1  =  S".  A  total  of  nine  tests  cases  were  defined  which 
included  combinations  of  thrr^  targK  ramp  aiigh*  perturbations  A0  =  2'K. 
10%,  and  40%.  and  three  inlet  Mach  numbers  M  =  0.110.  0.85,  and  2.00. 
The  global  finite  change  in  solutirm  varinbles  from  tlie  baseline  to  the  target 
solutions  wa.«i  provided  for  te.sting  within  a  de.-igii-like  environment. 

The  quasi-analytical  shape  modification  method  was  demonstrated  to 
accurately  predict  target  geometries  for  both  an  unconstrained  and  con¬ 
strained  SCI  of  design-like  tests.  This  include;,  the  transonic  teat  with  an 
extreme  40%-  change  in  the  design  variable.  The  constrained  version  of 
the  method  provide.^  more  p.hysicallv  iii.juuit'gful  rtsults  since  geometry 
changes  were  effectively  rettricied  to  the  cb  anel  geometry.  All  te.st  casc' 
results  were  obtained  with  a  single  design  '5.  '.irnate  and  clearly  reflects  the 
power  of  consistent  shape  modification.  T.iese  results  also  demonstrate* 
that  rhe  method  is  Mach  number  indcpeu'fent. 
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A.  Appendix.  The  purpose  of  this  app<*n<lix  is  fo  romplnfc  the  pre¬ 
sentation  of  the  inetric  Jacobian  and  normal  matrices,  and  their  associated 
sy-sfem  of  equations.  Tlie  sparse  and  systematic  structure  of  each  Jacobian 
matrix  is  a  function  of  the  domain  discretization  used  in  the  prtv'ent  re¬ 
search.  An  illustration  of  the  typical  (j.lklth  computational  cell  is  shown  in 
Figure  A  I.  The  (r,  y)  grid  points  surrounding  each  domain  cell  and  bound¬ 
ary  cell-face  are  labeled  one  through  four,  but  are  only  for  local  designat  ion 
purposes. 

Each  equation  within  the  standard  design  system  of  equations,  Etpia- 
tion  4.2.  is  a  function  of  four  jocal  metric  .lacobians,  IV'l  -•  H  I.  four  local 
physical  coordinate  vectors,  A'l  -•  .Y.;,  and  one  solution  forcing  function 
vector,  One  equation  within  the  stanrlarr!  design  system  is  given  in 
Equation  A.l. 

.  iri;  n  A  Y  +  n'2j  i  AY„-,s  t 

'  ■  '  H'3j  tA.V3:,t  +  i  = 

The  local  metric  Jacobian  matrices,  pliysical  coordinate  vectors,  and 
solution  forcing  function  vectors  arc  of  sire  4Y'2  2.YI,  and  4A'l  respec 
tively.  Details  of  (lie  local  metric  Jaeobinii  matrices,  and  the  evaluation 
of  these  for  Van  I.,eer’s  flux  vector  splitting  method,  are  eiven  in  referenee 
|17]. 


ADA294785 


IW  J.S.  BBOCK  AND  W.F.  NG 


'qJ'S.k*)] 


r-” 

• 

tX)  t.k-S 

• 

• 

’ij.k-i 

fflj.k 

• 

'qj.k«l 

sXj.k-i 

• 

• 

• 

• 

s3tj*i,k-i 

‘*J*l,k 

‘*J*i,k*i 

• 

'qjn.k 

F«jn.k*i 

• 

• 

VtJ*S.k 

i^*a,k*i 

• 

_  — 

KlC.  A.J.  StavdarJ 


Th«*  stnifttiTf*  of  thr  global  tnrtric  Jarohiaii  matrix  and  the  i<laii(Jard 
design  «ys(«n  of  equatioiii  ate  presented  in  figure  A. 2.  Tlie  w/e  of  the 
global  metric  Jacobian  matrix  ismx  n.  'I'lic  number  of  equal  ions  within  the 
system,  tri  =  (>//J/.t/+ l)(A'ft/.'t/-e  l)(().  is  equal  tothe  number  of  domain 
celJ-cenler  governing  and  boundary  cell-face  BC  equations  The  number  of 
columns  of  the  metric  Jacobian  matrix,  n  =  {J  D1M)(KD}M)(2).  is  equal 
to  the  number  of  (r  .j/)  unknowns  within  the  domain.  'I  he  system  in  Figure 
A.2  is  shown  such  that  KDI.M  controls  the  structure  of  the  metric  Jacobian 
matrix. 

The  metric  .Jacobian  matrix  has  JDIM  column  sections,  e.ach  of  length 
(KDfM){2).  There  are  also  JDfM4 1  row  sections  in  the  matrix,  e.ach  of 
length  {KDIM+1){4).  For  simplicity.  Figure  A.2  is  drawn  for  JDIM=,1. 
Also  recall,  the  number  of  equations  defined  throughout  the  domain  is 
sixteen  less  than  m.  Ilosvever.  these  extra  equations  are  included  in  Figure 
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Fig.  a..!.  IntrtmtTilal 


A. 2  to  maintain  a  .sysfrmnfic  struft:irc. 

The  over-determined  (.tanclard  desii'n  bysieiii  of  equations  ik  solvetl 
with  the  INE'a,  £'.|ii«(iori  4.7,  which  requiirs  the  normal  matrix,  A^A. 
One  equation  within  thi.«  system  was  given  in  Equation  4.1U.  The  sparse 
diagonal  stnu  tiire  of  the  noriiial  matrix,  and  the  INF  aysleii)  of  e(|uations 
are  shown  in  Figure  A. 3.  Again,  the  exatnple  in  tlii.a  figure  is  for  JU1M=3 
find  KDIM  eon’Tols  the  normal  matrix  structure.  The  mfilr.ciilf  which 
represents  each  eqiinfioii  within  (hr  system  and  the  grid  correspondence  of 
the  normal  matrix  diagonals  arc  shown  in  Figure  A. 4. 

The  normal  matrix  is  square  and  has  JDIM  tow  and  column  sections, 
each  of  length  (KD1M)(2).  The  half  hundwidih  of  the  normal  in.atrix  is 
(KD1M)(2)  and  is  approximately  one  half  the  size  of  the  square  flux  Ja¬ 
cobian  nialri.x.  Each  element  of  the  normal  inainces  nine  diagonals  is  a 
linear  combinations  of  local  metric  Jacobian  multiplications  and  are  given 
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in  Equation  A  2. 


(A.2) 


Ajk:=  lV2[;,»’U,ir  +  H'3j+,.»ir4;+i  i 

O.*  =  W'l.  +  '  +  ”%+.,*+i»‘3/+i.«+i 

Dj.,  =  1V2|.,11'1;.» 

F,.i  =  +  n’2]iHM,,i 

Fj  k  —  H'  ij  k-ki  *+' 

Gj  k  =  IV3[+,.*W1,4I  t 

Hjj  =  W4].  *4)  -  H'3[^.,.IV2;4»> 

Ij  k  =  ^''4^4■..t+l^^  +  t 


Reeaff  that  thf-  normal  matrix  coefficients  are  defined  at  ecll-rorners 
and  the  mefrir  Jacohinns  are  defined  at  cell  centers  and  boundary  cell- 
fares.  Two  sets  of  indices  are  then  used;  one  set  for  the  cell-centers,  and 
another  set  for  the  cell-corners.  A  grapliical  reprtseutalioii  of  F.(|nMioii 
A.2,  and  the  dual  set  of  cell  center  and  cell-cornef  indices,  are  |»r*  ?»'r*ed  in 
Figure  A.o. 

The  normal  mairl.x  is  symmetric  if  both  metric  Jacobian  marrifcs  need 
in  its  evaluation  are  identical  ’I  he  eyinmefrical  eorrespondence  between 
the  lower  the  upper  diagonal  terms  is  evident  in  Equation  A.2.  Symmetry 
of  the  mahi  diagonal  F).  and  the  lower  diagonal  symmetry  correspondence 
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to  iippor  diagonals  are  ennphasized  in  Equation  A. 3. 

(A.3)  /;,*  =  Gj.,,*., 

A  *  =  l:-l 

Also,  !.lic'  INK  normal  forcing  function,  Fy,  isUefiiietl  in  Equation  .4  4. 
and  a  graphical  represcnlaiioi:  is  shown  in  Figure  A  (i, 

/ »  j  s  =  VV 1  1  Ffj  s+i  +  H'  ij" f. 

+  W  djj.)  *  1  s  +  If  si>^i 


B.  Appendix.  The  purpose  of  this  appendix  is  to  present  the  details 
of  iniplerjj.'Ht.alion  for  (lie  geonieli y/grid  ce>ii»lr»ints  wliicli  are  riecenuary 
for  physically  meaningful  quasi-analytical  shape  modification.  The  method 
used  in  the  present  research  includes  adjusting  the  standard  design  system 
of  equations.  Equation  i.b  ,  to  account  for  each  constraint.  This  is  followed 
by  replacing  one  equation  within  the  system  with  each  constraint.  This  is 
a  simple  method  which  guarantees  that  the  constraint  is  e.Kactly  satisfied 
and  naturally  appears  within  the  solution  vector. 

In  the  present  code  the  metric  Jacobian  matrix  is  stored  such  that 
.1DIM  controls  the  structure.  This  is  the  opposite  .storage  sequence  of  that 
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represented  in  Figure  A. 2.  but  results  in  a  ‘imilar  matrix  .striirturn.  (In 
practice  only  the  local  metric  Jacobian  vectors,  H'l  —  ll’4,  arc  stored,  btit 
for  this  discussion  consider  (he  entire  uielric  Jacobian  matrix  as  stored) 

Each  of  the  (JDIMttKDI.M)  roliimn  pairs  within  t!ie  metric  Jacobian 
matrix  are  associated  with  an  x  and  j)  variable  in  that  order  Each  of 
the  Pr)IM-!-l)(KDIM+l)  row  sections  of  the  standard  design  system  of 
equations  are  associated  with  a  set  of  four  cell  crtiter  governing  or  ceiJ- 
face  BC  equations,  lliesc  equations  are  generally  ordered  in  a  continuity, 
{-momeritinn,  r;-momentuiii,  and  energy  equation  scqiieurr.  The  metric 
Jacobian  matrix  and  solution  forcing  function  are  rcprescntf'iJ  by 
and  F'l  respectively.  Each  rlemrnt  within  the  matrix  and  the  ft*rcing 
function  are  denoted  by  /I,  j  and  whore  i-  I,  m  and  )  -  1.  n. 

Each  geometry /grid  constraint  is  expres,sed  .as  As.,,, «  where  As 
is  a  generic  variable  for  cither  the  change  in  r  or  v  Ihe  U)<h  teJum.j  of 
the  matrix,  and  so  the  fj)th  r  or  .v  coordinate,  delerniinos  the  value  of  both 
me  and  ne.  To  adjust  the  standard  design  system  of  equations  for  each 
constraint  the  following  sequence  of  operation.s  is  perforiued. 


/'V  ffi  —  A.:,ni  •  f  :  t  =  1.  «j 

•4,  n«  -*  0  :  »  =  1  m 


The  (me)th  equation  is  al.:o  selected  to  remove  the  system,  and  i*  replaced 
by  the  constraint  equation.  J  his  involves  the  following  sequence  of  opera* 
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lions  for  each  constraint . 

(B.2)  ,  ■  i=hn 

This  method  of  implementation  adjusts  all  equations  within  the  sys¬ 
tem  for  each  geometric  constraint.  However,  only  the  first  n.  of  the  total 
m,  equations  are  considered  for  replacement.  Given  the  present  storage  se¬ 
quence  of  the  iiielric  Jacobian  niatri.x,  this  method  eiTectively  concentrates 
the  constraint  enforcement  to  the  lower  half  of  the  domain.  An  equation 
in  the  lower  grid  sectio.i  may  be  replaced  by  a  constraint  which  was  writ¬ 
ten  for  an  upper  section  grid  point.  This  is  considered  inappropriate  for  a 
general  design  algorithm,  but  is  used  hero  only  for  the  initial  a.ss(«.sment  of 
the  quasi-analytical  shape  modification  method. 
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JOHN  BUHKARDT*  AND  JANET  PETERSON* 

Ab^trartt.  We  eonaider  «teady  incompreuiUc  Auk's  in  a  ID  channel  »hh  Auw 
qiiMititiea  mramred  along  some  Axed,  transverse  sampling  line.  From  a  set  of  aUowaMe 
flows  it  is  desifwl  to  produce  a  flow  that  inatdies  a  given  set  of  measurements  at  closely 
as  poasiMe,  .Allowable  flows  are  completely  specified  by  a  set  of  control  parameters 
whidi  determine  the  shape  of  the  infl'  w  at  the  boundary  and  the  shapie  of  an  internal 
bump  which  partially  obstructs  the  Bow,  OifSculties  concerning  the  transformation  of 
this  problem  into  a  standaid  optiiniiation  problem  are  discussed,  including  the  correct 
choice  of  functional  and  algorithm,  and  the  existence  of  lucal  minima. 


1.  Introdiirtion.  If  a  log  falls  into  a  stream,  it  disrupts  the  Hott', 
creating  a  pattern  of  ripples  and  whirls.  If  the  log  lies  hidden  under  a 
bridge,  a  wire  e.h.rerver  st.inding  on  the  bridge  and  staring  downstream 
could  norethelrsa  detect  the  change  in  the  flow,  and  make  a  guess  as  to 
the  .size  and  position  of  the  obstacle,  But  as  the  flow  rushes  on,  it  rapidly 
destroys  this  information,  and  just  a  few  yards  downstream  there  will  be 
no  discernible  record  of  the  intrusion  into  the  flow. 

In  aeronautical  design,  a  similar  problem  occurs.  Instead  of  a  stream, 
a  wind  tunnel  is  used,  through  which  a  steady  flow  of  air  is  driven,  it  is 
not  a  log.  hut  a  mocknp  of  an  aircraft  wing,  or  fuselage,  or  forebody,  which 
is  deliberately  inserted  intc)  the  flow.  Insteatl  of  an  observer  on  a  bridge,  a 
string  of  measuring  devices  are  used  to  record  tho  vrlo.-ity  and  prc.ssurc  of 
the  flow  at  a  fiAi'd  posifion  downstream  from  the  obstacle. 

For  8  given  orientation  and  position  of  the  object  within  the  wind  tun¬ 
nel,  and  for  a  given  pattern  of  inflowing  air,  the  measured  values  of  velocity 
and  pressure  can  be  regarded  the  ‘•signature”  of  the  ob.stac.le.  Generally, 
if  two  objects  differ  in  shape,  their  signatures  will  differ  However,  it  is 
p{»sible  for  one  shape  to  ‘  forge”  or  appro.xirnale  the  signature  of  another. 
This  fact  can  be  ver.v  useful  for  some  kinds  of  wind  tunnel  tests.  Certain 
parts  of  a  plane  come  ‘•after”  other  parts:  that  is,  tliey  are  further  down¬ 
stream  in  the  airflow.  T'lms  the  flow-  field  that  strikes  the  downstream  pari 
has  already  been  changed  by  il>  inieractums  with  ibe  ujisiream  jiari  and  so 
although  if.'s  possible  to  lest  a  propeller,  say,  by  itself  in  a  wind  tunnel,  to 
test  a  tail  assembly  requires  a  mockup  of  the  entire  forebody  of  the  airplane 
as  well. 


•  Dcpimmcnt  of  Mstbcmslics,  fntcrJixciplirisry  Ceotcr  for  Applied  Mathematic*, 

Vtt^inia  Polyterbnir  and  Slate  tJnivcrrity  Blacksburg,  Virginia.  'Utlfit.  Sup¬ 

ported  by  the  Air  Force  Office  of  Scientific  Rctearch  undi  r  grant  AFOSlt  'Jlt-I-lKWl. 

♦  Department  of  Mathematic*.  Interdisciplinary  Center  for  Applied  Mathematica, 
Virginia  Polytechnic  Institute  and  Plate  University  Blacksburg,  Virginia.  HUf.l.  Sup- 
ported  by  the  Offiic  of  Naval  Rescarih  under  gi  uni  NOOOH-91- J-H93. 


Ill 


ADA294785 


112  J.V.  Bt.'RKARDT  AND  J.S.  PETEHSON 

Soinetimns  a  full  model  cannot  be  tested  because  it  is  too  large  for  the 
wind  tunnel.  But  it  may  be  possible  to  find  a  smaller  shape,  which  will  fit 
in  the  wind  tunnel  ahead  of  the  object  to  be  tested  and  which  will  have 
the  same  “signature’'  as  the  true  forebody.  Such  a  forehody  ‘  simulator" 
should  have  the  property  that  the  velocity  and  pressure  of  the  air  flow, 
along  some  transverse  downstream  plane,  will  closely  match  the  values 
associated  with  the  true  forehody.  .4  complete  description  of  the  forehody 
simulator  problem  is  available  in  Huddleston  [1]  and  in  Borggaard,  Burns. 
Cliff  and  Gunzburger  [2], 

The  problem  described  above  is  the  motivation  for  the  preliminary 
study  given  hero.  This  is  an  ongoing  project  whose  goal  is  the  development 
of  algorithms  to  .select,  from  an  allowable  family,  a  set  of  flow  parameters, 
and  a  shape  which  can  he  inserted  info  that  flow,  which  will  most  clo.sely 
match  a  given  set  of  downstream  mea.siirements.  In  Section  2  we  give  the 
equations  which  model  steady,  viscou.s,  incompres.sible  flow  in  a  channel. 
We  choose  to  use  finite  el<-mcnts  to  discretize  these  equations,  so  in  Section  3 
we  discuss  the  choice  of  appi  oximating  spaces  and  give  the  set  of  nonlinear 
equations  which  must  be  solved.  In  Section  4  we  discuss  the  optimization 
problem  using  flow  sensitivities.  The  next,  three  sections  describe  problems 
in  which  wc  allow  one  or  more  parameters  to  vary  in  order  to  obtain  a  flow 
which  matches  a  given  velocity  profile.  The  fim  problem  is  simple  channel 
flow  with  no  obstacle  in  the  flow  field;  here  we  allow  the  inflow  to  vary,  in 
order  to  match  a  given  flow.  For  the  second  problem  we  allow  an  ob.sfacle 
to  be  placed  in  the  flf<w  field  but  we  require  that  it  be  modeled  by  a  single 
parameter.  In  this  ra«e  the  inflow  i.s  fixed  and  the  shape  of  the  bump  is 
allowed  to  vary.  For  the.  third  problem  we  coinbir.e  the  first  two  and  also 
allow  the  hump  and  inflow  to  be  described  by  more  than  one  parameter. 
We  conclude  the  report  by  discussing  future  work  in  Sf  ctirm  8. 

2.  Mathematical  model  .  The  equations  governing  steady,  viscous, 
incompressible  flows  are  the  .N'avier-StoKos  equations  which  can  be  written 
in  terms  of  the  velocity  «  =  («,  t.)  and  thf;  pressure  p  as 

(2.1)  —r^u+uffradu+yrnrlp  zz  f  inf? 

(2.2)  divu  =  0  in  ff 

plus  appropriate  boundary  conditions.  Here  u  is  the  constant  inverse 
Reynolds  number,  /  the  givi-ii  forcing  function  and  f?  the  domain  in  JR- 
modeling  tlie  wind  tunnel.  We  make  the  assumption  that  the  problem  can 
be  restricted  to  two  dimensions:  that  is,  we  assume  that  the  behavior  of 
the  wind  tunnel,  the  flow  field,  and  the  shape  are  al'  constant  ahmp  the 
direction.  For  the  case  of  simple  channel  flow  •  ulh  no  obstacle,  f?  is  formed 
by  two  parallel  horizontal  walls.  The  boundary  conditions  chosen  describe 
a  flow  entering  (he  region  from  the  left  and  passing  out  of  the  region  at  the 
right.  At  the  inflow  we  set  u  =  jfy),  i;  =  0;  at  the  top  and  bottom  of  the 
channel  we  set  both  component.;  of  the  velocity  to  zero;  and  at  the  outflow 
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wc.  net  the  usual  conditions  f  =  0  and  -r*  =  0. 

OX 

The  weak  forniulaijou  Equatioms  (2.1)'(2.2)  which  we  consiner  follows 
|3].  We  seek  u  €  and  p  6 

Iff  grad  u  :  grad  w:  d(l+  I  u  ■  grad  u  ■  if  dQ  —  I  pdivwdQ 
Ja  Jn  Jn 

(2.:n  =  /  /«'  dQ 

Jn 

(21)  I  4>divudQ  =  0. 

Jn 


ami  stifh  that,  v  --  i,  =  0  on  the  top  and  bottom  walls,  u  =  qiy),  t  = 
0  at  the  inflow,  and  *■  -  0  at  the  outflow.  Here  represents  the 

spare  of  vector- valued  functions  each  of  whose  components  is  in  H'{U). 
the  standaid  Sobolev  spare  of  real- valued  functions  with  square  integrate 
derivatives  of  order  up  lo  one.  £*(0)  i.s  defined  by  all  functions  in  £'*(0) 
with  rero  mean  over  Q.  Ag.ain  see  [3]  for  details. 


3.  Finite  olonient  approximations.  In  order  to  approximate  the 
flow  we  r.'usl  choose  a  particular  discretization.  Our  choice  here  is  to  use 
the  finite  element  method,  although  clearly  other  discretiz.ation  methods 
could  be  employed.  U.sing  the  standard  techniques  of  finite  elements  wc 
discretize  our  flow  region  into  a  finite  number  of  subregions  called  elemrnii. 
in.side  each  of  which  we  will  assume  that  the  flow  has  a  simple  structure. 
For  oiir  prohlems.  wc  choose  trianglca  re.  'rcate  thi.s  mesh.  Far  our  first 
problem,  which  ha.s  no  internal  obstacle,  the  flow  region  i.s  rectangular  and 
so  it  i.s  a  simple  matter  to  divide  the  region  up  into  rectangles,  each  of 
which  can  be  split  to  form  two  triangles.  However,  for  the  problem  with  an 
internal  obstacle,  the  flow  region  is  thought  of  as  being  a  mild  distortion 
of  a  rectangle  and  .so  we  arc  frjrced  to  u.sc  elements  with  curviline.ar  side.s 
Thi.s  will  require  the  ii.se  of  isr>pnranictric  clcmenls. 

Having  represented  the  region  by  a  mesh  of  finite  elcment.s,  we  now 
approximate  the  continuously  varying  physical  quantities  u  and  p  by  func¬ 
tions  which  can  be  determined  from  a  finite  set  of  data  associated  with 
each  finite  element.  Typically  these  functions  will  be  represented  over  the 
entire  region  by  continuous,  piecewise  pclynomials.  An  examination  of 
the  error  estimates  for  the  velocity  and  pressure  indicate  that  one  should 
usually  choose  one  degree  higher  polynomial  for  the  velocity  than  for  the 
pressure.  For  our  computations,  the  velocities  are  represented  by  quadratic 
polynomials  and  the  pressure  by  linear  polynomials.  The  finite  data  which 
represents  the  velocity,  for  instance,  is  then  simply  tht  value  of  the  velocity 
at  six  particular  nodtn  iu  the  tlesneni,  which  are  the  vertices  of  the  triangle 
and  the  niidpoinle  of  ile  sides  Siiiijlarly.  the  pressure  is  specified  by  its 
value  at  just  the  three  vertices, 

Wft  now  define  a  problem  which  will  yield  approximate  solutions  of  the 
weak  formulation  given  in  Equations  (2.3)  {2.4).  Let  be  the  space  of 
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vector-valued  functions  whose  componrntA  are  continuous  piecewise  quadratii 
polynomials  over  the  triangles,  let  be  the  space  of  piecewise  linear  poly¬ 
nomials  over  the  triangles,  and  lei  Sjy  denote  the  functions  in  S^‘  which 
are  constrained  to  have  zero  mean.  Then  we  seek  a  «*"•  e  t'*  and  6  5* 
satisfying 


i'  I  grad  u  ’’  ;  grad  in*  dU  -|-  /  «*  •  grad  u*  •  u;*  dO 

J.i  Jn 

-  i  div  u.*  (/n  =  /  /n.'*  rfn  Vu*  €  V''* 

JO.  Ja 

( 0’‘d,vu*‘d9.  =  0  Ve'^eS'*'. 

Jn 


The  essential  Ixnidilary  conditions  arc  enforced  in  the  usual  manner.  In 
particular,  (lie  inflow,  ~  where  is  the  piecewise  quadratic 

inicp'polant  of  q{y). 

Using  standard  techniques  from  the  theory  of  finite  elements,  we  can 
write  these  equatiun.s  us  a  set  of  algebraic  equations.  Fach  pair  of  unknown 
velocities  is  uniquely  as-ociated  with  a  velocity  node  at  which  we  have 
two  scalar  equations.  Similarly,  each  unknown  pressure  corresponds  to  a 
(ircssuie  node  and  »  pre.«siire  equation.  Thus,  we  should  be  able  to  solve 
the  system  am!  compute  the  values  of  the  flow  quantities  at  each  node. 

The  finite  element  equations  are  nonltoear.  and  so  they  must  be  solved 
via  an  iter.ative  method.  The  iterative  method  we  employ  is  Newton'.s 
method  See  [4]  for  the  formulation  and  convergence  results  for  the  .Vavier- 
Stokes  equHliofis. 

•4.  The  optimization  problem.  Our  goal  in  thi.s  study  is  to  .specify 
the  values  of  some  of  the  flow  quantities  along  a  line  in  the  region  Q  and 
then  tn  deduce  from  that,  a  flow  over  the  whole  region,  whose  values  of 
y  and  p  match  (or  come  as  close  as  possible  to)  the  original  given  values 
along  some  sampling  line.  We  will  assume  that  vve  have  some  family  of 
possible  flows  from  which  to  select  In  fact,  we  will  assume  that,  there  .ire 
one  or  more  parmiititn  which  chiraclerize  this  rainily,  so  that  specifying 
the  value  of  ilie  f>araiiieters  coinpletely  specifies  a  flow.  In  such  a  case,  wr 
may  regard  the  How  quantities  a.v  frtnclion^  of  the  parameters.  We  will  u.sr 
the  letters  A  and  o  fer  typical  ftaraiiieters. 

In  order  to  !i<.>lve  the  maiching  problem,  wc  must  first  specify  a  math 
enialical  meivsure  ef  liow  wet!  an  arbitrary  flf>w  matches  the  given  d.ita.  It 
would  be  desirable  to  produce  a  ‘'score'’,  that  i.s,  a  single  number  which 
reprr.'ents  the  closene.ss  of  the  fit.  and  vvliicli  is  tiiinitnireil  for  a  perfect  fit. 
One  possible  ciioice  of  a  functional  to  minimize  is  the  integral  of  the  Sfiuare 
of  the  differences  between  the  data  and  the  lomp'uietl  hoilrcmtal  velocity 
v.iriahles;  i.e.. 


ADA294785 


CONTROL  OF  STEADY  INCCMPRESSrELE  20  CHANNFX  FLOW  1 1 5 

where  S  denotes  the  sampling  line,  x,  denotes  the  *-eoordinatc  of  the 
sampling  line,  and  u,(,v)  represents  the  sampled  velocity  data  we  are  at¬ 
tempting  to  match.  Other  choices  of  functionals  to  be  minimired  will  he 
discussed  in  Section  7. 

Once  we  have  chosen  a  particular  functional,  we  can  formulate  a  tnin- 
imhation  prohkm.  which  is  to  find  a  flow  («,  p)  which  minimizes  the  given 
functional.  If  we  have  a  single  free  parameter  A,  we  can  phrase  this  problem 
as  folknvs: 

Given  a  functional  f(u,p),  where  u.  p  are  functions  of  a 
parameter  A,  find  the  value  of  A  that  minimizes  /. 

Clearly  there  are  many  different  approaches  to  solving  this  one- 
dimensional  minimization  problem.  Rather  than  seeking  to  minimize  the 
functional  /|«,p)  itself,  we  choose  to  seek  a  zero  of  ilie  derivative  of  the 
functional  with  respect  to  A.  It  was  not  considered  feasible  to  compute  the 
derivative  of  the  functional  with  respect  to  the  parameter  directly,  since 
the  effect  of  the  parameter  on  the  functicual  is  expressed  only  indirectly, 
through  the  flow  field.  Instead,  equations  for  the  flow  stnvimltffi  arc  used 
to  approximate  the  required  derivative. 

Suppose  we  can  represent  a  flow  field  that  satisfies  a  set  of  flow  equa¬ 
tions  involving  a  single  parameter  A  as 


(>(o,i,p.A)  =  0. 


Then  the  corresponding  flow  sensitivities 


(/ii  tfv  dp  ^ 

li'lx'Tx 


are  defined  by  the  linear  etjuaiioiw 

dG  ^  £G  dv  £G  dp 

du  dX  ^  tif  irfA  Up  dX  OX 

If  the  original  nonlinc,ar  flow  equations  have  just  been  solved,  the  cor¬ 
responding  flow  sensitivities  are  inexpensive  to  compute:  this  is  because 
Newton's  method,  which  is  used  to  solve  the  nonlinear  system,  uses  an 
iteration  matrix  which  converges  to  the  sensitivity  matrix  as  the  iterates 
converge  to  the  correct  solution.  Thus,  if  the  iteration  has  been  deemed 
to  converge,  the  mrrent.  factored  itetoiion  matrix  may  then  be  used  to 
immediately  solve  for  the  sensitivities  at  very  low  computational  cost. 

Ncjw  we  can  reframe  the  problem  of  finding  a  niiiiimuin  of  the  opiniiiza- 
tion  functional  f{u,p)  -  /(A)  in  terms  of  finding  a  zero  of  the  derivative 
of  /  with  respect  to  A  given  by 

£  a/rfn  £/£  ^dp 

dX  MX  Ih  dX  ~  dp  dX  ■ 
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Once  we  have  a  method  of  computing  d//dA  we  can  pose  the  problem  of 
finding  a  zero  of  this  derivative,  and  hope  that  such  a  zero  corresponds  to 
a  minimum  of  the  original  optimization  function,  that  is,  a  best  match  to 
the  flow  data. 

There  are  numerous  choices  for  finding  the  zeros  of  a  function.  Since 
calculating  the  derivative  of  the  function  dj/d\  requires  calculating  the 
second  derivative  of  /,  the  scalar  secant  method  is  an  obviou.s  choice  when 
we  have  only  one  parameter  since  it  uses  only  function  evaluations.  Of 
course,  such  a  method  is  not  guaranteed  to  find  a  minimum;  a  zero  value 
of  the  derivative  is  just  as  likely  to  represent  a  maximum  or  inflection 
point.  This  problem  can  he  forestalled  by  beginning  the  optimization  with 
starling  points  close  enough  to  the  correct  solution  so  that  convergence  to 
a  minimum  was  very  likely.  Thus  the  usefulness  of  this  appro.ach  is  limited 
to  testing  one's  code  and  some  very  simple  i>roblems.  When  we  report  on 
the  solution  of  multipararneter  jirobleiiis  in  Section  7,  we  discuss  the  choice 
of  a  suitable  optimization  package. 

5.  Simple*  chntinol  flow.  Our  first  example  is  the  simple  case  of 
channel  flow  with  no  oh.sfaclcs  in  the  flow  field  These  compulations  were 
made  to  lest  the  underlying  flow  solver  and  to  begin  to  gel  some  experience 
with  the  optimization  techniques  necessary  to  solve  a  general  problem. 

The  cliBiinel  is  modeled  by  two  parallel  horizontal  walls  separated  by 
3  uniU  and  extending  from  0  <  x  <  10  units.  The  boundary  conditions 
chosen  for  this  problem  describe  a  simple,  parallel  (low  entering  the  region 
from  the  left  and  pa.ssing  out  of  the  region  at  the  right.  Tlie  inflow  profile 
is  required  to  be  paralsolic.  but  the  ar.tiial  strength  of  tlic  inflow  is  allowed 
to  vary,  according  to  the  value  c»r  a  parameter  A.  In  particular,  we  set 

u(O.v)  =  A.v(3  -  p). 

As  usual,  the  pressure  must  be  req  un  >1  to  s.itisfy  ,an  additional  condition 
such  as  having  zero  mean  or  fi.xing  its  value  nr  some  point. 

To  sirniilaw  Die  «'.xperimenf.al  prorrs.s  of  making  me.a.surfn]enls  and 
then  trying  to  produce  a  flow  configuration  tb.it  matched  them,  a  ''target" 
value  of  A  was  chosen  'the  flow  was  determined  for  this  value  and  the 
flow  profile  at  the  sampling  line  was  recorded.  It  was  this  ‘experimental 
data”  that  we  attempted  to  match.  Because  the  target  flow  w.as  .actually 
generafe<l  by  a  particular  value  of  A.  we  knew  that  the  minimum  value  of 
the  functional  was  zero.  Tliis  made  it  easy  to  determine  when  the  search 
.should  halt  or  when  the  search  was  not  converging. 

A  simple  test  case  was  set  up  wher**  the  oirrert.  solution  w.as  A  ;  1.0 
and  the  code  w, as  started  with  the  two  nearby  estimates  Aj  -  0.1.  A;  -  0  5. 
The  secant  mctho<l  was  used  to  find  the  zero  of  i///rfA  where  /  .jiven  by 
Equation  (4.1).  For  the  family  of  solutions  controlled  by  A,  the  finrtional 
was  actually  a  quadratic  function  of  A.  Hence  its  derivative  w,as  linear, 
anti  the  secant,  method  converged  to  the  solution  in  anr  ficp.  The  ch<anne| 
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flow  mulls  were  only  useful  in  that  thej'  gave  us  confidence  that  the  flow 
field  was  being  solved  correctly  and  that  the  sensitivities  were  correctly 
being  used  to  evaluate  the  derivative  function.  In  the  next  problem  we 
allow  an  obstacle  to  lie  in  the  flow  field,  but  still  require  the  obstacle  to  be 
characterized  by  just  one  parameter. 

6.  Flow  ot'or  a  bump  using  one  parameter.  For  the  second  prob¬ 
lem.  we  use  a  single  parameter  as  a  means  of  selecting  a  geometric  shape 
which  lies  in  the  flow  field  as  an  obstacle.  The  inflow  does  not  vary  for  this 
problem,  but  rather  has  a  fixed  strength  and  parabolic  shape. 

A  “hump”  i.s  placed  at  a  fi.xed  location  on  the  bottom  of  the  channel 
which  is  again  modeled  by  two  parallel  walls  of  length  0  <  ar  <  10  units 
separated  by  3  units.  The  bump  is  required  to  be  parabolic  in  shape  and 
extend  horizontally  from  1  <  r  <  3,  but  the  height  of  the  bump  is  allowed 
to  vary,  heing  characterized  by  a  parameter  o. 

The  boundary  conditions  are  similar  to  those  for  the  channel  flow,  with 
two  exceptions  First,  since  the  inflow  does  not  vary,  the  inflow  equations 
simplify  to 


«t0,y)  =  y{3-p). 

Secondly,  because  the  licgkt  of  the  lower  boundary  between  1  3 

now  varies,  the  l>ounJary  conditions  for  that  portion  of  the  lower  wall  are 
rewritten  as 

«{x,.v{t.o))  ■=  0 
v(x.y(x,i\))  =  0 

jdr.o)  =  a(z-l)(3-r). 

for  1  <  x  <  3. 


Because  of  the  curvature  of  the  bump,  the  computational  mesh  of  tlie 
region  miwl  also  be  curved,  at  le,ast  in  the  vicinity  of  the  bump  Insteml  of 
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triangular  elements  with  straight  sides,  uoparamctric  elements  were  used 
so  that  the  curved  edges  of  the  bump  could  be  modeled.  A  typical  trian¬ 
gulation  of  the  channel  with  a  bump  is  shown  in  Figure  1. 

Another  complication  in  this  problem  resulted  from  the  fact  that  at 
each  step  of  the  optimization,  a  new  value  of  o  was  produced  for  which  the 
corresponding  flow  had  to  be  computed.  Because  each  a  changed  the  shape 
of  the  region  ,  all  of  the  mesh  calculations  had  to  be  redone  at  the  beginning 
of  every  optimization.  Thu.s,  the  geometry  of  the  region  changed  at  each 
step,  with  effects  that  were  harder  to  predict  than  those  that  were  caused 
by  simply  varying  the  inflow  a.«  in  the  first  example  of  simple  channel  flow. 

For  our  computations  we  set  the  Reynolds  number  to  one  and  chose  the 
secant  method  to  find  the  zero  of  the  functional  given  hy  Equation  (1.1). 
This  is  analogous  to  the  first  problem  described  in  Section  5. 

The  choice  of  the  location  of  the  profile  sampling  line  considerably 
affccred  the  results.  If  the  profile  sampling  line  was  set  near  the  outflow, 
say  at  r,  “  9,  then  we  often  encountered  problems.  For  starting  parameter.* 
that  were  quite  close  to  the  target  value,  we  were  able  to  get  convergence, 
but  often  what  seemed  only  slightly  greater  perturbations  of  the  starting 
point  would  cause  the  program  to  fake  many  more  steps,  or  in  some  cases 
even  to  fail  to  converge.  We  concluded  that  the  difficulty  rested  in  the 
combined  problem  of  the  location  of  the  sampling  line  relative  to  the  bump 
and  lilt  low  Reynolds  number  of  the  flow.  We  cun  l.ln;  seiisilivities 
to  see  the  problem.  In  Figure  2  the  plot  shows  a  hump  of  height  0.5  and 
the  velocity  sensitivity  field.  Each  vector  tiipresents  thi^  effect  that  a  unit 
increase  in  the  height  parameter  would  have  on  the  local  velocity.  As  is 
obvious  from  the  graph,  the  influence  is  extremely  strong  above  the  bump, 
but  drops  off  dratnallcaily  within  a  few  units  downstream.  This  illustrates 
the  fact  that  low  Reynolds  nunibtrs  are  prohlrm.itic  for  flow  opfimization; 
i.e.,  for  such  cases  large  changes  in  the  control  par.ameters  produce  only 
small  changes  in  the  flow 


Ftci'RE  2:  The  velt'city  sensitivity  field  for  n  hump  solution. 


For  this  reason,  the  profile  line  was  moved  to  x,  —  5.  immediately  behind 
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the  blimp.  This  vastly  improved  the  responsiveness  of  the  functional  to 
changm  in  the  bump, 

f,  Multiparametor  flow  past  an  obstacle.  This  problem  is  a  gen- 
eraliralion,  a.s  well  as  a  combination,  of  the  first  two  problems.  In  this 
example  we  .arameterire  both  the  inflow  and  the  shape  of  the  obstacle 
and  allow  th  number  of  parameters  for  each  to  be  greater  than  one.  Due 
to  the  more  l  omplirafcd  nature  of  this  problem,  a  major  change  in  the 
optimization  .method  was  needed,  since  the  secant  method  was  not  suitable 
for  further  use. 

A  wnrch  was  made  for  a  more  suitable  optimization  package  to  use 
with  the  code.  Robustness  and  flexibility  were  key  considerations.  We 
chose  ACM  TOMS  algorithm  611  .’5],  which  uses  a  model/trust  region 
approacli  for  choosing  the  step,  and  a  BFGS  procedure  for  updating  an  ap¬ 
proximate  Hes-sian  matrix.  Some  of  the  advantages  of  this  code  included: 
access  to  the  smirr.e  rode,  good  document '.tion,  good  portability  with  ma¬ 
chine  dependent  quantities  handled  through  cnils  to  n  machine  dependent 
function,  a  rfierst  cotnmunication  forniiilation  which  made  it  easy  to  in¬ 
tegrate  the  package  into  the  e.xisting  program,  three  versions  of  the  code 
in  case  Hessian  or  gradients  are  not  available,  the  fact  that  it  will  not  ar- 
cept  an  iterate  if  its  functional  value  is  higher  than  that  of  the  current 
approximate  solution,  and  the  fact  that  it  handles  an  arbitrary  number  of 
dimensions. 

Another  consideration  was  how  to  handle  more  complicated  shapes 
It  was  assumed  that  this  would  be  done  by  adding  more  parameters,  but 
it  was  not  clear  how  those  parameters  should  he  used  to  determine  the 
shapes.  In  the  first  two  problems  discussed  above,  a  single  parameter  con¬ 
trolled  the  height  of  a  simple,  parabolic  shape.  In  order  to  tiiodi’l  more 
complicated  shapes,  we  hail  to  rhwise  a  reasonable  si  t  of  shapes  and  a 
finite  eet  of  parnitieiers  to  cafnlog  them:  wc  chose  to  use  cubic  splines  (6’ 
to  repre.sent  the  bumps.  Such  a  representation  requires  the  value  of  the 
shape  at  a  specified  sequence  of  nodes.  Then  a  shape  is  produced  which  is 
a  piecewise  cubic  polynomial  between  the  nodes,  and  which  is  cmilimious, 
with  continuous  derivatives,  at  the  nodes.  In  order  to  coniplefe  the  system, 
lypical  spline  representations  also  require  that  the  slope  of  tlic  shape  be 
given  at  the  end  nodes. 

For  OUT  shapes,  wbetber  they  represent  an  inflow,  or  an  obstnrie,  we 
set  the  value  at  the  first  and  last  nodes  lii  zero.  We  did  nut  specify  the 
slopes  at  the  end  nodes,  but  rather,  iis«'d  the  “nor-a-knof”  option.  This 
permitted  u»  to  define  a  shape  by  sjjecifying  only  thf  values.  The  penalty 
for  this  simplification  was  that  the  sliape  was  reqtiired  to  have  one  greater 
degree  of  continuity  at  the  first  and  last  interior  nodes. 

Once  any  shape  could  In.*  specified  uniquely  by  giving  it.s  values  at 
a  sequence  of  nodes,  it  was  natural  to  consider  theise  vahies  to  be  the 
parameters  llmt  would  be  varied  in  the  optimization.  Oii<'  set  of  nodes 
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would  be  plac.  d  along  the  inflow  boundary.  The  value  of  the  inflow  at  those 
iiodeti  could  be  used  to  specify  an  inflow  function  defined  along  the  entire 
line.  A  second  set  of  nodes  would  be  placed  on  the  bolloin  of  the  channel, 
for  1  <  X  <  b,  where  the  internal  obstacle  would  be  placed.  The  height  of 
the  ot>stacle  at  each  node  would  be  enough  to  define  the  whole  shape  of  (he 
obstacle.  The  number  of  nodes  placed  at  either  location  was  arbitrary,  and 
hence  we  could  study  different  inflows  or  complicated  obstacles  or  both. 

The  inflow  parameters  are  given  in  a  vector  A  and  the  bump  parameters 
in  a  vector  ft.  The  parameters  enter  the  flow  problem  through  the  boundary 
conditions.  In  particular,  the  value  of  the  inflow  velocity  at  any  inlet  point 
(0.  .v)  is  given  by  a  function  of  y  and  the  inflow  parameter  vector: 

1/(0.  w)  =  infhuiy.X) 
t(O.y)  -  0 

and  the  height  of  (he  lower  channel  for  1  <  x  <  3  is  determined  as  a 
function  of  x  and  the  bump  parameter  vector: 

v(x,j/(x,o))  =  0 
f(x,;;ix.o))  -  0 

yfx.a)  =  htighfix  ») . 

Secondly,  the  vector  of  parameters  requires  that  the  ojitimization  .search 
be  conducted  in  rather  than  IR'.  The  sensitivities  are  now  defined  a.s 
p/irtur/ derivatives!  of  the  flow  quantities  with  respect  to  the  several  pararn 
eters, 

Various  problems  became  apparent  as  we  attempted  to  solve  these 
mulliparameter  problems.  The  first  difficulty  wc  encountered  was  when 
liie  optimization  code  seemed  to  ‘‘get  stuck"  on  an  incorrect  minimizer. 
The  optimization  code  at  first  produced  a  rapid  decrease  in  the  ruin  lional 
value  and  a  correspondingly  better  appto.ximation  to  the  known  Mdutioii. 
However,  after  a  few  steps  the  convergence  ground  to  a  ball.  The  opti¬ 
mization  code  took  progressively  smaller  steps,  and  “converged"  to  a  point 
that  wa.s  still  a  significant  distance  from  the  target  solution.  A  s'uily  of 
the  data  showed  that  the  problem  was  rooted  in  a  discteiiancy  between 
the  functional  and  the  approximate  derivative  data  we  were  suppiving  We 
had  been  computing  the  sensitivities  of  the  function.tl  with  respect  to  the 
pnrnmeters.  These  quantitie.s  are  easily  competed  from  the  same  linear 
system  u.sed  during  the  Newton-type  iteration  that  produces  thf  flow  field 
itself.  They  are  only  approximations  to  the  derivatives  of  the  functional 
with  respect  to  the  parameters,  and  their  accuracy  depends  on  the  fineness 
of  the  grid  of  the  region.  When  the  optimization  code  had  gotten  fairly 
close  to  the  correct  solution,  greater  accuracy  in  the  derivatives  was  re¬ 
quired  than  the  .sensitiviti(«  could  deliver.  In  fact,  at  the  false  convergence 
point,  the  dot  product  of  the  sensitiviiie.s  with  the  direction  vector  pointing 
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towards  the  true  solution  was  positive,  suggesting  incorrectly  that  the  func¬ 
tional  would  increase  in  that  direction,  when  in  fact  it  was  monotonically 
decreasing.  This  problem  disappeared  if  tlie  mesh  was  refined,  which  im¬ 
proved  the  sensitivities  enough  to  permit  convergence.  On  the  other  hand, 
if  we  wanted  to  do  calculations  on  a  coarse  mesh,  an  alternative  was  to 
use  the  derivative-free  version  of  the  ACM  code,  in  which  derivatives  with 
respect  to  the  paratnelere  are  approximated  internally  by  finite  differences 
and  the  accuracy  could  be  improved.  This  increased  the  cost  of  computa¬ 
tion  on  a  coarse  mesh  greatly,  but  also  allowed  the  optimization  method  to 
reach  the  correct  target  solution. 

A  second  problem  that  arose  was  in  the  choice  of  the  cost  functional 
given  in  Eejuation  (d.l).  To  analyze  the  dilTirulty,  consider  the  following 
problem  which  has  one  inflow  and  three  bump  parameters.  The  starting 
point  was  given  as 


A  =  (0) 

a  -  (0.0,0) 

and  the  't.-irget"  profile  was  generated  at 


which  corresponds  to  an  inflow  with  pBralmlir  shape  and  strcrigfh  5  and 
a  bump  which  “happened”  to  be  a  parabola  of  height  1  although  it  lies  in 
a  space  of  more  complicalcci  shapes.  The  computation  proceeded  satisfac¬ 
torily  at  first,  but  after  four  or  five  steps,  the  solution  ceased  to  approach 
the  target  solution.  Instead,  tlie  second  and  fourth  compoiicnfs  of  the  pa¬ 
rameter  vector  bcc;inie  negative*  In  fact,  after  about  twenty  iterations, 
the  optimization  code  returned  with  the  message  that  the  iteration  had 
“converged",  though  the  computed  solution  was  not  our  intended  target 
solntion  The  computed  solution  is  shown  in  Figure  3 

A  graph  of  the  shape  corresponding  to  the  converged  values  shows  that 
the  resulting  bump  had  roughly  the  same  height  as  the  target  hump,  but 
with  a  "gutter'  before  and  after  it.  To  the  eyr,  at  least,  the  restilting 
horizontal  flow  at  the  sampling  line  looks  “close"  to  the  target  values. 

The  cost  fun.'tional  we  used,  /i,  seemed  to  have  a  local  minimum  which 
the  optimizer  had  found.  %Ve  tested  this  belief  by  marching  along  the  line 
between  the  computed  solution  and  the  target  solution.  Tin;  corresponding 
functional  values  are  shosvn  in  Figure  4  and  clearly  display  a  “double  dip” 
curve. 
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Figure  4.  Tlie  fuutlional  vahifs  from  lor.il  minimuni  to  target. 
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The  question  then  arose  an  to  whether  this  was  actually  a  local  min- 
iiiiunt  or  a  spurious  nnmerifal  solution.  As  other  local  minima  solutions 
were  found,  they  all  tended  to  share  the  property  of  being  oscillatory.  That 
is,  the  shape  would  either  be  a  crest  sandwiched  between  two  valleys,  or  a 
valley  between  two  crests.  When  the  mesh  was  refined  for  a  particular  case, 
the  “valleys”  doubled  in  depth,  while  the  crest  remained  roughly  where  it 
had  been.  This  suggested  that  the  program  was  not  appro.ximating  a  real 
local  mininiuni,  which  would  have  a  fixed,  finite  shape.  Rather,  some 
instability  in  the  program  or  in  the  problem  formulation  was  generating 
nuinerieal  behavior  that  did  not  correspond  to  a  physical  solution. 

One  obvious  inodifiealioii  to  the  problem  formulation  which  might  al¬ 
leviate  the  problem  wa.s  to  increase  the  value  of  the  Reynolds  number.  The 
fact  that  the  functional  seemed  to  be  so  insensitive  to  large  changes  in 
geometry  was  peis.sibly  due  to  the  very  low  Reynolds  of  the  problem.  In 
such  a  setting,  the  viscous  effects  could  be  e.xpected  to  dominate  the  flow, 
and  quickly  overwhelm  disturbances  that  the  functional  would  be  trying  to 
nieosttre 

.Some  tests  of  the  program  seeine<J  intlircctly  to  bear  out  this  state¬ 
ment..  In  one  test  we  controlled  the  inflow  with  three  parameters  and  the 
target  profile  was  generated  by  specifying  a  parabolic  inflow.  The  program 
produced  as  a  solution  an  inflow  with  a  “double  hump”,  h.aving  a  deep 
drop  in  the  middle.  Nonetheli  ss,  this  eont.orterf  inflow  a.ssumed  essentially 
a  parabolic  shape  within  two  mesh  units.  In  another  problem  we  set  up 
a  simple  channel  flow  with  no  bump.  There  were  II  equally  spaced  nodes 
along  the  left  hand  uoundary  at  which  an  inflow  velocity  was  specified  with 
only  the  first  node  having  a  nonzero  velocity  Nonetheless,  «.>>  denion.slrated 
in  Figures  S  and  6.  the  flow  very  quickly  look  on  a  paraliolic  profile. 


-*•*-»•*■*■*■*-*•*•*•••*“*■* ■*•*•* -*-*•*■*■*  *-*■*■*■*-•■*-»-»■*-*■* 


FIGCRE  5:  Velocity  vectors  for  the  single  inflciw  node  test. 
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Figure  6;  Streamlines  for  the  single  inflow  node  test. 

Therefore,  it  tvould  be  natural  to  expert  that  only  at  higher  Reynolds 
number  (faster  inflow  or  lower  vki-osity),  would  the  program  be  able  to 
distinguish  between  the  convex  target  bump,  and  the  oscillatory  solution 
that  had  been  found.  Calculations  using  higher  Reynolds  numbers  can  be 
done  with  our  rode  by  incorporating  a  continuation  n.ethod.  We  plan  to 
do  this  in  future  work.  Another  modification  to  the  problem  formulation 
is  a  change  in  the  cost  function  /i  given  by  F,qnation  (4.1).  One  possible 
change  was  to  include  the  discrepancies  in  the  vertical  velocity  and  pressure 
along  the  sampling  line  as  well.  This  gave  the  functional 

/2(u.  v.p)  =  ^ p)  -  “.(y))^  +  -  i'.(y))’  +  (pit.,  y) 

~Pi^{y)fdyj  ■ 

W'e  used  this  cost  functional  fi  for  the  same  problem  that  the  functional 
/:  had  displayed  a  local  minimum.  The  new  functional  also  produced  a 
local  minimum,  differing  from  the  previou.s  one  only  in  that  the  bump  did 
not  aetiially  have  ‘'gutters”,  but  rather  “low  .shoulders” . 

Another  choice  of  the  cost  functional  was  one  that  included  the  cost 
of  the  control.  An  obvious  choice  was  to  estimate  the  cost  of  the  bump 
control  by  approximating  the  I*  norm  of  the  height  of  the  bump  about  the 
channel  bottom: 

yi(a)  =  [hrAght[x,a)fdi 

However,  this  still  allowed  oscillatory  solutions.  We  only  began  to  get 
smoother  solutions  when  we  took  the  norm  of  the  .^lopc  cf  the  height  : 
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Ihe  •moothing  was  so  effective  that  we  immediately  added  the  correspond¬ 
ing  cost  function  for  the  inflow  control: 

A2W  =  {inflow^(y,X)fdyj  . 

Combining  these,  we  have  the  cost  function 

C'o*t(a.A)=  ^2(a,  A)  +  j3(ck) -F  h2(A) . 

This  produced  smooth  solutions  but  not  correct  ones.  The  effect  of  the 
two  added  cost  integrals  depends  partly  on  their  scale  relative  to  the  first 
integral.  If  and  Aj  are  relatively  small,  then  the  optimization  code  will 
work  for  most  of  the  lime  on  inininazing  /n,  and  only  towards  the  end  of 
the  optimization  will  the  control  costs  perturb  the  solution  slightly.  But 
since  a  flow  with  a  flat  bump  and  a  zero  inflow  will  minimize  the  control 
integrals,  it"s  clear  that  a  mistake  in  scale  would  cause  the  optimizer  to 
spend  most  of  its  effort  smoothing  a  poor  solution. 

To  avoid  this  problem,  we  modified  the  cost  functional  to  include 
weights  and  then  allowed  these  weights  to  be  changed  at  any  time  dur¬ 
ing  the  run  If  the  weights  were  modified,  however,  ihe  optimizer  had  to 
be  restarted,  since  the  functional  was  changed.  The  new  cost  function  had 
the  form 

A)  u’l/jfa,  A)  -F  u>2^;(a)  +  ush-jiX) . 

With  these  modifications,  a  typical  run  of  the  code  would  involve  sev- 
eral  steps.  A  first  run  of  the  code  would  start  from  a  zero  solution,  and 
find  a  minimizer  of  the  cost  function  with  weights  (1.  0.001.  0.00 1 ).  The 
solution  tvould  he  used  as  the  starting  point  for  a  second  rptimization  of 
the  cost  function  with  weights  (1,  0  00001,  O.UOOUl  ).  Finally,  this  solution 
would  be  used  as  a  starting  point  for  an  optimization  of  the  cost  function 
with  weights  (1.  0,  0).  Thus,  the  control  costs  kept  the  shapes  from  wig¬ 
gling  too  much  while  a  “crude"  solution  was  being  sought.  .After  a  few  such 
procedures,  with  decreasing  weight,  the  “crude"  solution  was  clw  enough 
to  the  true  solution  that,  minimization  of  the  original  functioi.a!  would  pro¬ 
duce  the  true  solution.  U.sing  the  control  costs  allowed  the  prog-nm  to 
avoid  the  undesirable  local  minima  that  had  trapped  the  original  pc 'gram. 

8.  Riture  work.  The  original  problem  that  motivated  this  iiivetli- 
gation  sought  to  find  a  flow  obstacle  from  a  given  test  set  which  had  a 
downstream  profile  similar  to  one  generated  by  a  particular  shape  which 
was  not  a  inemtier  of  the  test.  set.  We  have  not  handled  such  cn.*cs  yet, 
^though  they  require  no  change  to  the  program.  The  optimizer  do.  .'  not 
require  that  the  functional  to  be  minimized  achieve  a  value  of  zero. 

The  spurious  solutions  that  were  encountered  with  the  rrmhipr  ...ne.e* 
ptoWein  corresponded  to  a  bump  that  had  a  very  sharply  1.,.;  .ng  pro¬ 
file.  Becansc  the  simple  gridding  routine  that  wa.s  used  determines  the 
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grid  of  the  region  by  the  shape  of  t.hc  boundary,  sharp  variations  in  the 
bump  caused  distortions  of  the  grid.  The.sc  distortions,  if  severe  enough, 
could  cause  the  calculations  to  become  unreliable.  Thus,  a  better  grid 
ding  method  is  desirable,  whose  accuracy  will  be  less  dependent  on  the 
smoothness  of  the  boundary. 

We  chose  to  represent  the  space  of  allowable  shapes  by  cubic  splines. 
Wo  imposed  no  convexity  or  positivity  requirements  on  the  shapes  gen- 
er‘:fed  by  the  splines.  We  found  that  the  program  often  generated  unac¬ 
ceptable  shapes,  sonu  timos  only  as  trial  solutions  for  an  iteration,  but  on 
occasion  as  the  final  solutions  of  the  CiVerall  optimiration.  It  is  possible  that 
we  could  avoid  this  problem  by  choosing  a  more  restrictive  set  of  allowable 
.shapes. 

Finally,  we  note  tliat  we  need  to  be  able  to  handle  higher  Reynolds 
number  flows.  This  is  so  for  several  reasons.  The  wind  tunnel  How  we 
are  ultimately  inferested  in  has  a  very  high  Reynolds  number.  Also,  our 
method  of  trying  to  match  a  downstream  profile  is  hampered  when  the 
viscosity  effects  dampen  out  the  perturbations  cau.'ed  by  the  obstacle. 
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OPTIMALITY  CONDITIONS  FOR  SOME  CONTROL 
PROBLEMS  OP  TURBULENT  FLOWS’ 

EDUARUO  CASASf 

Abstract.  In  this  arlide.  we  are  coucenied  with  the  cuiitrui  uf  the  turbulence  of 
viscous,  IncoropressiWt  flows.  Ihe  control  are  the  body  forces  or  the  heat  flux  thruugh 
tl  aouadary  of  flie  domain  occupied  by  the  fluid.  Ihe  state  is  the  velo'-ity  of  the 
fluid  and  the  turbulence  is  meuured  by  some  inte$r.sl  involving  the  vorticity  within  the 
flow.  We  consider  steady  and  time  dependent  titree-dimensional  flows  described  by  the 
Navier-Stoltesequ.vtion*.  sometimes  coupled  with  the  heat  equation.  We  prove  existence 
of  optimal  controls  and  derive  some  first  order  optimality  conditions. 

Key  words,  optima!  control  problems.  .Navier- Stokes  equations.  Bou‘5ii;ejq  equa¬ 
tions,  optimality  conditions 

AMS(MOS)  cubji  ct  cla.^sifiiatinn.-i.  4'JVH).  4SK2(J,  .".'jQiia.  3;.Q3f,.  rfiLiiS 

1.  lutroductioii.  VVe  consider  tie  problem  of  controlling  the  turbu¬ 
lence  behaviour  of  viscous,  incompressible  thb'e-diinensional  flows.  The 
control  variables  are  the  tody  forces  or  the  heat  flux  through  the  boundary 
of  the  domain  occupied  by  the  fluid.  The  state  is  the  velocity  of  the  fluid 
and  the  cost  functional  involves  the  norm  of  the  vorticity  of  the  fluid.  This 
norm  gives  a  good  measure  of  the  turbulence  within  the  flow.  The  relation 
between  the  control  and  the  state,  that  is,  the  slate  equation,  is  described 
by  the  Navier-Stokes  equHtions.  coupled  witli  the  heat  equation  when  the 
control  is  the  heat  flux.  The  fir.M.  paper  dealing  with  thi.s  problem  wa.s 
published  by  Abcrgcl  and  Tcmam  '2J.  They  con.siderctl  two-dimensional 
flows  described  by  evolution  equations,  the  three-dimensional  rase  being 
more  difficiilf  bccnu.se  of  the  lack  of  an  existence  and  uniqueness  the<irem 
of  solution  for  the  evolution  Navicr-Stf>kes  equations.  Ollier  papers  dealing 
with  the  optimal  control  of  thr.se  erjuations  are:  Casa.s  [4],  Fatrorini  and 
Sritharan  (7],  [fi],  JS;,  Sritharan  }l9j,  [20].  In  [7j,  [6]  and  (20]  existence  of  an 
optimal  control  wa.s  inve.stigated.  In  [7j  and  (19],  a  Pontryngin  maxinuim 
principle  wa.s  proved  by  using  the  semigroup  theory  to  deal  with  the  state 
equation*.  In  [4],  exitence  of  an  optimal  control  and  optimality  rontlitions 
of  first  order  were,  .studied,  by  using  variational  methods  in  the  study  of  the 
state  equations. 

When  steady  flows  are  considered,  the  nonuniqueness  of  solution  of 
the  state  equations  occurs  in  dimensions  two  and  three.  To  simplify  the 
exposition,  we  will  only  consider  three-dimensional  flows  in  this  paper,  but 
the  results  and  methods  are  readily  extended  to  the  two  dimensional  ease. 
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Two  diffnrcnt  approaches  have  been  considered  to  derive  the  optimality 
conditions  in  this  case.  The  first  one,  followed  by  Gunzburger  et  al.  [11], 

(12] ,  uses  an  abstract  theorem  for  optimality  due  to  Ioffe  and  Tikhomirov 

(13) .  The  second  one,  due  to  Abergel  and  Casas  [1],  consists  in  introducing 
a  family  of  approximate  control  problems,  obtained  by  linearization  of  the 
state  equation  with  the  help  of  an  additional  control  and  setting  a  penalty 
term  in  the  cost  functional;  these  approximate  problems  are  well  possed  and 
it.  is  easy  to  derive  the  optimality  conditions  for  them;  finally,  it  is  passed 
to  the  limit  in  these  optirnality  systems.  This  last  approach  provides  a 
numerical  method  to  deal  with  these  ill-possed  state  equations  and  solve 
the  conirol  problems. 

The  plan  of  this  paper  is  as  follows.  In  §2  and  53,  we  .study  the  sta¬ 
tionary  case  corresponding  to  the  distributed  conirol  of  the  Navier-Stokes 
equation  and  the  boundary  control  of  the  system  coupled  with  the  heat 
equation,  respectively.  In  these  sections  we  describe  the  method  ii'^ed  in  [1] 
to  derive  the  optimality  conditions.  In  54  and  55  the  corresponding  time- 
dependent  cases  are  considered.  To  derive  the  conditions  for  optimality 
in  the  evolution  ca-se,  we  must  make  a  suitable  formulation  of  the  control 
problem,  dilfetent  of  that  one  of  [2].  This  formulation  requires  every  feasi¬ 
ble  state  of  the  ( nnf.rol  problem  to  be  a  strong  solution  of  the  Navier-Stokes 
equations.  Here  we  follow  the  idea  developed  in  Casas  (Ij. 

Let  us  give  some  notation,  which  we  will  follow  in  this  paper.  First,  we 
assume  that  the  fluid  occupies  a  physical  domain  G  C  /f®,  which  is  botindcd 
and  has  a  Lipscliitz  boundary  F.  In  O  we  consider  the  usual  Sobolev  spaces 
(i))  and  see.  for  instance.  Adams  [3]  or  Ne<;as  [17].  When 

p  =  2  we  write  H^{Q)  and  //?'(«)  instead  of  and  IV, 7*  ^C), 

respectively.  We  also  put 

(1.1)  y  =  {ir€W'(n)^divy=:0}  and  Yi  =  YnHUn)\ 

where  div  denotes  the  divergence  operator.  It  is  ea.sy  to  check  that  Y 
and  I't,  are  separaole  Hilbert  spaces  when  they  ate  endowed  with  the  inner 
products 

(i7.  =  iff-  i) 

and 

ly,  j)v9  =a{!f.z), 

respectively,  where 

®  f 

(1.2)  niu,  z)  =  Y  /  Vp; {x)Vzj  {r)dr  VjT.  Ft//' (14)^ 

Now.  given  T  >  0.  we  denote  fir  =  0  x  (O.^)  and  Sj-  =  F  x  (0,T). 
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Following  Lions  and  Magenes  (16.  Vol.  1]  we  write 

I’(Or)  i  €  i’fOr).  1  <  i,i  <  3} 

and 


In  [16,  V’ol.  1]  it  is  proved  that  every  element  of  after  a  mndifirn- 

tion  over  a  zero  measure  set .  is  a  continuous  function  from  [0,  T]  —  •  //’  (0), 
so  wc  can  consider  Q  C((0: 7],  //*(£!)),  moreover  the  inclusion  is 

continuous. 

2.  Steady  flow:  distributed  control.  Let  us  consider  a  stationary 
viscous  incompressible  flow  in  II;  the  equations  of  rnotioti  are 

-jj  -i/Ay+(.V'V)ir+'?r“/dC’uinI2. 

'  divy  =  0  in  12,  y  =  i^r  on  F, 

where  i/>0.  / €  C  €  u  C  I',  ('  being  a  Hilbert 

space,  and  or  €  //’^’(F)®  We  assume  Ih.at 

(2.2)  3,v  €  //®(n)®  such  that  ■“  ('v  x  'Dli  , 

where 


(2.3)  V  X  f  =  f9,,V3  -  -  Ot,\j  dr,\-J  -  21r.Xi). 

Under  this  hypothesis,  it  is  obvious  that  the  rompatibility  eo'i'Jitior! 
holds: 

(2.4)  J  ^r(f)  ■  n(r)iia(r)  ~  0, 

n(j:)  denoting  the  outward  unit  normal  vector  10  F  at  the  point  Jt:  see  Neens 
[17].  Assumptions  on  ar  allowing  to  prove  the  existence  of  \  satisfying  (2.2) 
are  given  in  Lions  (15]  and  Tcmam  [21]. 

In  (2.1).  y  denotes  the  s'docily,  />  the  pre.s.sure.  /  the  body  forces  and 
«  is  Ihe  rontrol  that  can  act  over  all  domain  12.  or  only  over  a  part  of  (I, 
or  even  only  in  a  given  direction  of  the  space.  All  these  possibililies  ean 
be  treated  by  choosing  a  suitable  space  ff  and  the  corresponding  linear 
mapping  C. 
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It  is  wcl)  known  that  (2.1)  has  at  least  one  solution  (y,p)  €  x 

see,  for  example,  [IS]  or  [21].  However  there  is  not  general  unique¬ 
ness  results.  Moreover,  we  have  the  following  estimate  for  the  solutions  of 
(2.1): 

Proposition  2.1.  lei  y  €  satisfy  (2.1)  for  some  p  €  £*(!?). 

Then  ihtre  eiisi  eonslanis  M,  >  0.  i  =  1,2,  independent  of  v  ^  U  and  y 
such  that 

(2-5)  lll/llwnn)"  ^  (ll/ll/f-Hn)’  +  lli-’illl“llf)  t 

Moreover  Afj  =  0  uhencier  <pr  ~  0. 

Proof.  Let  il(r,  F)  denote  the  distance  from  x  to  F.  Then  there  exists 
a  function  of  class  (7^  in  such  that 

*•<  =  1  in  .some  neighbourhood  of  F, 

(2.6)  =  0  if  p(t)  >  2^(0,  h(i)  -  exp(-l/(). 

|£>c,‘>((-c)l  <  ^  ifM-f)  <  2%),  !<;■<« 

Thus,  given  /t  >  0  arbitrary,  we  can  take  e  >  0  small  enough  and  e,  - 
V  X  (OiX),  note  (2.2).  in  such  a  way  that  «if(r  =  or  *>“d 

3  ^  • 

(2-7)  ^  <  l<|l.v]i«>(n>^Ii^lH,>(n:-  ".7.  il'i 

i,;=l  •'f* 

see  [15]  or  [21]. 

Let  us  take  e  >  0  such  that  (2.7)  holds  with  y  =  o/'i  and  let  us  .'cf 
s  y  -  €  Vo.  Then  multiplying  (2.1)  by  f  we  obtain 

(a.8)  i'(i(f  4  Jf.  r)  ->•  6(?’+  0,.:  +  iV  =  {/-  Cu.^. 


where 


Recalling  that 


and 
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*-e  deduce  from  {2-8) 

(||/i(M-i(n)»  +  +  15(7.2! ^t)l  +  \h{Z,,S„Tf. 


Finally,  due  to  the  inclusion  C  we  obtain  from  (2.7).  the 

above  inequality  and  the  well  known  relation 


|5(2 


<  1:7' 


Il£*.:np|i7i(«i{n"|[7il£i;ms 


that 


which,  together  with  the  inequality 

S  II-IIhmo;’  +  S  f'allT’lvo  1  lI'J'fllHKn'.j. 


leads  to  (2.5).  O 

Kow  we  define  the  fmirtional  .1  :  x  i'  —  H  l.-y 

with  .V  >  0  and  V  x  y  denoting  the  vorticity  of  the  flow,  defined  a.s  in  (2.3). 
The  physically  relevant  term  in  J  i.s  of  roiirso 

^IVxyl’dr, 

which  provides  an  estimate  of  the  level  of  turbulence  within  the  flow;  the 
other  term  is  put  there  for  technical  reasons  and  it  is  not  necessary  if  the 
set  of  admissible  controls  is  bounded 

Given  a  nonempty  conve.x  closed  siib.sef  K  of  V.  we  forinulale  the 
optimal  control  problem  as  follows: 

tun  /  Minimize 

'  t  («!?/)  C  A'  X  /f’(f2)®  satisfying  .(2.1)  for  some  p  £ 

The  first  <|uest.ion  to  study  is  the  e.xistenre  of  a  solution  for  (I’l) 
THEORKSt  2.1.  Assumed  lhat  .A'  >  0  nr  A"  is  bounded  in  I’,  then  (Pi) 
has  at  least  one  solution. 

'lb  prove  this  result,  it  is  enough  to  rnnsidoT,  as  u.sual,  a  minimizing 
sequence,  which  i.s  bounded  in  f.'  x  M‘(Qp.  due  to  the  assumptions  of  the 
theorem,  and  to  take  into  account  the  convexity  and  continuity  of  J:  sec 
(IJ  for  the  tietail.s. 

Our  next  goal  Is  to  derive  the  optimality  conditions  for  Problem  (PI), 
which  is  made  in  the  following  theorem. 
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Theorem  2.2.  Ifiuo.y:.)  €  I’  x  is  o  soluhon  of  (Pi),  then 

then  exist  a  number  o  >  0  and  some  elements  i^o  G  and  pb,~o  6 

i*(n)  verifying 

(2.10)  a  +  (I^oIIhhR)’  > 


-</Ayo  -  (ya  •  ^)yo  +  ^Po  =  f  +  C«u  f), 
div  y:  =  0  in  n,  yb  =  0  on  1'; 


(2  12)  '  i^yof'Pi  +  ^^0  =  nV  X  (V  x  yb)  in  Q, 

'  '  '  div  ^0  =  0  in  il,  =  0  on  F ; 


(2.13)  +  oA'uft,  «1  -  Wr )»;  >0  Vu  C  A’. 


Let  US  remark  that  sometimes  it  is  possible  to  get  (2.11)  (2.13)  with 
a  =  1.  Indeed,  following  Gunzburger  et  al.  [12j  we  say  that  the  control  set 
A‘  has  property  C  at  (uy.  y-j)  if  for  any  tioirrero  solution  {p,  n)  6 
i-(fl)  of  the  system 

-i/A^-(yb  V)^+(Vyc)'''  i?  +  Vr  =  OinO^ 

'  ■  div^ssOinfl.  ^=0onr. 

we  can  find  «  G  A'  such  that 

(2.l.'i)  {C<f,u~no)<0. 

Convention  will  have  it  that  property  C  i?  to  hold  vacuously  if  there  are 
no  nonzero  solutions  of  (2.14). 

Corollary  2.1.  If  K  has  property  C  «<(«(>.  yb).  then  there  exist 
Po  €  and  po.^o  €  L'Cfi)  verifying  (2.11)  (2.13)  with  t*  =  1. 

Proof  It  is  enough  to  remark  that  (2.M)  and  (2.15)  implies  that  0 
in  (2.1 1)-(2.13/.  Then  we  can  roplactt  if--  by  and  v>  deduce  the  desired 
result.  C 

Remark  1.  It  is  olivious  that  if  (/  =  A'  =  /,"([! anil  C  =  inclusion 
operator  from  /.*(fi)^  into  Af“  (fl)-'',  then  K  has  property  C  at  (vt.yb) 

For  a  detailed  demonstration  of  this  theorem,  the  reader  is  referred  to 
Abergel  and  Casas  [1].  In  the  §2.1  and  §2.2  we  sketch  the  proof. 

2.1.  The  problems  (Pl<).  The  main  difhciilty  to  prove  Theorem  2.2 
i.s  the  multivalued  character  of  the  relation  be.twren  the  control  and  the 
.state.  To  prove  this  theorem,  we  introduce  n  family  c<f  problems  (PI  j),  with 
well-pos.sed  state  ecpiations,  whrise  solutions  converge  toward  the  solution 
(uo.pb).  then  we  derive  the  optimality  conditions  for  these  problems  and 
finally  we  pass  to  the  limit  in  these  conditions. 
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For  every  r  >  0  we  define  the  functional  J,  :V  x  V  — ►  R  by 


where  ytu,  ic)  is  the  unique  element  of  //’(fl)®  that  satisfies,  together  with 
some  p  C  7’(n)-  lli«  system 

t'Ay+{uV)y-¥Vp  =  f-^CumQ, 
div  y  =  0  in  n.  j?  =  ©r  on  1', 

To  check  that  this  system  has  a  unique  solution,  it  is  enough  to  consider 
its  variational  formularion 

Find  y  €  V’  such  that 

i/a{y.  T}  +  h{t7\y,  f)  =  {/ +  Cu,  I)  VFe  Fg, 

and  to  apply  the  I.ax-Milgram  theorem,  noting  that  the  /f/,({})®-coercivity 
of  the  bilinear  form  is  an  immediate  consequence  of  the  following  orthogo¬ 
nality  properly  of  b 

b(w,S.^)  =  Q  ViFeK  and 

Note  (2.9)  for  the  definition  of  b. 

Now  we  formulate  the  problems  (Pit)  in  the  following  way 

/PI  \  l  /,(u.tF). 

'  \  (u,  u~)  eKxy  and  iF  =  fr  m  T. 

The  next  proposition  states  that  the  problems  (Pl()  constitute  an  ap¬ 
proximating  family  of  (PI ). 

Proposition  2  2.  for  every  e  >  0  there  tzhis  at  im.et  one  solution 
(ut.U’i)  «/(Pl»).  Moreover  tf  ue  denote  by  g.  the  solution  e/(2,16)  lorre- 
tpondtnj  to  then  wt  have 

(2.17)  lirtilltf,  -  ttcljt  =  I'ln  :r]C  /  =  0. 

(9.1$)  le,  —  and  y,  —  jft,  weakly  in 


lmJ,(U(.  w,)  =  J(tio,yo}. 


(219) 
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Taking  into  account  that  System  (2.16)  has  a  unique  solution  y  € 
for  every  pair  of  controls  {v,w)  6  V  x  V,  the  relation  (m.  ifi)  — >  y 
being  C',  and 

/f  X  (tfc  6  y  :  iii>|r  =  <4r} 

is  convex,  it  is  enough  some  computations  to  prove  the  following  result 
Proposition  2.3.  Ld  m  »Hppo»e  that  (m,,!?,)  «  /mlntinn  o/(Plf). 

then  there  ezt/l  elements  y,.  6  and  6  -^ueh  tha!  the. 

fallowing  system  holds 

-v£iyt  +  (w,  •  V)y.  +  Vp,  =  /  +  C’mj  in  fi, 
div  jf,  =  0  in  11,  y,  =  4t  o”  H 

-  (iT,  •  T)^,  +  +  Vx, 

=  V  X  ( V  X  jTi )  +  iTc  -  ifti  in  Cl, 
div  •Pi  —  i)  in  ft.  =  0  on  F; 

(C'^i  +  A'«t  +  Uj  -  Uo,  u  -  u,)t  >6  “u  c  A’. 


(2.20) 

(2.21) 

(2.22) 


Hemark  t  The  method  described  in  this  section  provides  an  efficient 
numerical  scheme  to  solve  Problem  (PI);  obviously,  the  fi)ncfiori.'.l  1,  should 
be  modified  by  removing  the  last  two  terms.  Then  Proposition  2.2  may  fail 
to  be  true,  but.  under  the  assumptions  of  Theorem  2.1,  it  i.s  still  pos.sible  to 
prove  that  {u<},>o  is  a  bounded  sequence  in  V  and  every  weak  limit  point, 
when  f  — •  0,  is  a  solution  of  (PI).  In  fact  these  subsequences  converge 
strongly  in  V  if  N  >  0.  Furthermore  y,  —  po  weakly  in  //'(ft)®  and 
inf(Pl.') -inf(PI), 

2.2.  Sketch  of  proof  of  Theorem  2.3.  Wo  are  going  to  pass  to  the 
limit  in  the  system  (2.20)  (2.22)  with  the  help  of  Proposition  2.2  In  this 
process  the  essential  point  is  the  botmdednc.ss  of  {/,  ),>n  in  Id'  (ft)®-  First, 
let  us  assume  that  is  bounded  in  L'^(Cl)^.  Multiplying  (2.21)  by 

1?,  and  using  the  orthrigonality  property  of  6,  defined  in  (2.9),  we  get 

(2-23)  lli?>liw>:n)’  S  +  I^2ll'e«ll«oiii'- 

From  the  inequality  (Teniam  [21,  page  29C]) 


(2.24) 


irdl/.qn;- 


and  (2.23).  we  obtain 


<  Calls?.!! 


3/2 

H'tni 


+  <72l|ip,||//ifn)', 
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which  proves  the  boundedness  of  {^(}r>n  in  if’(fl)®.  Then  we  can  extract 
a  subsequence,  denoted  in  the  same  way,  and  an  element 
such  that  —  ^0  weakly  in  Now  it  is  easy  to  pass  to  the  limit 

in  (2,20)-(2.22)  and  to  deduce  (2.11)-  (2.13)  with  o  =  1. 

If  is  not  bounded  in  L^{Q)^  we  take 


— >  0  when  « • 


and  again  we  denote  o.i^,  by  Now  repeating  the  previous  argument,  we 
derive  (2.10)--(2.13)  with  o  =  0.  It  remains  to  prove  (2.105  or  equivalently 
that  ^0  #  0.  From  the  weak  convergence  <P(  —  »«  HH^)^  and  Rellich’s 

theorem,  follows  the  strong  convergence  of  to  in  I*{{2)^,  which 

proves  that 

|lfc.||£>(n)»  -  limllsStlU'.uij'  =  1- 

3.  Steady  How:  buiiiidary  control.  Now  we  con.sider  the  applica 
bility  of  the  method  introduced  in  the  previous  section  to  a  more  realistic 
problem.  In  this  section,  the  state  equations  are  the  e<|uatioiis  of  thermo- 
hydraulics  in  the  Boiissinesq  approximation: 

— »'Aj7+  (y  •  V)y  +  Vp  =  /  +  ,3r  in  fl, 

.jj.  -/cAT  +  jrTr  =  (?in», 

div  p  =  0  in  fl,  p  ==  dr  on  r, 
r  =  h  on  To.  =  u  on  F-. , 

where  t'.K  >  0,  /  €  /  6  Or  €  9  € 

h  s  u  e  r  =  i„ u  r,,  r,  n  r,  •-  e  and  ff(ru).  <r(r, )  >  o. 

We  still  a.ssume  that,  (2.2)  holdsand  moreover 

(3.2)  0i  (x)  ■  n(r)  =  0  n.e.  X  e  Fi. 

Here  y,  p  and  /  are  the  same  things  as  in  (2,1).  r  is  the  temperature 
inside  the  fluid  anti  n  is  the  heat  flux  through  the  boundary.  Let  us  remark 
that  the  hypothesis  g  £  T®/®(n)  is  made  to  give  a  sense  to  the  Nearnanii 
boundary  condition  of  (3,1).  Thanks  to  this  assumption  the  term  &r.  r  is  well 
defined  and  the  usual  variational  formulation  of  this  problem  is  equivalent 
to  (3.1);  see,  for  instance,  Casas  and  Fernandea  (5j. 

The  control  problem  is  formulated  in  t  he  following  way 

rP9t/  Minimwe  J(u,y), 

^  ^  \  (tt.^  €  A'  X  //Hfl)'*  and  satisfies  (31)  for  some  (/>.  r). 

with  J  :  HHClf  X  mi  l)  —  ft  defined  by 

J(a,y)  ^  ^  Jr 
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A’  >  0  and  A'  C  i*(ri)  nonempty,  convex  and  closed.  In  this  problem  the 
role  of  the  control  is  to  cool  suitably  the  fluid  from  a  part  of  the  boundary 
in  order  to  minimize  the  turbulence  inside  the  flow.  The  reader  is  referred 
to  [2]  for  an  application  of  Problem  (P2)  to  the  case  of  a  fluid  in  a  driven 
cavity. 

To  prove  the  existence  of  a  solution  of  (3.1).  it  is  usual  to  make  some 
assumption  on  the  .size  of  the  viscosity  u  and  the  diffusion  coefficient  x; 
see,  for  example.  Gaultier  and  Lezaun  (10\  However  we  show  in  the  next 
theorem  that  it  is  not  necessary.  Let  us  note  that,  in  general,  there  is  no 
uniqucncs.s  of  solution  (see  Rabinowitz  [18]),  therefore  we  axe  again  dealing 
with  a  multistate  equation 

Theorem  3.1.  Under  the  above  condiltons,  Ssstem  (3.1)  has  at  hast 
one  solution  {y,p,~)C  //*(0)^  x  Z."’{fl)  x  //*(fl).  t'urthcrmon  thne  enst 
constants  Kf\  >  0  such  that 

(3-3)  ||r'||H'(nt  +  llyllwin':' 

<  A/a  (||/ilH-i(n)»  +  ll5llt*."(ii)  +  11*  ~  +  AA. 

where  dipends  on  or-  bettiff  zero  v’hen  this  function  ts  zero. 

The  proof  of  this  theorem  uses  the  following  lemma; 

Lemma  3.1.  Let  us  assume  that  6  €  //'(fl)^.  vciih  divd  =  0  and 
^  •  n  =  0  on  Tj,  and  B  e  /C(y, >]}'),  with 

(3.4)  KW.=)1<|!|.=||?V 

Then  then  exists  at  hast  one  solution  (z.p.r)  £  x  L^{Q)  x  //'(Q) 

of  the  system 

-vLz  +  (£■  •  V)r+  BiT)  +  Vp  -  /  +  3r  in  12, 

(3.1)  -xAr  +  (£+ ^)  Vr  =  y  in  n, 

di V  *  =  0  in  n,  £ .—  0  on  r. 

T  =  /(  on  To.  A.r  =  «  on  Fj. 

Furthermore,  there  exists  Ms  >  0  such  that 

(3-6)  ||"!!H'in)  h  IMlAfiin)! 

<  A-fs  +  Ii^llr‘/«.TJ)  +  ||hil/fi/>(rn-.  +  l|u||t-‘-;r,))  ■ 

Proof.  Let  us  take 

A”  =  {lip  €  L'^(f2)'^  :  div  ip  =  0  and  iP  •  n  =  0  t*n  Fj ). 

Let  us  note  that  w  ii  i.s  defined  in  a  trare  sense  cn  F,  ’.vith  u;  ;7  6  II' ■'*^'‘  ■*{1) 
and 

f  w  ■  Vil'dr.  --  (tP  n.  y-')  iil!  €  W’*  ‘*''^(S1)', 

Jn 
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see  Casas  and  Fernandez  [5].  Space  X,  endowed  with  the  norm  of 
is  a  Banach  space. 

Now  we  define  a  mapping  F  :  X  — •  A’,  with  Fiw)  =  F  being  the 
solution,  together  with  some  r  C  //'{fl)  and  p  €  of  the  system 

-ptlr  4  (w  •  T)?4  B(c)  4  Vp  =  /4  3r  in  ft. 

-KAr4{u’4  d)- Vr  =  p  in  Jl, 
divJ  =  0  in  ft,  F=Q  on  T, 
r  =  ft  on  To,  5n c  ss  «  on  Ii . 

Indeed,  this  system  is  uncoupled,  then  we  can  solve  first  the  problem  in  r. 
which  is  immediate  from  Lax-Milgtam  theorem,  and  then  obtain  F.  The 
existence  and  uniciuent^ss  of  F  can  be  proved  in  the  same  way  than  for 
Stokts  problem,  it  is  enough  to  note  that 

(.1.8)  F)  4  b{u:.  •}  4  {Bff).  F 

Let  us  estimate  (|r  j'„.  To  do  this,  we  first  fake  v  €  B'(ft)  such  that 
=  h  on  Fn  and  s:  0  on  Fj,  for  e.xaniple  c  can  be  the  solution  of 

=  0  in  ft. 

=:  h.  on  Fc 
t)„V  =0  onFj. 

Let  now  p,  £  D(R^)  verifying 


\  t)  if</(x.r)>«. 


\  t)  if</(x.r)>«. 

Given  6  >  0  arbitrary,  redefining  t'’  as  piiy  and  taken  t  small  enough,  we 
can  suppo.se  that 

(n.O)  llV’IU.m;,  <  f- 

We  set  C  =  »■  -  t ,  then  we  have 

/  [(w  4  0)  “  {(w  0)  •  n.<*)  -  f  div(«>  t  ^K^dr 

hi  Jn 

-  f[<w+^)  V{:]<:dr 

jfi 

=  {{iF-4)  nX\,- Jj,{iF-4)  VC]Cdr 

=  -  /  4  d)  •  VCi^dx. 

Jn 
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[(uT  +  <j’)-VCK*-0. 


Analogously  we  can  prove 


+  ®)  •  Vslv'*/'  ~ 


-  f  [{u<  +  ^)  Vv]Cds. 
Jn 


Now  multiplying  the  second  equation  of  (3.7)  by  integrating  by  parts 

and  Using  the  two  above  identities  follows 

K  /|r^pd-c=  f  gCdi  -r  /  u(^dr~K  f  VvVi^dx+  f  (1?+ p)  ■  VCjt’rf’j; 

Jti  Jn'  Jr,  Jn  Jn 


From  this  equality  and  (3.9;  we  obtain  that 

^IIC  «‘<0;  !;  f':  (!•''  i’lr;)  +  +  1.1?  +  . 

Estimating  V’  in  terms  of  h  we  get 


(3.10) 

Ik'  «';nt  <  IHU'inj  ■+  iK’liffHDi 

<  <^2  (ll5l(i,*t»(!i)  +  +  llttllt’d',)  +  lblir.»(n)»)  +  ^kaiit?jir,*,n 

with  C3  independent  of  fi. 

On  the  other  hand,  multiplying  the  first  equation  of  (3.7)  by  r,  we 
derive  with  (3.8)  and  (3.1 1)  that 


with  C3  independent  of  f.  Thi.s  irirqua’ify  IMIpIlCS  thut 


<  Q  +  ^0!|«?|l/.<fn:»- 

Thus  choosing  f  in  such  a  way  that  Ct4  <  1/2  and  .setting  ?•  -  2Cf.  we 
deduce  that  F  applies  the  ball  Br(0)  de  A'  into  itself  Finally  the  existence 
of  a  fixed  point  of  F  follows  from  the  coiiipacluess  of  the  inriu.sion  V;  C  A' 
and  Schaudr.r's  theorem.  Estimate  (3.6)  follows  from  (311)  and  t3.11 ).  D 
Pioof  of  Thforcm  3.1.  Let  us  take  and  -y,  satisfying  (2  M)  and  (2  6). 
respectively.  Wc  take  e  >  0  small  enough,  so  that  the  following  inequalily 
holds 

(3.12) 


1/2 


w,i  c  rr..■r)^.^. 

vV  C  I 
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see  Temam  [21.  pEge  177],  Then  we  define 

FVom  (3,12)  and  ihe  orthogonality  properly  of  b  we  have 

<  \b(l.,z,r)\  +  z)\  = 

3  .  3 

ij--  ^ 

Now  wc  take  a  solution  (F,  r,p)  of  (3  5),  changing  the  riglit  hand  side 
of  the  first  equation  for  /+  Jr  -  (p,  ■  V)d<.  It  i.s  enough  to  set  p  F  h  d, 
to  conclude  the  proof  of  the  theorem.  0 

A  different  proof  of  Theorem  3.1  was  given  by  .4bergel  and  Casas  [1], 
where  Brouwers  theorem,  after  a  discretization  of  the  .state  equation.s  (3. 1 ), 
was  used  instead  of  Schaiitler's  theorem. 

Once  we  have  proved  tlie  e.xistence  of  sohitions  of  the  state  equations, 
we  can  establish  a  ihefireiii  of  e.xistence  of  a  solution  for  Problem  {P2) 
analogous  to  Theorem  2.1. 

Theorem  3.2.  f/.V  >  0  or  A'  «  bounded  in  then  (P2)  kas  et 

lea.^t  one  noluiwn. 

Also  we  have  the  following  ronditions  for  optimality 

Theorem  3.3.  Lt1  (Uo-ffo)  4c  n  solniton  of  {P2).  then  then  frf*t  c 
constant  cv  >  0  unJ  eUmtnis  i?o  €  r^.v^o  €  ff  iQ)  and  pc.  T;,  £ 

L^(U)  sucb  that 


(3.13) 

«  +  llVullHdii:  >  0; 

(3.14) 

-pAi/;  f  {tjn  ■  V)i/o  d-  Vpr,  =  f  ■¥  i^To  tn  fl 
-kAtq  +  Vrr,  =  p  in  fi, 

divjfr  =  0  in  fi.  jfo  =  on  7, 

h  on  Ffi.  Dr.Tn  =  uo  on  Fi ; 

(3.15) 

-t'A^a  -  (jft)  •  +  VtTn 

=  reVt':  +  oT  X  (T'  X  p:)  tn  Q. 

— xAt’a  -  ^  •  Vti'f,  —  3^(,  in  fl, 
div  <f-,  =  0  in  n,  “  0  on  F. 

-  0  ou  To,  ffnm  =  0  on  Fi ; 

C3.I6J 

/  (t'n  +  a,'Vnrt)(u  -  u:  )dff  >0  ¥ii  C  A'. 

’T, 


The  proof  of  this  theorem  follows  the  same  steps  as  that  of  Theorem  2.2; 
see  [1]  for  the  details.  Similarly  to  Theorem  2.2  here  we  could  formulate  a 
statement  analogous  to  that  of  Corollary  2.1,  which  would  allow  to  conclude 
(3.T1)-(3.16)  with  o  =  1  if  K  had  property  C’  at  (jTo  uo)- 
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•#.  Time-dependent  flows  distributed  rontrol.  This  section  and 
the  following  one  are  devoted  to  the  control  of  the  turbulence  in  time- 
dependent  flows.  Ilere  we  study  the  case  of  a  di.stributed  control  and  the 
state  equations  are  the  Navier-Stokes  equations: 

~  -  J'A,.v  +  {.V  -  V,)y  +  VrP  -  /+  Cu  in  Qt, 

(4.1) 

divry  =  0  in  fij.  j^O)  =  in  Q.  y  ■=  0  on  Er- 

where «/  >  0  is  a  constant.  / 6  i-([0,  Tj,  LWh  C  6  C{U,  /.={[0. 7l. 

t(  €  U,  V  being  a  ililhert  space,  and  do  6  V'o  is  the  initial  velocity.  We  will 

henceforth  assume  that  P  i.s  of  fla-s.*;  <7^. 

The  existence  of  a  weak  sohition  of  (4. 1 )  is  well  known:  see.  for  instance. 
Ladyzhenskaya  (14j,  Lions  [15],  Temaiii  [21],  etc.  However  it®  uniqueness 
is  an  open  question  so  far.  We  recall  that  an  element  y  £  //'([O.T],  Vc)n 
Cu,(|0,  Tj,  is  said  a  weak  solution  of  (4.1)  if  it  sati.sfies 

Find  y  €  i^([0,7’],  lo)  such  that 

(4.2)  _ 

-  (/(t)  +t'’u(/).t'>)ij;ni»  €  V'e,  rt.e.  t  £  (0.  T). 


,v(0)  =  do. 


and  the  energy  inequality 


(4.3)  ,  {7(t)j|/.3,nu  +  21//  '  ,v(«)|lKi 

Jo 

^  ll^olliafn):!  +  2  /  (/($) -t- C’u(s). v(s)l/ Vt.  P  [0, 1]. 
Jo 


With  Ctt([0,7’]:  L'(n)^)  wo  denote  the  space  of  functions  y  :  [U.  1]  — > 
weakly  coiitinumis,  that  i.s.  j/ is  comimiou.s  when  1^(12  )■*  is  endowed 
with  the  weak  topology.  Tims  the  initial  conditions  y(0)  --  dp.  makes  sense. 
Once  a  solution  y  of  (4  2)  has  been  found,  the  existence  of  the  pressure 
p  £  L?'(f>7-)  can  be  proved,  in  such  a  way  that  (y,p)  is  a  solution  of  (4.1). 
satisfyinf'  th'>  partial  differential  equations  in  the  distribution  sense,  the 
boundary  condition  in  the  trace  sense  and  the  initial  condition  weakly  in 
The  pressure  is  unique  up  to  the  addition  of  a  real  disirihutioii  in 

(0.2-). 

Therefore,  if  we  formulate  an  optimal  control  problem  letting  the  weak 
sohition.s  of  (4.1)  to  be  feasible  states,  we  find  (he  same  type  of  difficulty 
(ban  in  problems  (PI)  and  (P2)  to  derive  the  optimality  coriijitions:  the 
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relation  eontrol  — >  state  is  not  well  defined.  It  seems  nslural  to  try  the 
same  technique  than  in  the  previous  sections  to  derive  these  conditions  for 
optimality.  Thus  we  can  introduce  a  new  control  lii  €  i'([0,7'’,  >0)  and 
consider  the  new  system 

^ (tT  Tr ).v  h  Vxp  =  /  f  Cu  in  Or , 

ui 

diVfjf  =  0  In  Qt.  jr(0)  =  in  fl.  y  =  0  on  Er- 

Unfortnnately,  wc  ran  not  prove  uniqueness  of  a  weak  solution  for  this 
problem;  one  falls  cRsentiaily  on  the  same  difficulties  than  in  the  study  of 
the  uniqueness  of  (4,1),  ron.scquenily,  the  method  used  in  the  previous 
problems  does  not  work  for  time-dependent  flows. 

To  overcome  this  difficulty  motivated  for  the  lack  of  uniqueness  of  (4.1). 
we  can  consider  a  more  restrictive  class  of  solutions,  namely,  strong  solu¬ 
tions.  We  say  that  y  is  a  strong  solution  of  (4.1)  if  it  is  a  we.ak  .solution 
and  y  €  £*([0,T].  L’\Q)^).  It  is  well  known  that  M.l)  dors  not.  have  more 
than  one  strong  solution.  Strc.ng  solutions  satisfy  the  energy  equality  in¬ 
stead  of  the  inequality  (4.3)  ?o  tliey  seem  to  he  physically  more  significant 
than  weak  solutions.  Unfortunately,  there  is  no  existence  result  of  strong 
solutions.  However,  we  can  forniulHle  the  optimal  control  problem  in  such 
a  way  that  the  only  feasible  stales  are  strong  solutions,  lliis  tneaiie  that 
we  will  work  with  a  subset  of  controls  providing  strong  solutions  of  (4.1). 
Moreover,  the  relation  between  the  control  and  the  state  becomes  differen¬ 
tiable  when  the  controls  are  taken  in  this  set.  To  attain  this  goal.  inst<-a>l 
of  taking  the  cost  functional  as  in  [2],  we  put 

7(u.  Jt)  =  I |V,  X  dl  +  yiiullfr. 

Then  the  opt.liual  control  prohirm  is  forrmil.'ited  in  tlic  follouing  way 
Winimizr  J(u,^. 

'  L  (wtFl  €  K  y.  f{~  '(QTf  satisfying  ( 4.1}  for  some  p  €  £'{}0.  T], 

The  fact  of  faking  ns  nintr.  spnrr  i.s  motivated  for  the  fcl- 

htwing  result,  whose  proof  can  be  found  in  Casas  [4]. 

Tiirorum  4.1.  Lei  ua  aasume  that  {y,p)  i$  a  iireng  iplution  of  Sys¬ 
tem  (4,1),  IhenyG  /f’ n  ajO.Tj.Yo)  and  p  E  £^([0.7']. 

Morromr 

i  *(«■/ :■»  <  »/  (ik'o  n,  +  ll/ilt?  (t  TjUr.'m*;.  i  ■ 

(4.4) 

where  tj ;  (0,-eoc) - [0.  -fioc)  is  an  increasing  fundion  dcptmling  only  on 

Q  and  v. 
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Thf  first  term  of  the  cost  functional  gives  a  measure  of  the  turbulence 
in  the  flow  through  the  norm  of  the  vortie.ity  in  the  space  Z.^([0,  'ij,  i*(n)’). 
The  reason  of  the  choice  of  this  norm  is  thiit  any  weak  solution  of  (4.1) 
verifying  7(u,y)  <  +xi  is  a  strong  solution,  which  reduces  the  fea.sihle 
state.s  of  (P3)  to  strong  solutions  of  (4.1).  The  following  propctsitinn  proves 
this  statement. 

Proposition  4.1.  Let  ffbca  w(ok  fohlion  e/(1.1)  renfi/ing  J(ti.  ^  < 
4cc,  ihtn  y  ts  a  strong  solution.  Monoter 

(^■5)  ||j'1!tMo.r].i.<!n)>)  < 

for  somt  constant  Mr,  deptndiiig  on  J(m,  y)  and  ||ulli;. 

Proof  Let  us  begin  noting  that  there  exisUs  a  constant  C’l  >  0  such 

t  il  at 


(4.6) 


lir^  <  Ci.i^x  X  Vi-f  U: 


see,  for  instance,  Tcmam  [21,  Lemma  1.6;  page  465].  Then  tlie  incciiinlity 
<  +00  implies  that  y  6  L'^([0,  T],  V'o)-  On  the  other  hand,  since  ff 
is  H  weak  solution,  we  have  that  y  €  /."“(-O.  I^.  1^(0)®).  Therefore,  from 
(2.23)  we  obtain  that 


Mi3/  i 


which  implies  that 


Finally.  (1.5)  follow?  from  this  inequality  and  (4.6).  D 

To  prove  the  existence  oi'a  solution  for  (Fo).  in  addition  to  the  standard 
hypothesis  iissumed  in  theorem.?  2.1  and  3.2,  we  must  ,<;uppt)se  the  existence 
of  a  feasible  pair  (u.y)  for  (P3).  To  check  the  existence  of  these  pair.?, 
we  can  take  an  eleriieiii.  y  £  //-•Hfir)*  O  ?].  V'c).  with  .y(0)  = 
and  obtain  u  from  the  partial  differential  equations.  If  u  is  an  element 
of  A',  then  the  assumption  is  satisfied.  For  instance,  this  is  the  case  if 
A'  ~  V  =  I^l[0,'J'l,/.-(n)^)  and  C  is  the  identity.  The  precise  re.sult  is 
formulated  as  follows 

Theorem  4.2.  Let  ns  assume  tAot  Ihe  fotloning  two  hi/pol/itses  hold: 

1.  The  n  ertsts  a  fcastblf  pair{u.  ^  £  A'  x  -(f);  )®  satisfying  (4.1). 

2.  Either  S  >  0  or  A'  is  bounded  in  U. 

Then  there  etisU  at  least  one  optimal  solution  (tio.j/o)  o/(F3). 

The  next  step  is  to  derive  the  conditions  for  cptiniHlity  satisfied  by 
those  optimal  solutions.  The  crucial  point  is  that  the  set  of  controls  of  (■’ 
having  associated  ;i  strong  solution  form  an  open  sc nn.Tecivrr  the  relations 
between  the  contred  and  the  state  is  differentiable  on  tltis  set. 

Theorem  4.3.  If  System  (1.1)  has  a  strong  solution  for  some  element 
1/  of  V  and  sume  i,,  £  Y(,,  then  their  erists  an  open  niighhonrhood  U  of 
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u  in  V  $uch  that  tht  Navier-Stokts  tjualionn  with  body  forces  j  =  /  +  Cv, 
t  €  U,  and  initial  condition  equal  to  pd  have  a  strong  solution  y„.  Moreover 
the  mapping  (1  :U  — • //^  *(nr)^OC([0,T],yo),  defined  by  G[v)  =  ffu>  to 
of  class  C^.  Finally,  if  z  -  DG{u)  ■  f,  for  some  u£U  and  some  i-  €  V , 
Ihrn  z  is  the  unique  strong  solution  of  the  problem 

B- 

—  -  p£.j.i’+  +  (F-  V,).v«  4  =  Co  til  Qt, 

(4.7) 

d!Vj.F=  0  in  ill,  fi[0)  =  0  m  f2,  i=0  on  I7, 

for  some  p  e  which  is  unique  up  to  ‘he  uddtUitll  of  a 

function  of  L’^(0,  T). 

B>  Using  this  rr.--uU,  it  is  not  diffinilt  to  prove  the  following  theorem 
Tiir.oREM  4.1.  Let  us  assume  thal(u:,yu}  is  n  solution  of  (Pi)  and  p.. 
the  pressure  corresponding  to  the  velocity  po  Then  tht  .e  exist  a  unique  cle~ 
mtnf  1^0  £  '(nT)^''<''’l[0.71,yV)  and  a  function  no  €  W*(0)), 

unique  up  to  the  additir/n  of  a  function  of  l.‘(0,T}.  such  that  the  follovcing 
system  is  satisfied 

-  oAriiii  t  (yn  ■  r.-lj/r.  +  =  /  -  Cvo  in  fir. 

(4.(1) 

<i'v, t’/r.  =  f)  in  Or-  inil.yo  =  0  o»lj  ; 


~  e'Cc.rPo  —  ({To  •  ^r)'rn  4  (^ritu)^ pi  4 

x(r,  xyr)]  tnilT, 

{liv.v?(,  -  0  in  Qt.  ^o(J")  =  0  in  12,  =  0  on 


(4.10}  (C*^i}  4  A'  uy.  V  —  Uiiif  >  0  Vm  6  A’. 


The  detailed  proofs  <.>f  the  (wo  previous  rhmTrms  can  he  found  in  ’4i- 

S,  Tiim-tlc'pendent  flow;  boundary  control.  .4s  in  the  previou.s 
sectkiii,  we  assume  F  tr.  be  of  rln.n.s  i/  >  0.  /  6  73.i.‘(fl)*)  and 

So  €  i'o.  -Moreover  we  take  if  e  §  £  /.^((O.I^.  £^(tt)).  Oo  € 

£»(«).  i;.j.  =  I'e  >:  (O.  'i  j.  =  Fi  x  (O.T).  with  Fi,  and  F,  as  in  §3.  and 
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ti  €  Then  the  state  equations  are 

dv  *"  ** 

-  J/Ajy  +  Oj-  Vr)y~  v,p  =  /  +  ,(?r  in  fi-/, 


3t 

M  aT  ~  +  y' 

1 0.1]  at 

divr.w  =  0  iti  Qj,  yi^O)  =  in  ft,  y-0  on  Ey , 

r(0)  =  6o  in  fl,  r  =  0  on  Ej.,  d„T  =  u  on  Ey. 

The  physical  interpretation  of  r  and  v  is  as  in  !(3. 

This  system  has  .similar  properties  to  ('1.1).  So  the  existence  of  a 
weak  solution  (y.  r,p),  with  y  £  (7«,([0/jr).  £'*(11)®)  ft  7]  T,).  r  fc 
f7({0,rj,£^(Q))  ri  l®([0,r],  ££’(!)))  and  p€  £?'(flr),  satisfying  aji  energy 
inequality  can  be  proved  by  using  the  methods  of  [M],  [In]  or  [Ul];  see 
also  Foias  e(  a).  [9].  Again  the  uniqueness  is  an  open  question.  We  follow 
the  method  of  Jjl  to  control  the  turbulence  of  the  fluid  described  by  (5.1). 
Therefore  we  consider  the  cost  functional 

“  5  /  (/„  '  51’*)  I 

Then  the  optimal  control  problem  is  formulated  in  the  following  way 
f  Minimize  J(i/,y). 

1  (''t.'T)  €  A'  X  H--{Qr)^  satisfying  (5.1)  together  with  some  (r.p), 

with  (r,p)  e  n[0,Tl.£^'l>))r,i*([0,7'],H>(51))  x  £';i0, 7], /(‘(D))  and 
A'  C  £"(Ey)  nonempty,  convex  and  closed. 

W'e  say  that  (y.  r,  p)  is  a  strong  solution  of  (.5.1)  if  it  is  a  weak  solution 
and  moreover  y  C  £®{]0. 7],  £’(12)®).  The  following  result  is  an  immediate 
cxmsequcnce  of  Theorem  4.1. 

1  IKOREM  5.1.  Lei  tts  assaruf  (hat  (y.r.p)  is  a  strong  solution  of 
System  (.5.1),  then  ye  cWp ^  £®:[0, 7] , //-[I?)). 

Aforcovrr 

(5*-2)  ||2/llffa-'.,nyp  +  t|r|lf,.*;[r  tj.hhu))  +  Il’‘!k'“ilo,r],i.’fr!;) 

where  y  :  [(J,+:x:)  —  fO,+oc)  is  an  increasing  function  dtpinding  only  on. 
n,  K  and  u. 

Proposition  4.1  remains  true  and  an  existence  theorem  snalogous  to  4,2 
can  he  stated  for  Problem  (PI).  W'e  have  also  the  following  result  about 
diflerentiahility  of  mapping  «  —  y-. 
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Theorem  5.2.  If  System  (5.1)  has  a  strong  solvtion  for  some  element 
u  of  T^(E|.)  mi  some  €  V'o  and  So  C  then  there  exists  on  open 

neighbourhood  U  of  v  in  sueh  that  System  (5.1),.  with  v  instead  of 

u  as  Neumann  condition,  has  a  strong  solution  ij„.  Moreover  the  mapping 
6’;W  — tf2--(ftr)®nC([0.rj,yo),  defined.  bgG(u)=tJ^,  LsofelassC^. 
Finally,  iff=  DG(v)  <  f,  for  some  u  g  W  and  some  v  g  Z,*(Ej-),  then  :  is 
the  unique  strong  solution  of  the  problem 


dz 

—  -  pA,?  +  (fiu  •  V,)F-(-  (?■  Vr)yu  -  Vrp  =  ;K  ^T- 

(5  3)  di  ~  ^ 

div,?  =  0  in  2(0)  =  0  in  Q,  z  =  0  on  Sy- 

<(0)  =  0  m  n,  <  =  0  on  Sy,  5r.<  =  1’  on  Ej. 


for  some  p  g  i*{[0.r],//'(fll)).  v>hirh  is  unique  up  to  the  addition  of  a 
function  of  L®(0. 1). 

The  proof  of  iliis  tlieoreni  follows  from  fhr  implicit  function  theorem 
and  regularity  for  (firong  solutions;  sco  Cnsan  i4).  Finally,  by 

using  this  theorem,  it  is  immediate  to  derive  the  following  conditions  for 
optimality 

Theore.M  5.3.  Let  us  assume  that  (ttoiS/vl  m  n  solution  of  (P4)  and 
Tq  and  po  art  the  temperature  and  the  pressure,  resjieefirely,  corresponding 
to  the  telocity  yo.  Then  there  exist  two  unique  rhmrnt.s  -fio  g  //’  ’(n7’)^n 
f7((0.r.,Vo)  andtS  f  a(0,'ili,=((2))ni=((U,ri./f’(n))  and  a  function 
*0  €  L^t'O.  T).  unique  up  to  the  addition  of  a  function  of  f7(0,  T), 

such  that  the  following  system  is  satisfied 


~  -  vArff.  +  {p'.  ■  V,)yo  -  V,po  =  /  4-  3ro  in  Qj , 

-t  jro  V,ro  =  s  in  Sir. 
at 

div,ii;  =  0  IB  Slj,  yt)(0)  =  in  SI.  y r,  =  0  on  Sr, 
rbfO)  :=  Ot,  in  SJ.  r;  =  0  on  Ej-,  Or.wj  =  w;  <»«  £f; 


(5.4) 
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— -  I/A,,!?o  -  (jto  •  +  (VtiToi^iPO  +  ^r’f; 

=  m^rV’o  T  !Fr  X  yollt»(n)4^>-  x  (^x  X  yo)]  >n  fty, 

(o.5)  -  K-Arii-n  -  yb  ■  Vrtfo  =  .<?!,?o  «»  f^r. 

div,^:  =  0  in  $lr.  ^c(T)  =  0  m  Q,  /o  =  0  on  Ej* 

(,■'(, (T)  =  0  j'n  n.  v'>  =  0  on  Ey,  5nV'o  =  0  on 

(5.6)  /  /  (I/O  +  >  0  Vu  e  A’. 

7c  Jfi 

The  detailfd  proofs  of  the  t.heotems  of  this  section  will  be  given  in  a 
forthconiing  paper. 


REFERENCES 

[1*  r.  Ameboei,  <vn  E.  Casas,  Spn.e  aftiinil  contro!  pr'.Hfnn  of  mvifi.ttttc  it'uttivn) 
afyfsrnj  in  ftv’d  rrcKamchf,  MAAN.  27  (1993).  pp. 

[2]  r.  Ablkoel  ami  R.  TemaM.  Da  jcotc  tcvfrol  pre/.V-e*  in  rntektnita.  Thc- 

nret  Compiit.  Fluid  Dynamicf,  i  (1990).  pp.  3C>3'325. 

[3]  R.  Adams,  Sahnlrv  fpttn,  Acadvinic  Press,  New  Yorlc.  197.S. 

[4]  L.  Casas.  An  npi'r.pl  eon'.n!  pnlUni  fvptntd  ip  fAe  tpclui’er.  H'citf'-Stpics 

tit'altnr.M.  to  appear  in  Optimal  Control  of  Vi<rou»  Flows.  S.  Sritharun,  cd., 
r’hil.Arfe)phia,  1993,  Frontiers  in  Applied  MalheTnatirs,  SIAM. 

[5]  r.  Casa.s  A^D  L.  Fernandez,  . I  (irtan’s  Jormnlc  Jnr  ^vaaiUutn  ptitplic  tfemlcrs. 

J.  Math.  Anal.  Appl..  112  (1989).  pp.  62-72. 

[6]  H.  FaTTORIM  and  S.  StUTH.AHHAN,  Exijileree  cj  epliml  antruls  fr.r  incpi,e  flpu, 

prolUnts,  Proceedings  Royal  Soc.  London.  39  (1992).  pp.  83-102. 

[7]  -  -  ■  ,  ,W,€S5ar>  fit  sn,6l.'ier,f  pnnditions  Jpr  opUn^aJ  sor,1fc!e  in  ri'tesv.s  /Ij-x 

proUtmt,  Prov  .lOyal  Soc.  of  Ediulmrgli,  (  lo  appear) 

[8]  - ,  Optimal  'kat'rrin}  ccnirplt  fpn  liscras  ftei",  (lo  appear). 

[9]  C.  roiAS,  O.  Manley,  and  R.  TEMAM.  AliractPTt  for  tir  Bf'ncrd  proiiorj:  trtj- 

I'.are  and  pkpsicti  oouhdt  s-i  thrir  frorial  dijr.rntiont.  Nonlinear  .Anal.  I'M.A., 
11  (198T).  pp.  933  967. 

[10]  M.  GaVLTIER  and  M.  Lez.aln.  rpnntior.*  dt  li'atiiT-Slukit  conpitts  »  ,le» 

ejsalieni  dc  la  ohaitar;  resolution  per  air  mtihodc  dt  point  Jirt  cn  di-nen 
tion.  ir.^’iit,  Atm.  Sc.  .Math  Qtieber,  13  (1989),  pp.  i  17. 

[11]  M.  &l,'NZ.SLRaER,  L.  Hot;,  and  T.  SvoBODNY,  Aaclysi;  a-.d  finite  ilt.nent  eppror- 

imefiont  of  optimal  eanlrel  proUtmt  Jot  tht  stiliincrp  Saioer-SiokeF  ejto- 
tieni  aitk  Pirichlet  eond'tiovs,  ,V*AN.  25  (1991),  pp.  711-748. 

[12]  Boar.diip  it/ocily  control  of  in'omp'^stihlt  Jlov  nith  cn  oppHroiron  to 
rise'.'vs  drap  •nJoetion,  .AlAM  J.  Control  Oplim..  .30  (1992),  pp.  167-181. 

[13j  A.  loPFE  AND  V.  TjkHCiMotmv,  Erinmel  Prol.'crtt,  .North-JIoll.'.nd,  .Amsterdam. 
1979. 


ADA294785 


CONTWOL  PH08LEMS  OF  TURBULENT  FLOWS  147 


114]  O.  LADVitHESSKAV*,  Tkr.  hfitkenatieel  Thtory  oj  Vi$cot$  InamprtttiHt  fhw, 
Otsdon  and  Bwarli,  Naw  York,  laeond  edition  ed.,  IMO.  Enftliah  iroiuilation. 
|15]  J.  Lioks.  Melkfiti  it  Ritchiian  its  Prcilemes  utis  livtitts  nsi: 

linnsiru,  Dimod.  Paris,  1969. 

(16]  J.  I.IOKS  .SKD  E.  MaCENCS,  Proilimts  aux  Limifis  non  tiono/ints,  Dnnod,  Pari«, 

1068. 

(17]  J.  NiSaS.  Ltf  MMhoifS  nirtf.Us  «n  Tkisrit  its  Epastisns  ElUptifxcs,  Editcun 

Academia.  PraKur,  1967. 

(is]  P.  RabinowitZ.  Exitltutt  ani  r.ontnifatntsf  e/  err fcrjiMr  tnhtinns  cf  the 
Bi-ieti  pnihm.  Arch.  Rational  Mech.  Anal..  29  (1968),  pp.  -32  57. 

(10]  S.  HhiIHANAN,  Djnsmst  pros^mmins  of  tkt  Kavitr-Sioket  tfaaltont.  Syslemits 
Control  lattter*.  16  (1991).  pp.  299  307. 

(20]  ,  An  optir.tal  eor.fni  piollim  in  ixltrior  kji’‘oipnart>t,  Proc.  Royal  Soc, 
of  Edinburgh.  121A  (1992),  |)p.  5-32. 

[21]  R.  Tkmam.  iVan'tr-Slolis  E^aitions^  Nurth-HoUand.  Amsterdam.  1.979. 


ADA294785 


ON  CONTROLLABILITY  OF  CERTAIN  SYSTEMS 
SIMULATING  A  FLUID  FLOW 

ANDREI  V.  FURSIKOV  AND  OLEG  YU.  lMA.N'1'Vri.OVt 

Abstract.  Approximate  controllability  nfthe  Stokes  system  is  established  by  a  con¬ 
structive  method  when  control  is  a  right-hand-side  concentrated  in  subdomain  I  .c.  iu  the 
ease  of  local  distributed  control .  .Approximate  uncuntroUabilily  of  the  Burgers  equation 
is  shown  in  the  cates  of  boundary  and  local  distributed  controls.  A  local  theorem  of 
exact  controllability  for  the  Burgers  equation  with  boundary  control  is  proved.  With  its 
help  it  is  shown  that  the  controlled  trajectory  going  out  an  arbitrary  initial  point  can 
achieve  the  attractor  of  the  Burgers  equation  during  a  finite  time  and  after  that  belongs 
to  attractor.  The  sets  possessing  such  properly  wc  call  on  absorbing  set  of  reachability. 
For  the  boundary  and  local  distribulv<t  controls  the  description  of  absorbing  points  of 
reachability  for  the  Burgers  equation  is  given. 

Key  words.  appro.<(iin.vte  controllability,  exact  controllahility,  »b».‘.rbirig  stt  of 
reachability. 

AMS(MOS)  subject  classifications.  03B0.5 

Intrntlucfion.  This  paper  is  devoted  to  the  investigation  of  controlla¬ 
bility  of  cortaii.  distributed  systems  which  simulate  a  fluid  flow.  In  Section 
1  we  study  the  appro.xiina;e  controllability  of  the  nonstationary  Stokes  sys 
tem  defined  in  a  domain  SI.  It  is  considered  the  ca.ac  when  a  control  is  a 
density  of  external  forces  concentrated  in  an  arbitrary  fixed  subdomain  w 
of  the  domain  ft.  We  call  such  kind  of  control  as  local  distributed  one. 
The  npproxim.ite  controllability  of  the  Stokes  system  with  .such  control 
ha.s  been  proved  by  A.V.  Fursikov  and  0.  Yu.  Imamivilov  (see  [T,  [2]). 
Here  we  discuss  a  method  of  construction  of  the  controls  concentrated  in 
it/  which  generate  the  solutions  of  the  Stokes  system  approximating  a  given 
soicnoidal  vector  field.  This  method  is  based  on  application  of  an  extremal 
problem  depending  on  parameter.  The  solution  of  this  extremal  problem 
determines  the  control  sought  for.  For  analyzing  of  the  constructed  control 
the  boundary  value  problem  is  applied  which  is  the  optimality  .system  of 
the  extremal  problem.  Note  that  this  method  was  applied  earlier  by  .A.\'. 
Fursikov  in  {.'1 ,  [4]  for  the  investigation  of  analogous  problem.*  in  the  ca.se 
of  the  Cauchy  problem  for  an  elliptic  operator  of  the  second  order. 

The  rest  of  this  paper  is  devoted  to  the  investigation  of  nonlinear  mod¬ 
els.  First  of  all  the  problem  of  approximate  controllability  in  nonlinear  case 
arises.  In  the  papers  of  C.  Fabre.  J.-P.  Fuel.  E.  Zuazua  [o],  [6]  approxi¬ 
mate  controllability  has  been  proved  in  the  case  of  semilinear  heal  equation 
with  a  local  distributed  control  as  well  as  with  a  local  Dirichlet  boundary 
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control.  In  that  papera  the  assumption  that  the  nonlinear  term  satisfies 
the  global  Lipschilr  condition  is  essential.  The  situation  changes  cardinally 
when  this  condition  Is  broken.  Below,  in  Sect.ion  2  (see  also  A.V.  Pursikov, 
O.  Yu.  Imanuvilov  .[2])  an  estimate  of  solution  of  the  Burgers  equation  has 
been  obtained  which  shows  that  this  equation  i.s  not  approximately  con- 
trtdlable  with  respect  to  boundary  control  as  well  as  with  respect  to  local 
distributed  control.  Similar  negative  results  have  been  obtained  in  the  case 
of  semilinenr  equations  with  a  power  nonlinearity  (see  A.  Bamberger  in  [7], 
J.I,  Dias  pj).  Note  that  the  conjecture  on  approximate  controllability  of 
the  Navier  Stokes  system  formulated  by  J.L.  Lions  (see  [9].  '10|)  remains 
open  until  now. 

In  this  situation  it  is  natural  to  look  for  new  formulations  of  control¬ 
lability  problem  for  nonlinear  models.  It  would  be  possible  to  formulate  a 
problem  of  investigation  of  reachable  sets  i.e.  such  sets  in  the  phase  space 
which  can  be  achieved  by  the  controlled  trajectory  going  out  an  arbitrary 
initial  point  when  controls  from  a  given  set  are  applied.  But  we  think  that 
it  is  interesting  to  study  more  narrow  class  of  sets.  The  point  is  that,  usu¬ 
ally,  in  applications  one  has  to  achieve  some  set  of  controlled  trajectory  and 
not  only  to  achieve  but  to  hold  it  on  this  set  or  in  its  small  neighbourhood. 
A  siihset  of  the  phase  space  will  be  called  an  ab.sorbing  set  of  reachability 
if  it  can  be  achieved  by  the  controlled  trajectory  going  out  an  arbitrary 
initial  point  and  this  trajectory  can  be  held  on  this  set  during  tlie  rf«t  of 
time  by  means  of  controls  from  a  given  class. 

Below,  in  Section  3  we  study  absorbing  points  of  reachability  in  the 
case  of  the  simple  mode!  of  the  Bargers  e<|uat.ion  with  ?ero  right  hand-side 
and  the  boundary  control.  The  complete  description  of  all  absorbing  points 
of  reachability  is  given.  The  analogous  result  has  hern  obtained  also  in  the 
cas<'  of  local  distributed  control. 

The  situation  when  a  dynamical  system  has  the  attractor  with  h  com¬ 
plicate  structure  is  much  more  difficult.  Sections  <1.5  are  devoted  to  the 
proof  of  a  fundamental  theorem  which  ran  be  applied  in  this  situation.  (It 
is  applied  in  Section  3  also).  This  theorem  is  as  follows:  Let  y(t.  r)  be  a  so¬ 
lution  of  the  Burgers  equation  with  a  fixed  right-hand-side  jfr).  Then  for 
an  arbitrary  initial  function  yo(*)  from  a  suffii’iently  small  neighbourhood 
of  y(0.  •)  there  exists  such  boundary  control  i'(<)  that  the  solution 
of  the  mixed  boundary  problem  for  the  Burgers  equation  satisfies  relation 
y(T,x)  —  This  method  consists  in  deduction  the  nonlinear  problem 

to  the  exact  controllability  problem  for  a  linear  parabolic  equation  with 
variable  coefficients  by  means  of  the  Schouder  fixed  point  theorem.  The 
exact  controllability  of  a  linear  equation  is  proved  with  help  of  some  (.'ar 
If.:'nnn  estimate.  Similar  estimate  was  applied  earlier  by  O.Yu.Imanuvilov 
in  ;1I‘,[I2’,  and  [13]  for  the  case  of  semilinear  parabolic  equations  with  a 
siiblincar  nonlinearity.  Note  that  l>w<itle‘  th**  proof  of  e.xistence  of  a  solution 
we  have  to  choose  the  solution  depending  compactly  on  coefficients  of  the 
linear  equation.  Such  choice  of  a  solution  is  realized  with  help  of  a  certain 
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extrenial  problem.  The  linear  problem  of  e.xart  controllability  is  studied  in 
Section  4.  In  Section  5  the  local  theorem  of  exact  controllability  is  proved. 
And,  besides,  we  give  some  corollaries  of  this  theorem.  In  particular,  it  is 
shown  that  the  attractor  of  the  dynamical  system  defined  by  the  Burgers 
equation  with  zero  boundary  conditions  is  an  absorbing  set  of  reachability 
by  means  of  boundary  controls.  After  that  we  show  that  singular  points  of 
the  same  dynamical  sy.stern  (and,  in  particular,  hyperbolic  singular  points) 
can  be  made  stable  if  one  would  apply  a  boundary  control.  The  last  fact 
docs  ntore  clear  some  points  of  problem  formulated  by  3.L.  Lions:  “Are 
there  connections  between  turbulence  and  controllability?"’ 

1.  A  constructive  proof  of  approximate  controllability  of  the 
Stokes  system. 

1.1.  Preliminaries.  We  consider  the  Stokes  system  which  describes 
a  viscous  iincompressible  fluid  flow  in  a  bounded  domain  ft  C 

(1.1)  d,y{t,£)  -  -Vq(f,z)  =  u{i,r).  divy(t.x)  =  0 

where  x  -  {x-, . Xi)  €  ft.  t  €  [0,T],y.-  (yi....,.Vd)  is  a  velocity  vector 

field,  Vq{f,x)  is  a  pressure  gradient,  dty  dy/Ot.  v{l.x)  =  (ui,...,«,i) 
is  a  density  of  exteriiai  forces  which  will  be  a  control  in  this  section.  It  is 
assumed  that  u(t,x)  is  concentrated  in  a  given  subdomain  of  the  donvain: 

(1.2)  Vte[0,r]  8upptj(<.  )  C~,«  C  ft 
We.  suppose  that  tlie  boundary  condition 

(1.3)  y|ar,  =  0 
and  the  initial  cnuilition 

(1.4)  y(t.x)|,=o  =  0 
hold. 

Let  U.  Q,  H  be  Banach  spaces  and  for  every  ti  £  V  the  unique  solu¬ 
tion  (y,g)  €  y  y  Q  of  problem  (!.l),  (1.3),  (1.4)  exists.  Wc  denote  by  q-p 
the  operator  of  restriction  of  a  function  yU.x)  at  /  =  T;  *,tj/  =  y(T,  ■)  and 
suppose  that  the  operator  77  is  continuous.  We  remind 


Definitio.v  1.1.  Prohkm  (1.1 1.  (l-l),  (H)  is  calhd  II -approriinafe 
controllable  with  respfcl  to  a  control  space  U  if  for  arbitrary  y  £  H  and  any 
£  >  0  there  exii-ls  such  control  u  £  U  that  for  the  solution  (y,q)  of  problem 
(1.1),  (1.3),  (l.i)  Ihe  inequalily 

\bTy-y\\r<e 

holds. 
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Let  us  introduce  concrete  spaces  to  study  the  appro.xitriate  controlla¬ 
bility  of  the  Stokes  sy-stem.  For  a  domain  C  C  fl  we  set 

K<6’>  =  €  (6^(0))“* :  supp  u  C  G.  divf  =  0| 


(1.0) 

H^iG) 

=  the  closure  of  V'(f')  in  (LjCH))'* 

(1.6) 

H'[G) 

=  the  closure  of  V'(G)  in  (^  ^(n))'* 

(1.7) 

HHC) 

=  {17^(9))*  nff‘(C7) 

where  H'j  (f?)  is  the 

Sobolev  space  of  furiCtion.^  (irliiir'ii  oji 

Unite  iiorni 

(1.8) 

1 

U  'I 

’l<‘n 


Heron  r-  (nj,  —  oj)  is  a  mulliindex.  'oj  -  oi“. .  D*u  =  ol“*v/ox*' . . . 

OiT- 

We  shall  consider  the  sp.ace 

r  --  lt(n.  7;  //%)) 
as  a  space  of  controls.  Then 

y  --  {y((.)€ij(0.r;//-(fl)):tts.v€l2(0/i^/f'U»))). 

(1.2) 

Q  =  ig(t,x)epr,d,7^xU)  :Vge(i2(W.  J')x  n})^} 

where  Z?{[0.  TJ  x  fl)  is  t  .e  space  of  distribiitinn.s  on  f0,7^  x  fi  It  is  known 
(J.L.  Lions.  E.  Magei  ?s  [14])  that  otI’  =  ^'(0)  C  and.  hcnrr.  for 

V,Y,Q  indicated  s'  ove  it  is  possible  to  take  i/'(n).  i  =  0. 1  as  a  space  H. 
We  shall  considir  the  case 


H  = 

In  papers  by  A.V.  Fiirsikov  and  O.Yu.  Imanuvilov  [1].  [2]  the 
approximate  controllability  of  the  Stokes  system  with  respect  to  the  control 
sparo  has  been  proved.  Below,  we  will  give  an  independent 

constructive  proof  of  the  same  theorem  applying  the  theory  of  e.xtreiual 
problems. 

1.2,  An  extremal  problem  and  its  system  of  u|itiinality.  Let 
C  CM*  be  a  domain.  We  denote  by  x<;  the  orthciprryector  of  the  space 
{LjfC?))^  onto  H^{G)  and  set  xn  =  x  when  t7  =  fl.  Applying  the  operator 
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t  to  the  both  sides  of  (1.1)  and  taking  into  account  that  u  €  L2[Q,T\H^{uj)) 
and  II  €  Y,  where  Y  is  space  (1.9);  we  obtain  the  equation 

(1.10)  dty(t,r)-7tAy{Li)  =  u[t,x). 

Let  U8  consider  the  extremal  problem 

T 

(1.11)  J,{y,  u)  =  2  /  “* 

0 

which  i.s  defined  on  the  space  of  couples  (y,  ti)  €  V  x  L2(0,  T ;  H'iw))  sat¬ 
isfying  equation  (l.IO),  (1.4). 

Propositio.n  1.1.  For  an  arbitrary  €  >  0  tAcre  critix  ihr  unique 
iolutwn  (y,,«f)€  V'  x  £j(0,t: //"(u;))  of  problem  (t.ii).  (J.lO),  (1.4)- 

This  proposition  can  be  proved  by  means  of  well  known  methods,  (see, 
for  example,  .A.V.  Fursikov  [4],  [15]). 

To  prove  the  ff '(Q)-approxima*e  controUnbility  of  the  Stokc.s  system 
with  respect  to  F^{0,T;  it  is  sufficient  to  show  that 

(1.12)  Ih'rVr  “•  “9  a.s  «  —  0 

We  will  prove  (1.12)  bv  means  of  the  optimality  system  of  problems 
(1.11),  (1.10),  (1.4). 

Proposition  1.2.  A  couple  (y.u)  =  (y,, «,)  e  Y  x  fP{w))  is 

a  solutwn  of  problem  (I- 11),  (1-10),  (1-4)  »/  and  only  if  it  satisfiei  fl.lO), 
(1.4)  and  there  crisis  such  p€  Y  that 


(1.13) 

-d,p{f.x)-irAp  = 

0,  p|.',n  =  0 

(1.14) 

p{T,)  = 

y-y{T,) 

(1.15) 

£u(t,.)  = 

7r„p(t,) 

u-here  the  operator  is  a  superposition  of  Ihree  nperoinrs:  the  restriction 
operator  |,»  onto  io,  the  operator  and  the  operator  L^,  of  extending  of 
functions  Ay  zero  outside  ui: 

(1.16)  Kp=  I-u^u(pU) 

Proof.  We  apply  the  Lagrange  principle  for  smooth  problems  (see  V.M. 
Alekseev.  V'.M.  Tikhomirov,  S.V.  Fomin  [16],  A.V.  Fursikov  [4]);  Let  Z,W 
be  Banach  spaces  and  i  be  a  solution  of  the  extremal  problem 


(1.17) 


g{z)  — ►  inf,  Gc  =  0 
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where  g .  Z  — •  J?  is  a  continuously  differentiable  strictly  convex  functional. 
G  :  Z  — »  W  is  a  linear  continuous  operator  such  that  TmC  =  M'.  Then 
there  exists  such  linear  continuous  functional  «.*  on  W'  that  the  Lagrange 
fiinction  =  g(z)  +  {Cs;  ui‘)iv  satisfies  the  ecjuality 

(1.18)  {VAi,w%h)z  =  {g'{i),h)z-t(Ch,w‘)w=0  ^h£Z 

where  {■,  )v  is  duality  between  a  Banach  spare  V'  and  its  conjugated  F*. 
Besides,  it  z  €  Z  satisfies  (1  18),  {1.17j)  then  z  is  the  solution  of  problem 
(1.1?). 

We  take  c  =  (t/, «),  Gz  ~  dty-  xAj/  -  «,  g{:)  =  J,(y-  u)  (see  (Ml)). 
IF  =  f.2(0.T;  //'’(fl)),  Z  =  Vn  X  /.^(O.  T;  where  Vo  =  (yK,  )  €  F  ; 

y(0,  •)  =  0).  Then  the  condition  ImG  =  IF  follows  from  the  theorem  of 
the  unique  solvability  of  the  boundary  value  problem  for  the  Stoki.*s  system 
(see  O.A.  Ladyihenskaya  |17],  ft.  Temam  [18]).  The  Lagrange  fund  ion  is 
as  follows: 


i(».tt  p)  =  -?f(it.w)  +  i^ty-  fAp  - 
and  (1.18)  can  be  written  as  two  equations; 

(1.19)  ('try  -  it-  +  {O-.li  -  j;  =  0  yh  6  Fs 

T 

(1.20)  e  n(<))«f;x  )df  “  (•'.PlijiC  T.ff’fn)'  =  0 

0 

Ve  C  LjfO.T:  //'’(-)). 

Equalities  (1.13).  (1.11) and  the  inclusion  pP  Y  are  derived  from  (1.19)  as 
in  A.V.  Fursikov  (I).  Equation  (1.20)  together  with  the  equality 

(f. ?)£..(!), =  {<’■  r)t jic.riRVit  Ft-  6  L2(U. T :  //°(w)) 

imply  (1.1. fi).  C 

Substituting  (1.15)  into  (1.10)  and  taking  into  account  (l.lj  we  obtain 
the  equalities 

(1.21)  ft|/(f.r)“  xAy-- ^(r;.,p){t,a;).  y!..:n -■  0 

Let  u»  solve  problem  (1.13),  (1.14),  (1.21).  A.s  iij  M  I.  Vishik,  A.V. 
Fursikov  [19]  we  deduce  from  (1.13),  (1.14)  that 

(1.2iJ  jAT.)), 

and  from  (1*21)  that 

t 


(1.23) 
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Substilutius  (1  2‘'i)  into  (1.23)  and  taking  t  -  T  wc  obtain  equality 
T 

(1.2i)  y(T.  •)  =  j  -  y{T)))dT 

Denote 

T 

(1.25)  «r= 

b 

Then  it  is  possiUe  (o  rewrite  (1.24)  in  the  form 
(1.20)  [[  •)  =  £-' Ry 

To  solve  n.26)  we  must  study  R. 

1.3.  Properties  of  the  operator  R. 


Lemma  l.I.  Operator 

(1.27)  R:H\Q)  —  /f®(D) 

defined  6y  (t.S3)  is  a  compact  alf-adjoini  and  nonntgaine  one. 


Proof.  The  self-adjoint  nr.v!  and  negative  definiteness  of  rd  imply  the 
self-adjoinlness  in  //’’(Q)  of  the  opor.itor  e'  'T-t).  Therefore,  taking  (1.16) 
into  account  we  olitain  the  equalities 


0 

0 

0 

Inequafity 

i 

(1.29)  (;fc,.-)„o;n,  = 
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can  be  proved  as  in  (1.28).  H  was  shown  in  M.I.  Vishik,  A.V.  Fursikov  [19, 
p.  27J  that  the  mapping  r  —  ('Arr-rj ^  fontinuonsly  from  fI^{Q)  inw 

therefore  the  operator  i  —  is  eontiniious 

from  ff®(ft)into  T; //**((}))  and,  hence,  again  by  mean*  of  M.I.  Vishik. 
A.V.  Fursikov  (19,  p.  27)  operator  (1.25)  acts  continuously  from  /(^(fl)  into 
Since  the  embedding  H^{0)  d  f/°(fl)  is  compact  then  operator 
(1.27)  is  compact  also.  C 

The  following  property  of  operator  R  will  be  essential  in  a  future. 
Lemma  1.2.  Tht  tguabtg  Ker/f  =  0  AoW.t. 

Preof.  ^  Suppose  that  for  a  certain  zq  €  ihe  eqtiality  Rtn  —  fl 

holds.  By  (1.29)  we  have: 

r 

(1.30)  (ifru.ci. )«.(„)  =  / ll-JiK-  ^ 

0 

where 

(1.31)  = 

Let  <7  be  a  bounded  domain  with  a  boundary  dG  of  r.lrtfs  C^.  We  note 
that  for  .an  arbitrary  vector  field  U’  f  (12(6'))'*  the  Weyl  decomposition 

(1.32)  u>  =  T<vu,' +  Vy-! 

holds  where  itifw  6  €  lt'2'(C).  Applying  to  the  both  parts  of 

(1.32)  the  operator  div  we  obtain  that  v?  is  a  solution  of  the  .Neuinaiui 
problem 

(1.33)  Ayt  =  div  w,  d’fi/dnloo  ~  {u  ■.  n)|sc? 

where  n  is  the  vector  held  of  e.xternal  normals  to  HG.  Let  Q  be  the  operator 
which  transforms  a  right-haiid-.sid.’  divu>  and  a  bound.ary  value  (u,  u);6g 
to  the  solution  of  problem  (1..3.3)  which  satisfies  the  condition  /  •fdr  =  0; 

c 

(1.34)  Q(divu',(u'.  nJlac)  =  <P 
Relations  (1.32),  (1.34)  involve  the  formula  defining  n’t,: 

(1.35)  r<;a’=  «  -  Q(divu’, (h’, n}|,9f,) 

The  function  p(t,«')  is  a  solution  of  the  followi.ig  Stokes  problem  with  the 
inverse  time: 

(1.36)  -  dip(i,x)  -  ifAp{t,x)  =  0,  pUn  =  0.  p|f=r  =  ?:• 

•  Ac»u.<«Uy,  fcmm.*  hn*  bwn  pTOYKii  in  A.V.  Fiirsikev  and  O.  Vti.  Imwivilov  pv 
per#  [Ij,  [2j  We  give  the  proof  here  only  for  the  eompletencftof  an  accminl. 
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In  virtue  of  the  theorem  of  the  smoothness  of  solutions  of  this  problem 
(see  O.A.  Ladyzhenskaya  [17])  we  have  that  p{t.z)  C  f'^({0,7’)  x  11)0 
L5(0,T: //*’(il)).  By  (1.30)  the  equality 

P«:r)L.  =  V5.  geinV-) 

holds  fur  an  arbitrary  t  C  {Q.T).  Ii  follows  from  this  r'taliun  and  (!  ."li) 
that 

(1 .37)  p(t,  )|.,  =  Vy{div  p,  (;>,  r/)|^^)  =  7(J(0.  {p.  n)|a.  ) 

because  div^  =  0.  Sub'tituting  (1.35)  with  G  —  il  and  w  —  A/>  into  (1  3i’) 
we  obtain  that  jaN  ir)  satisfir.s  the  equation 

(l.3fi)  -  c3,p(/,x)  -  A;/+  VQ{0,(Ap,  n)|an)  =  0 

We  denote  w  =  Ap.  Applying  the  operator  A  to  the  both  parts  of  (1.38) 
we  obtain  that 

(1.39)  -5,ti(t,/)  .- Ai/  (<,r)  =  0. 

Applying  the  operator  A  to  the  both  parts  of  (1.37)  we  obtain  the  eqtiality 

(1.40)  «(/,r)=9  t£(0.T),  x€w 

The  function  U'ft,  x)  is  a  solution  of  inverse  heat  equation  (1 .39)  and  hence 
it  is  analytic  witli  respect  to  r.  Therefore  by  (1.10)  we  have  the  et|iialify 
u>(t.r)  =  0.  t  e  {0,3’),  j;  €  fl  which  implies  together  with  (1.3Gi),  Ihr 
relation.s 


Ap(f,z)=0.  p|e.ii--0 

and,  l.ence,  the  relalio/i  p{l.  jr)  "  0,  t  G  (0.7’).  /  G  $1  holds.  Thus,  isiiiG 
(1  .36,0  wc  obtain  that  rc  =  0,  0 

l.-sl.  Proof  of  tlip  main  ro.siilt.s.  lemmas  1.1,  1.7  ajid  the  Gilbert- 
Schmidt  theorem  involve  that  the  operator  R  h;\s  a  deiiinnerablr  system 
of  eigenfunctions  {e^}  with  eigenvalues  Aj  >  — •  0  as  )  — •  oc. 

Moreover,  {«■;}  forms  an  orthonormal  basis  in  W'  (fl)  and  for  an  arbitrary 
i  6  we  have: 

yz  'K 

(1.41)  if  c  =  then  Ri  -  A^r^Cj 

>=) 

It  follows  from  (1.70),  (1.41)  that  if  y  =  YlT-i 


y-v{T.) 


(1.42) 
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Theorem  1.1.  For  an  arbUrary  r  >  0  problem  (l.tS).  (J.J4)i  (i  Sl) 
has  iht  unique  solulion  (Pt(0i.Vt(<))  ond 

fl.43)  pAi)  = 

where  R  is  operator  (1.25)  and  y,(l)  is  dtUrmintd  by  (1.23).  Btudts. 
relation  (1.12)  holds. 


Froof.  Equality  (2.43)  follows  from  (1.22),  (1.42).  Relations  (1.43). 
(T.2.3)  involve  the  existence  and  uniqueness  of  a  solulioji  of  problem  (1.13). 
(1.14),  (1.21),  Let  us  prove  (1.12).  It  is  evident  that 


(1.4-1) 


.V  “  .V(7  )|lH'>(rii 


+  t  fop 


For  any  f  >  0  there  exists  such  A'  that  the  second  term  in  the  riftht-liand- 
side  of  inequ-ility  iT.M)  is  less  than  b.  For  this  .V  and  for  sulliciently  small 
f  the  first  term  will  be  less  than  b  al.so,  0 


Theork.m  1.2.  Problem  (1.1).  (1.3).  (1.4)  ts  II'iQ)-apprciima1t 
controllable  with  respect  to  the  control  space  ijfO.  2  ;  W‘''(t*>)).  Besides,  if 
(jtrlf,  ■)•“»(!•  ■))  *5  Ihc  solution  of  proble  m  (1.1),  (1.3),  (1.4)  with  control 

(1.45)  «,(<)  =  K  +  «)"'y) 

then  p,  satisfes  (f.13). 

Theorem  1.2  follows  from  thenrrm  l.t  immediately. 

REM.SHK  I.l.  In  A.V.  Fursikov,  O.  Yu.  Imauimlov  (ij  npprorimotr. 
canimllabclity  of  the  Smokes  sy.tt'm  has  been  proi'ed  uneoasfriicterefy  with 
respect  to  th<  fiiHou'tng  clii.tsi  s  of  rontroh  fiestdes  the  case  un.s  considered 
above}.  1.  Diristtifs  of  cTternal  forre.s  having  the  form  h{t  —  to)v(r)  where 
6{t~tn)  ts  the  Dirac  meastirt  and  .suppv  C  u.'  C  0.  2.  Dc.n.sities  of  external 
fortes  concentrated  on  hyptrsurfaet  S  C  fl-  3.  Initial  value  concentrated 
in  a  subdomain  *•  c  fl.  4-  Dirichlet  boundary  values  concentrated  in 
subdomains  of  the  boundary  OH.  The  methods  of  this  section  can  be  applied 
to  all  cases  mentioned  above. 


2.  On  npproximato  nncontrollfthility  of  the  Diirgora  equation, 
fn  this  section  we  show  that  the  Burgers  equation  m  not  approxim-vtely 
controll.alilc  on  an  nrbitr.ary  finite  time  interval. 
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2.1.  The  main  estimate.  T.ct  us  consider  the  Burgers  equation 

(2.1)  dty{l,x)-dl^tj(t,x)-\-ydiy  =  u(t,r),x€  (0,a),f  £  (n,T), 

where  a  >  0,  T  >  0  are  arbitrary  fixed  numbers.  We  suppose  that  a 
.solution  y(t,z)  satisfies  zero  boundary  and  initial  conditions 

(2.2)  y(t.O)  =  y(#,a)  =  0.  y(0.r)  =  0. 

Assume  that.  ti(f,x)  C  £,2((0,T]  x  [Oifl])  and  for  any  t  €  (O.T)  the 
inclusion 

(2.3)  Mipp  »/(<,/)  C  (^.  <t):  0  <  h  <  c  <  a. 
holds. 

It  is  well  known  that  for  an  arbitrary  u  €  L-j([0,7]  x  (0,«1)  there  exists 
the  unique  solution  y{t,x)  €  Z.2(0.2';  H''^(0.  a))  of  problem  (2.1).  (2.2).  It  is 
pos.sihle  to  sec,  expressing  ciy/di  from  (2.1)  that  dyil.x)/dt  6  i5((0.  T)  x 
(0,«)).  We  dedtire  one  estimate  for  a  solution  j/(l,  i)  of  problem  (2.1),  (2.2) 
which  simply  involves  the  uneontrollability  of  this  problem. 

Lemma  2.1.  Ltt  u  e  L2(fO,T]  x  (O.a))  saifsfy  condition  (S.3),  and 
y(t,x)  be  a  soMion  of  problem  (3-1),  (S-2).  Drnntr.  y^{t,x)  =  max{j/((,  i),  0). 
Then  for  arbitrary  N  >  5  the  e.^Umntr 

i 

(2A)  I J (b  -  xy’^-./^t.xJdx  <  o(X)b^~^ 

0 

holds  where  b  is  the  constant  from  (i^.S)  and  n{S)  >  0  is  a  constant, 
depending  on  S  only. 

Proof.  We  multiply  botli  sidesof  (2.1)  by  (h-x)^'j4.(^.a;)  and  integrate 
them  with  respect  to  x  from  0  upto  6.  Integrating  by  parts  in  the  second 
term  of  the  left-hand-side  of  the  obtained  identity  wc  shall  have 

«  > 

J(b-  xy'*{r).y]yldi  4  J{b-  j)'''3y+(c<rS/+)(c>rt/)dz;  - 

0  r> 

(2.5) 

i  » 

-  J  S'ib- x)^~^^d,ydi  4  J{b- i)’^'y\dtyclT  =  i). 

0  0 

It  follows  from  the  theorem  on  smoothness  of  solution  of  Burgers  equation 
that  y{t,x)  €  C”((0,f)  x  (0,a)).  Denote  y_  =  min(,v.O).  Then 

yil3,y  =  34(c^iy+  -f-  Oty.)  =  .v+t><v+  =  ^dty\  ■ 
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The  following  identities  are  proved  similarly: 

*'+  dx  dx  ^*\dx  )  dz  ifc+1  dx 

Using  this  nqn.ilities  and  integrating  by  parts  in  the  ]a.st  two  terms  of 
equation  (2  5)  we  obtain 


*  t 

j{h  -  z)^^dtyXdx  j(b  -  r)'''3i4(^/!/+)*<f-t  - 


(26) 


9  9 

-  f  f  +  /  j(l>-rf-^yXdx  r.  0. 


Dy  the  Holder  inequality 


j^{h-x)^~'^SfXdT  <  ij[b-x)'^~^dxj  lJ{b-zf  'yXdx 


4/s 


(2.7) 


4/5 


Using  the  Young  inequality  we  shall  have 

4 

(2.8)  Jib-zf-^yXdx- 


A(.V  —  1) 
4(A'  —  j)*/' 


4/3 


(6-x)-'’-’4</j  I  > 


..V-s 


where  q(A)  is  a  positive  constant,  depending  on  ,V  >  5  only.  Substituting 
(2.7),  (2.8)  into  (2.6)  we  obtain  (2.4).  0 


2.2.  The  results  on  approxintate  unt  oiitrollability. 


Theorem  2.1.  Lt/T  >  0  be  an  arbitrary  finite  number.  Then  problem 
(3.1),  (3.2)  u  not  L-slO, a)-approzimattly  vvnlruUahlr.  with  respect  to  set  of 
controls  u  €  ijCfO,  T)  x  (0,o))  satisfying  (2.S). 
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Fivof.  Let  y{x)  C  ^2(0,  o),  y(a')  >  0,  j/  be  a  solution  of  problem  (2.1), 
(2.2)  and  T  >  0.  Then 


>  ll»|Uj(0  4/2)  -  llyf(7’.-)!!ij(0,4/2) 

By  the  Cauchy-Bunyakovskii  inequality  we  have: 

ll«+('i’.-)lli.(0.4/2',< 

X»/2/‘/? 


(2  10)  Q(b-x)-^dx^  Q[b-xf\yUT.x)\*dj^  < 

<  y{b-xf\y^[7\x)]Ux^ 


In  virtue  of  (2.-1)  for  any  T  >  0  inequality 
4 

(2. 11)  J{b-  xf\y^{T, i)rdA  <  3’tr(.V)t/'--» 

0 

holds.  Let-  r  >  0  be  fixed  and  j’(i  )  €  WO, a)  satisfies  condition 

(212)  |iy  ii.(o.4/2)>  ( - yz  ~'Ta{N)b'^--^j  +1 

Then  it  follow.s  from  (2.9)-f2. 12)  that  for  any  control  u  6:  L-FJS*  T)  x  (0,  o)) 
satisfying  (2.3)  the  solution  y  of  problem  (2.1),  (2.2)  satisfies  inequality 


l|y-.v(T.-)lli.vO,.)>i- 

This  inequality  ascertains  the  approximate  uncontrollabilitv  of  proldem 
(2.1),  (2.2).  C  ■ 

Now  we  consider  the  Burgers  equation  with  boundary  control  u: 

(2.13)  dty{t,x)  -  cly.tf  +  ydrU  =  0,  x  €  (0.  a),  I  e  (0, 7) 

(2.14)  .V«,0)  =  0.y(t,a)  =  «(0,l/'f=o=  0.ugL2{0.J). 

Theorem  2.2.  Problem  (2.13),  (2.14)  i»  not  L2(0,a)-apprniimattly 
controtlabU  wfth  respect  to  the  control  space  Lj(0.  7)  for  arbitrary  T  >  0. 
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Proof.  Esiiinfttc  (2.4)  hoHs  for  a  solution  y  of  problem  (2.13),  (2.14) 
and  ite  proof  docs  not  differ  from  the  proof  of  Lemma  2,1.  VVc  obtain  the 
assertion  of  theorem  by  means  of  this  estimate  after  repeating  the  proof  of 
Theorem  2.1. 0 

Remark  2.1.  Actually,  (stimate  (2.4)  *»  based  on  the  folloioing  prop- 
crty  of  solutions  of  the  Hopf  equation  (i.t.  the  Burgers  equation  mthoui  the 
term  d|j.,v).'  a  positive  wave  moves  to  the  right  and  a  negative  one  moves 
to  the  left.  Therefore  it  seems  real  to  generalize  estimate  (2.4)  on  the  east 
of  the  equation 

(a.l?*)  d,y  +  -  Cw  =  0 

with  some  f{y).  It  is  interesting  to  consider  the  ca^c  v’ken  (C.I3)  is  a 
system  of  equations  as  v  eil  as  other  one-dimensional  paraholtc  quasilinear 
systems  of  equation.  It  is  possible  to  Itqiu  to  study  many- dimensional  last 
from  the  mfiny-dtmtnstonnl  Burgers  equation 

3 

(2.16)  o»i>  +  VjOfjV  =  iii',  rot  f  =  0.  t>|,3;  = 

whe.re.  t(t,x')  —  (I'l*  i'2i  t'a)  M  uTiknov'ii  veeioT-fitld  is  u  giViU  .siutuV 

function. 

3.  Absorbing  points  of  reachability  for  the  Burgers  equation. 
In  previous  section  the  appro.ximate  un controllability  of  the  Burgers  equa- 
lioii  has  been  proved.  The  analogous  situation  takes  place  for  a  number 
semilinear  equations  (see  [7],  [8]).  Therefore  it  .seems  to  be  expedient  to 
consider  some  new  f(irinii)Bti..msof  the  controllability  problem  fur  nonlinear 
partial  differential  equations  with  iionlineariiie*  of  a  power  growth. 

3.1,  Absorbing  point. s  of  reachability  in  the  case  of  the  bound¬ 
ary  control.  We  consider  the  Burgers  equation 

(3.1)  +  r€(0,a].t>0 

with  »  boundary  control 

(3.2)  p(t.O)  =  u:»t).  lilt.  0)  -  «i(t) 
and  with  an  initial  condition 

(3.3)  jdl,i')if=o  =  .Vo(r) 
where  yoix)  €  I-sl.0,a)  Is  a  given  function. 

Definition  3.1.  .4  function  y(e)  £  £.2(0, ci)  is  calltd  an  absorbing 
point  of  reachability  for  the  Burgers  eqnaiion  with  a  boundary  contnl  ij  for 
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an  arbiirary  inttial fiinrlion  1/3(1)  €  i2(0,a)  thtre  ctUiT  =  T(j/r)  >  0  and 
such  controls  Uj(0  6  £'3®'(/?+)  j  =  0, 1,  that  iht  solution  y(1,x)  of  problem 
f3.1j-(3.3)  with  tlit  indicated  data  satisfies  condition 

lly('.  )-y|U,ro,..sO  Vt  >T{ya). 

K>  will  need  also  the.  other  notion  which  looks  Tnarc  wcsk  from  the  forms! 
point  of  view. 

DEflNiTloN  3.2.  .4  function  y[x)  €  tj(0,a)  is  calltd  approximately 
absorbing  point  of  reachability  for  the  Burgers  equation  with  a  boundary 
control  if  for  arbitrary  initial  function  y,i{x)  €  iiCO,  a)  there  exist  such 
controls  Uj{t)  £  j  =  0,1..  that  the  solution  of  problem  (S  I)- 

(3.3)  sati.sfirs  conditions 

(3.4)  •)  -  !/|i£„(0,a)  — -  0  us  t  - >00. 

(1 

(3.5)  'ityf£C^(0,a)jd,y(i.x].f{i)dx — fC  os  t — *  «:•. 

c 

Firstly,  we  describe  (he  «■(  of  all  approximately  absorbing  points  of 
reachability  of  the  Burgers  equation  with  a  boundary  control. 

Suppose,  that  jifr)  €  isfO.u)  is  an  approximately  absorbing  point 
of  reachability,  Ji{t,i)  is  the  solutkm  of  the  Burgers  equation  satisfying 
conditions  (3.4)  and  (3.5)  and 

(3.G)  w(t,i)  =  j/((,i)-l/(i). 

Let  U8  substitute  w(t,x)  -f  y(x)  into  (31)  and  scale  in  ^3(0, a)  the 
obtaining  equality  on  ^  S  <7^(0.  a).  Then  we  obtain  the  identity 

a  c 

(3.7)  J {-d;,cy(r)  +  (9,y*(i))^-( x)/dx  =  j  (  -fttr;  v?  + 

0  o 

+(2yu-  +  dr 

It  is  easy  to  pass  to  limit  in  the  right-hand-side  of  equality  (3.7)  with  an 
arbitrary  function  tp  £  C~(0,  a)  if  we  will  use  (3.4),  (3.5),  (3.6).  As  a  result 
we  obtain  relation 

(3.8)  -  6»i,v(i)  +  8ri/(x)  =  0. 

Thus,  we  have  proved 

Lemma  3.1.  Ify{x)  is  an  approiimattty  stable  point  of  reachability  for 
the  Burgers  equation  with  a  boundary  control  then  y(i)  satisfies  equation 

(3.8) . 
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We  set 

(3,9)  F(0)  =  ai,y(o)  = 

and  show  that  an  arbitrary  solution  of  prohlom  (3.8).  (3.9)  with  finite  {*i, 
02  is  the  approximately  absorbing  point  of  reach  ability.  For  this  we.  firstly, 
solve  problem  (3.8).  (3.9) 

fiC.MMA  3.2.  For  arhiirary  Jitiile  Oj  <  oj  their  etists  the  unigue  solu¬ 
tion  y{r)  of  prohUm  (3.8),  (3.9).  Moreover 

{i/ao  -  ft;  >  aoioj  then  y{i)  ~  y/ctg{^{r  +  d)) 
if  02  -  Ox  -  aoioj  then  y{x)  -  -•l/{i  +  d) 
if  02  -  Ox  <  aO|Oj  then  y{T)  -  -y/?rth(y(c{r  +  </)). 

ibroi  >  02  problem  (3.8),  (3.9)  has  the  solution 

(3.11)  y(x)  B.  Qu  »/0i=02 

(3.12)  =  -\/c/h(\/c(/ +  d)),  j/o:  >  Qj 

and  the  constants  c.d  in  (3.I0)-(3.J2)  arc  determined  uniguely  iy  oi.oj. 


Proof  Integrating  (3.8)  one  time  wo  obtain 

(3.13)  dry  =  y^  +  c. 

If  c>  0  then  integrating  (3.13)  we  obtain  the  equality 

(3. 14)  4=  arctg  =  x  +  d 
x/c  °  y/c 

which  implies  (3.10).  Wc  .show  that  the  constants  c  >  0,d  in  this  equality 
i.«  determined  uniquely  by  oi,  oj.  It  follows  from  (3.14),  (3.9)  that 


r  . 

aVc  -  arctg  -7s  -  arctg  —;= 

x/C  x/C 


Applying  to  the  both  parts  of  this  equality  the  operation  tg  we  obtain 
that 


tg  (ov'e)  =  x/ciu-e  -  “il/Cf  +  «i02) 


Solving  this  equation  by  the  method  of  graphics  we  obtain  that  if  oi,  02 
satisfy  condition  (3.  lOi)  tlien  the  unique  ptisitive  solution  c  of  this  equation 
exists. 

If  c  =  0  then  we  obtain  (S.lOj)  after  integrating  (313).  Equation  (3.1.3) 
with  c  <  0  implies  the  equality 


(3.15) 
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where  cj  =  — c.  It  follows  from  (3.15),  (3.9)  that 

_  (o  j  -  Tllft  i  +  7) 

‘  “  (ai  +  ■r)(QT  -  T) 

where  y  =  Solving  this  equation  by  method  of  graphics,  it  is  easy 
to  show  that  this  equation  has  the  unique  positive  solution  if  oi.  oj  sat¬ 
isfy  condition  (3.12),  (3.IO.i).  The  case  (3.11)  is  evident.  Thus,  we  have 
obtained  the  complete  .substantiation  of  (3.10)-(3.12).  C 

Theorem  3.1.  Lei  Oj,  OJ  e  /?  satiufy  eondtiion  a*  >  Oi  and  y{x)  is 
a  solution  of  prohlrm  (^.8),  (8.9).  Then  y{x)  is  approrimaUly  absorbing 
point  of  reachability  which  can  be  approached  by  .solution  y(t,x)  of  problem 
(3.1)  (3.3)  vith  control  uo'l)  =  ai,  ui(f)  =  02.  Moreover 

IKK*!  OilijIO.al  ^  '  ^llt,(n,a)* 

(3.16) 

9: 

0 

where  tv  is  function  (3.6);  A  >  0. 

Proof  Let  y((.x)  be  the  solution  of  (3.1)-(3.3)  with  =  ai,  Mi(t)  = 

02  and  w  be  function  (3.6).  In  virtue  of  (3.1)-(3.3),  (3.8),  w(/,x)  in  a 
solution  of  the  problem 

(3.17)  diW  -  5^1  w  +  2di(wy)  -f  d.tc^  =  0 

(3.18)  u'(l,0)  =  u>(J,o)  =  0.  tiiO,x)  =  yo(x)-y{x) 

Scaling  in  LilQ.a)  both  part..s  of  (3.17)  on  u»(f,x)  and  taking  into  account 

(3.18)  we  obtain  after  simple  tran.sformations,  that 

a 

(3.19)  id,!lu'(<,)lIi,  +  ll^)xU-(<!-)l([,  +  j[dry)w%x)dx  =  G. 

0 

Let  Ai  he  the  minimal  eigen-value  of  the  spcctTal  problem 

-dj.v(x)  -f  (dr  y(x))i’{T)  =  Xv{z).  l(0)  =  i(o)  =  9 

Since  by  Lemma  32  the  inequality  dxy{x)  >  0  holds,  then  Ai  >  0.  It 
follows  from  (3  19)  that 
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Tliis  mequnlily  and  (3.19)  imply  (3.16).  Rdation  (3.5)  is  deduced  easih’ 
from  (3.16),  (3.17).  D 

Let  y(t,x)  €  Wi  \(0,T)  x  (O.a))  =  (y  €  Lj{0,T-,Wi(Q,a))  :  d^y  € 
£j(^))  be  a  .solution  of  equation  (3.1)  and  Br(y::)  =  (;(.«)  €  li2*(0.a)  : 
II*  “  ball  of  radius  r  with  the  center  ya  €  (Oi^). 

TheorF.M  3.2.  for  safficirntly  ftnall  r  and  for  on  arbilrary  i.-(*)  € 
Br{y(0,r))  then  txMs  (ht  soMwn  z(f,x)  €  Wj'^dO, T)  x  (0, o))  of  tqm- 
lion  (3.1)  whicf)  sattsfirs  conditions 

r(0.r-)=.-o(x).  z{T,T)^y{T,x) 

We  denote  ;(l,a')|rsc  =  «:(*)•*(£  r/|j-=a  -  ui(0-  By  means  of  The¬ 
orem  3.2  boundary  controls  «r>(0;  “.(t)  transform  the  solution  z{t,i}  of 
(3.1).  (3.2),  (3  3)  with  yz  =  ru  to  the  given  solution  y  .at  moment  T  : 
j(r,i)  =  y(T,x).  The  proof  of  one  more  gener.al  assertion  than  Theorem 
3.2  will  be  given  below  at  subsection  5.1  of  Section  5  (See  Thrornn  5. 1 ). 

Tiikoiikm  .3. .3.  Let  Qi.  O;  €  /?’  satisfy  conditum  «;■  >  «>  and  y{r) 
bt  a  solution  of  problem  (3.^),  (3.9).  Then  y(x)  is  an  absorbing  point  of 
noth  ability  for  the.  Burgers  equation  triih  a  boundary  control 

Proof  Let  y(t.t}  be  the  solution  of  problem  (3.1)  (3.3)  with  «o(t)  = 
oj,  u- ft)  =  nj.  We  apply  Theorem  3.1.  By  virtue  of  (3.10)  for  r  as  small 
as  we  want  there  exists  such  tr  that 

“i  =  -  y(*')IIw,-;o,,)  <  r 

Now  we  apply  Theorem  3.2  with  y(t,x)  =  y(x).  r,-(x)  ylio-c).  In  virtue 
of  this  theorem  by  means  of  correct  choice  of  bound.ary  controls  it  is  possible 
to  do  that  the  corresponding  solution  2(t.i)  will  coincide  with  y(rt  when 
*=T.O 

The  solution  y(x)  of  (3.3),  (3.9)  is  an  absorbing  point  of  rr.arhnbiliry  in 
the  e.Tse  when  orj  >  aj.  This  assertion  will  be  proved  at  the  end  of  .section 
•5. 

3.2.  Absorbing  points  of  reachability  in  the  case  of  local  Jls* 
tribiited  control.  We  consider  the  Burgers  equation  with  distributed  con¬ 
trol 

(3.20)  5(^(1; J-)  -  df.y{t,x)  +  Brif  -  uff.j;) 
with  periodic  boundary  conditions 

(3.21)  y(t,  r  -  2x)  =  y(t,x).  ult.x  +  2tr)  =  u(f.x) 
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and  with  initial  condition  (3.3).  We  aK-ume  that  the  wipport  of  control 
u{t,x)  is  concentrated  on  subinterval 

(3.22)  supp  «(/,  •)  C  IJ ((a,  2nr)  +  2ir/-)  Vf  >  0. 

kft 

Note  that  by  (3.21)  we  can  suppose  that  equation  (3.20)  is  defined  on  the 
circumference  S  =  {x  (■  (0,2t);  the  points  0  and  2it  are  identified}. 

As  in  Definition  3.1  a  function  y  6  LjiS)  will  be  called  an  absorbing 
point  of  reachability  for  problem  (3.20)  •(3.22),  (3.3)  if  for  an  arbitrary 
initial  function  yt,  G  L-iiS)  there  e-itists  such  control  «(t,x)  G  x  S) 

satisfying  (3.22)  that  for  the  solution  y(f  ,x)  of  problem  (3.20),  (3.21),  (3.3) 
the  relation 

(3.23)  ||j/(t,  •)  -  4r|!t,(s;.  =  0  when  /  >  fj 

holds  whore  <i  -  #i(j/o  il)  is  ^  sufSciently  large  number. 

We  show  that  an  arbitrary  solution  ii{r)  of  equation 

(3.21)  =  fix), 

where /(x)  G /-5(5),  supp/ €  (<J,2ff’) 

is  the  stable  point  of  teachability. 

Ttif.OREM  ,3.4.  Let  i/(x),  x  €  5  equation  (S.Sij.  Then  y  if  the 
abforbing  point  of  rtachabildy  for  prnhUm  (3.20)-(S.22).  (3.3). 


Proof.  We  denote 

«i=y(0),  a2  =  yla). 

Then  y(i)  is  a  solution  of  problem  (3.S),  (3.9)  on  interval  (L',a).  Therefr>rc 
in  virtue  of  Theorem  3  3  y{t,x)  —  y{r.)  =  0  if  f  >  tj  for  the  solution  y(t,x) 
of  problem  (3.1)-(3.3)  with  the  controls  Uo(f).  u;(t)  cho.«en  correctly. 

Let  €  C''"[a,  2t).  j  -  1. 2.  and 

(1.  x€(a,a+^’;,-^) 

pi(x)  =  f  .V>2(x)  =  1  -  v:;(r)  . 

(0  X  G  (<J  f  i(2T  -  a!,2tr) 


Let  iv{i,x)  be  function  (3.6)  defined  for  x  G  (0.  o).  We  extend  the  function 
n’(<.x)  from  x  G  (0.  a)  up  to  x  G  by  formula 


(3.25)  wAt,x)  = 


f  u’((,x),x  6  (O.n) 

\  fiix)  (4w  (t,  y  -  §)  -  3u'(#,2a  -  x))  - 
'f‘2{x)  (iw  ~  “  3u>(t,2T  -  x)^  ,x  G  fo,  2») 
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It  follows  immediately  from  (3.25)  that 

Wi(f,a  +  0)  =  uu(<,a-0).5,tt'i(<.r)|,=a4.o  =  5ru>i(t,r:)|r=8-o 

By  means  of  thi.s  formnla.s  and  (3.25)  it  is  f;.“..sy  to  deduce  estimates 

(3.26)  P(«.'j{t,-)il£jfi)  <  C||5,t/.(t,  )|(i.^(0,a) 

(3.27)  |l«t’!(I.)|lB'';S)  < 

with  a  constant  c  which  docs  not  depend  on  i.  It  follows  from  (3.25)  and 
from  the  method  of  construefion  of  icft.  r)  that 

(3.2S)  u'j(I.r)  s  0  when  t  >  ti 

We  denote 

(3.29)  y,(t,x)=  it](t,x)-r  !/(r) 

and  define  the  function  u[t,x)  by  the  equality 


(3.30)  «(t.  x)  =  d,yi-  Ol.yi  +  Oryl 

It  follows  from  esliiimies  (3  26),  (3. 27)  that  u(t.  x)  6  L3^‘'(/f  f  x  5).  Besides, 
equalities  (3.29),  (3.25)  imply  that  yi(t.x)  s  y{t.r)  for  x  e  (O.n)  and 
therefore  by  (3.30)  the  inclusion  8uppu(Ui)  C  x  [a,2ff]  holds.  Note 
that  it  follows  from  (3.28),  (3.29)  that  .yi(I,x)  s  y(x),  u(t,x)  —  f(x)  when 
f  >  tj.  Thus,  the  control  v{l.r)  defined  in  (3.30)  transforms  llie  initial 
function  yri(x)  by  trajectory  y!(<,x)  to  jrfx)  during  a  finite  time.  □ 

Remark  3.1.  Apparently,  some  gentralizalions  of  iht  stchon's  3  the- 
ory  can  be  done  on  the  case  of  semiUnear  ont-dimensional  parabolic  tqua~ 
lions  as  well  as  on  the  case  of  equations  (2.15).  II  is  possible  to  try  to  con¬ 
struct  the  theory  of  section  3  tn  the  case  of  the  many-dinirnsioiial  Burgers 
tqualion  (9,16),  toting  into  account  that  this  tguolion  cun  bt  n  itund  to  the 
heat-equation  as  in  one- dimensional  cast. 


4.  KxMct  controllability  of  a  linear  pnrnholie  cqtintion.  To  prove 
the  local  theorem  of  exact  controllability  for  the  Burgers  equation  we  es¬ 
tablish  in  this  section  one  theorem  on  exact  controllability  of  parabolic 
equations  with  variable  coefficients  in  the  Sobolev  space  H2’^(y).  Note 
that  analogous  results  on  the  exact  controllability  of  linear  parabolic  equa¬ 
tions  in  the  .Sobolev  apace  W*  b(Q)  was  obtained  by  ().  Vu.  Imanuvilov 
(  (llj-  {13J).  Here  we  use  such  important  tools  of  these  works  as  Carleman 
estimates. 
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4.1.  Formulation  of  the  problem.  Reduction  to  the  bomoge* 
ueous  boundary  conditions.  In  the  domain  Q  —  (O.T)  x  li.  where 
K  =  (—2;  2)  we  consider  the  linearized  Burgers  equation 

(4.1)  Z-j/  =  fi(y(<..x)-(9?,y(t,i-)  +  d,(:(t.r).v(/.x))=0.  (t,x)€Q 

where  s(t,x)  €  W'j '*((?)  is  a  datum  and  y(t,x)  €  is  an  unknown 

function.  Ft  is  .-nssumed  that  satisfies  conditio.ns; 

(4.2)  y{f.x)\=o  =  yo(x) 

(4.3)  y(<,*)l.=T  =  0, 

where  ito(x)  6  Hi(0)  is  a  datum. 

We  use  thf  following  functional  spaces:  the  Sobolev  space  B’j  (•^) 

t  . 

functions  defined  in  f?  and  possessing  finite  norm  (1.8),  the  space  (IV  2(0). 
that  is  the  closure  of  in  norm  (l.S)  and,  at  last,  the  space 

=  (y(t,  x)  €  /.s(0.  T.  : 

:diy(i.  •)  €  L,(C.  T:  Uf  ‘  '((1)).  j  =  1. . .  , 


The  problem  of  exact  controllability  of  equation  (4.1)  is  as  follows:  oue 
must  find  such  boundary  controls  Vj(f)  6  L2{Q,T).j  =  0, 1,  i.e. 

(4.4)  y(f,x)|.-=-2  =  i'_(f),yff,x)',.r-2  =  ».+(f) 

that  tlic  solution  of  mixed  boundary  problem  (4.1),  (4.2),  (4.4)  would  sat¬ 
isfy  condition  (l.-'V;. 

We  redlire  the  problem  of  exact  controllHbility  to  a  similar  one  having 
initial  function  yijr)  from  (4.2)  which  wjuals  zero.  Let  he  the 

solution  of  problem  (4. 1),  (4.2/,  (4.4)  with  the  boundary  coiiclitions  t'-(t)  ~ 
0.  The  solution  x{l  x)  belongs  to  ^(Q). 

Lei  fll)  t  C  ‘-(0.T).  ^(t)  .r  1  when  t  g  (0.|).  vr(t)  5  0  wlien  t  g 
(2r,T).  Denote 

(4.5)  y{t.x)zz  l-y-  Mf,x) 

It  is  evident,  that  inequalitie-s 

(4  6)  <  c:!ly|ltv.-  '{iji  ^  f'2l|.Vi||MOini 

hold  where  the  constants  ci,  cj  depend  continuously  on  ([ehn.i  a.g  ■ 

We  set  '* 


(4.7) 


y{l,x)  =  y{i.T.) 
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where  ir(#,ir)  isfiinction  (4.5).  It  is  easy  to  show  that  the  following  asseriion 
holds. 

Proposition  4.1.  ,4  function  y(t,x)  €  i?(0)  m  o  sohlion  of  tract 
controthbility  pivbitm  (f  l)-  {f  Sj  if  and  only  ifthr  function  U'{1,  jt)  defined 
in  (4-  V  tot^efies  eymlilus 

(4.8)  £u-  =  /o. 

(4.0)  tt(l,/)|i=o  =  0,  ii>(<.i')|(-r  =  0 

uhert  fz  M  jAf  fumiion  defined  in  (V  5/ 


4.2.  Boundary  value  problem.  Tliu.«.  our  probleiii  has  been  re¬ 
duced  constrnrfien  of  a  function  u^(f.  r)  £  LiiQ)  satisfying  (I  S).  (4  0). 
We  consider  the  following  extremal  problem:  To  minimize  the  functional 

(4.10)  /(«’)=  i  j  ii‘^{t,x)didl — *  inf 

*<? 

on  the  set  of  fuiicticn-  ii;  satisfying  (4.8).  (4.0) 

Le.MMA  4.1.  //«{/, jt)  C  1<-AQ)  If  “  .^elation  of  problem  (4.10).  (4  ^)> 
(4.9)  then  thiit  (xUlS'  the  fitncUon  p(t.r)  tattefying  the  ntations 

(4.11)  L‘p  =  d:p{f,x}  i  (fi^p(t.x)  i  z{t.i)i)rp{t.x)  =  u{t,x).U<x)f  Q 

(4.12)  p(/.J-)U±3  =0.  d..p«.f)|,=  .2  =  0. 

The  proof  of  this  lemma  can  be  realized,  for  instance,  a.s  in  O.  Yn. 
Imanuvilov  (20]  in  spite  of  it's  roinplicjition.  But  wc  do  not  need  to  have 
this  proof,  as  well  .is  a  priwf  of  the  existence  theorem  for  extremal  problem 

(4.8) -(4.10).  The  point  is  that  to  prove  the  solvability  of  problem  (1.8), 

(4.9)  it  is  sufficient  to  prove  the  solvability  of  problem  (4.8).  (4.9),  (4.11), 

(4.12) .  Problem  (1.8)- (1.10)  and  Lei;iiiia4.1  are  useful  only  to  understand 
how  boundary  value  problem  (4  8),  (4.9).  (4  11).  (4.12)  wa.s  obtained. 

To  exclude  from  (4.8).  (1.9),  (1.11),  (1.12)  unknown  function  uit.r) 
we  apply  to  both  parts  of  (1.11)  the  operator  L.  By  means  of  (4.8)  we 
obtain  equal  ion 

(4.1,1)  LL-pzafo  {t,x)eQ 

Besides  boundary  conditions  (4.12),  equation  (4.1.'i)  satisfies  the  boundary 
conditions 

(4.14)  =  rp.^r  =  0 

'l  liese  conditions  .ari.se  from  (4.9).  (4.11). 
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4.3.  An  apriori  estimntfi  of  Carleinan  typr. 


Theorem  1.1.  Lttp{(.x)  nahifim  rtlaiwnt  fi-JJ/:  (4-J^)  v/icrt  w((.  x)  e 
L-2(Q).  J'hfn  for  an  arbiltary  r  (O.T)  anti  aiiffinf.Tiily  large  k  the  cfti- 
mat( 

(1  J  {{OtI'f +\dlTi>\' +  -*■ 

Q 

+  J (lOrfjir  r)\'  -r 
n 

<  f  w'd  i)dx'Jt 
Q 

holds  uhere  (hi  ci'tist-int  t  dipendi  tonttnufash,'  on  i|:  'n,'  •  gr 


Proof.  We  con.'ii'f'.r  (lie  fuiictii  ii 
(I.IG)  x)  =  |■,,(/ -  4i((T  ()''-(’■  ]. 

For  an  arbitrar)  a  >  (j  v.e  dt  llne  t!.o  (;prr:'.U,'r 

where  L‘  is  f:;)oraif.f  ( l.il).  l.b'-  operator  M  can  be  written  tn  thr  f  :rni 
A/ u  =  L'  o  —  .si  fl; «t  I'/  +  2.'>( I b  •  n  —  (.s*'  'V ••  ; »1  i'l  2  <  W 

We  introduce  also  tlie  operators 
(4.17)  M,  =  h'i^  4  A/'j  =  <(•.  +  I’.s i.'<. 

Denote 

(1.1?)  «  =  r  ‘  p,  =  /,= —c:^- II- 

It  IS  ea.-j  to  !ve  that  rreia'-^r  (4  ! ! ;  i,«  '.•'j'iiv.t!'''’!  to  fqu;!;?y 


(4.19)  t/M;  +  M:)H  -  «■,  +  /„. 

where  M j.  n.  u  J,  ar-  d.  fiiicd  ir.  [4. 17).  (I.ISj.  It  follows  from  (1.19) 

that 


(1.20)  = 


•  •*  lit . 


4-7' 


-  ...  V 


We  transform  the  ittst  term  in  the  rtEhl  lianJ-si'ie  of  ( I  2'.')  1  ikiii^  iiiti,. 

account  th.at  by  (1.12;.  ( I  IC).  (1  IS)  tiir  relations 


(4.21) 


_  0  hrV  en  "  '■.  !0>=1  =  'U 
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hold  we  obtain 

2  (d|.«  +  $tv  +  2s($fip)d^ii)  = 


+ - 2 - ^ 


-^■s(,dy^)djr{8ruf  +  S^idripfdzU^ 


dxdt  = 


—  ~  j i^<h{dz'p)^ii^d.rdt  + 

<? 

V 

It  follows  from  (1  IS)  that 
(4  23)  jj/,  f  ’fiII).s;(V)  - 

Substituting:  (1.22),  (4.23}  into  (4.20)  we  obtain  that 

(4.24)  2  j (-f>^,^)[3s'’u"{£)j.^)^  +  + 

V 

S-  fid!"  llli.iQ)  ■*■  D)  "S 

+  j  2\9iib^z^^\u'^dTdt\) 


ft 


Taking  into  nccoiint  that  by  (MCj  >  '■  >  ft. >  C  >  0 

ohfain  that  for  sulfic-.'‘iiHy  br^v  .« inequality  i  !.2))  iniulv"  !*.• 

(4  2h)  /(  uHdz-^f  ~  >rr^:dxHt  4-  HA/,  t.-!j| 4- 

V 

tvherf  fy  is  .a  ct.nstani  winch  chuends  ••■nntiniion.sly  oa  :if|l||.>  ...y , 
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Note  that  the  following  relations  hold 

(4.26)  ~  [  ^\d,u\-dtdt  r:  i  /  -^-(A/ju  -  < 

^  J  ^x‘r  ^  J 

Q  Q 

Q  ' 

—  +  idr<f\dxvf)drdt 

Q 

(4.27)  f  —T — {dz.v\~didt  =  f  — (Miu  —  e^(d^!p)^vfrlrdt  < 

J  s4s5  "  '  J  -Wy-"' 

Q  Q 

It  follows  from  (4.25)-(4.27)  that 

(4.28)  J  4  fOx'pWxU  2  + 

<i  ' 

+  drdt  <  rlltriilisiQ, 

It  is  wily  drdni-rH  from  (4.28)  that  for  an  arbitrary  ?  <:  (0.1) 

(4.20)  y  :|p^l(>x«ft.-r)|^  +  (t',^<=(/.x))u^/.x)j(/x  < 
n 

^  <^!l«'illi,:<?i 

Kr^lurniiiK  in  (4.28),  (4.29)  from;  the  variiiblf'.'?  u.i/i  to  ths-  ViiiiribiVs 
p,  w  we  obtaiti  tin;  iiii’qnRiify 


(4.30) 


n 


Since  p  satisfies  jjivers  j'arabolir  equation  (4. 11 )  and  b'Hitidary  rriiulitions 
(4.12)  then  for  an  .rbitrary  t  e  10-  / )  the  fulliAvinp  esiiuiKie  holds: 

(4  31)  Up  <  c  (llp(f.  ;l!iv>tni  4" 
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Inequalitv  (4.1.5)  follows  from  (4.30),  (4  .31).  0 

4.4.  Unique  solvnbiiity  of  the  boundary  problem.  We  define  the 
fiinetional  space  4*  of  functions  defined  on  cylinder  Q  for  which  the  norm 

(4-32)  IIpIII  =  P*p|li„Q,  +  j  {(d^pf  +  (Cp)^+ 

Q 

Motpf  +  p^)  dxdt 

is  finite  and  boundary  conditions  (4.12)  hold. 

DEriNiTiuN  4.1.  A  funciiov  ;>  €  <h  js  called  generalntd  of 

proiltrn  (fIS),  (f-U)  if  it  salUfK  *  Ihr  r.gaation 

(1.33)  ((-’p.  —  ~(fo-  €  $ 

TuEOREVr  4.2.  There  txints  unique  gentrahsed  solulion  p  £  <P  of 
problem  (4  TV  f4  T{).  For  an  orbitrarg  subdomain  fi  C  H  the  fvneiion  p 
bttungn  io  <•"<(  sainfits  rqnaUon  (4-13)  a»  well  ae  boundary  condt- 

tione  (4-14)  ii'hirh  art  understood  as  equalities  in  the  space  IIV’(Q). 

Proof  By  virtue  of  (.1.5)  supp/u  €  fg  ,  x  fl  and,  hence,  apjilying 
Theorem  4.1  we  obtain  the  inequality 


This  estimate  shows  that  the  functional  g  —  {/u,g)i.,g)  is  a  eoniinuous 
one  on  $.  It  follows  from  Theorem  1.1  that  the  norm  generated  by  the 
scalar  product  {L'p,  L'q)ijq^  is  equivalent  to  the  norm  (( ■  *.  Therefore 
the  existence  of  the  unique  function  p  €  ♦  satisfying  (4. .I,")  follows  from 
the  Rie.'z  theorem  on  the-  representation  of  a  funef  icmal  on  a  Hilbert  space. 
Equality  (1.33)  wit)i  g  £  C^(Q)  implies  equation  |1.13)  understood 
in  the  sense  of  distributions  theory.  Since  ttie  operator  f.f/  is  hypoelliptic 
(see  1.  llormander  [21])  then  p  G  where  fi  C  Q  is  an  -iibitrary 

subdomain  of  Q.  Using  the  denotion  u-  -  L'p  wc  obtain  by  (4.,12)  that 
«  €  L'i{Q]  and  by  (4.13}  that 

(4.35)  Lw  =  /o  S  L-AQ) 

where  L  is  operator  (4  1).  Since  tt,  G  LjiQ)  then  £  ist'O.T.  H  j  *(41]; 
and  expressing  ff,u  from  f1  3j)  we  oblntn  that  ihw  £  L-AO.T AVf'lQ'u. 
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Therefore,  using  the  theorem  on  restrictions  (J.-L.  Lions,  E.  Magenes  [H]) 
it  is  easy  to  show  that  the  restrictions  u)(0,  •)!  U'(r,  •)  of  u'  is  (^fined  in  the 
space  W-2“^(fi).  Integrating  by  parts  in  (4.33)  with  g  €  C^(Q)  satisfying 
(4.12)  we  deduce  that  »t;(T,  •)  =  u;(0,  •)  =  0.  This  proves  (4.14).  □ 


4.5.  Compact  dependness  on  cocfBcicnt. 


Lb.mma  4.2.  Let  pn  be  ike  solution  of  problem  (flS),  (4-U)  tvith 
coefficient  z  -  Zn  (see  (41),  (4  11))  and  U’n  =  L‘p„.  Suppose  ihof  —  ro 
weakly  in  as  n  —  x.  Then 

(4.36)  u-o  tto  strongly  in  L'AQ)  as  rj  x. 


Proof  If  follows  from  tiefinition  (4. .5)  of  /:  that 

(4.37)  foUr.) foUa)  strongly  in  L?(C?)  as  n  —  x> 

(4.38)  /u(r„)(/.e)  =  0  when  t  6 

We  prove  (4.37).  fjot  z„  —  zo  weakly  in  ll'2’'^(<?)  and  Xn  be  the 
solution  of  problem  (4.1),  (4.2).  (4.4)  where  =  0  and  coefficient  z  ~  Zn 
in  (4.1).  Denote  t>„  =  \ii  -  Xh-  Then 

(4.39)  0tv„  -  dl^e„  +  c).(ro‘v.)  =  cvltcn  -  zo)Xn), 

-=  0,  «’n|,.4s  =  0 

In  virtue  of  fompactiir.s.s  of  ilic  embeddings  U'*  ^  '{Q)  S 

L2(0,r;  ^^^’(f}))  and  boundedness  of  jix..ll5v.>.>j(j; 

cT-((-f.  -  -c  )\n)  ~  (3r(Cn  -  r  :))Xn  -  (in  "  i.-ilOxX-i  —  0  in  LiiQ) 
as  in  —  ic.  weakly  in  H’,*  ^(^). 

'J’Jierefore.  taking  into  account  a  well  klK»wj)  for  s<'>!)itie>r)s  of 

prcdilem  (4.39)  we  obtain  that 

lI'nllH'j  in  —  i.j  weakly  in  il-J  'IQ'). 

Relation  (4.37)  follows  from  this  one.  Let  p,.  be  the  solution  of  equation 

(4.33)  with  the  coefTirieiit  z  =  z,,.  We  substitute  ;  =  »,,,  p  zz  g  —  p,,  into 

(4.33) .  Then  lakiiig  into  account  (4.37).  (4.3A)  and  estimate  (4  la)  wc 
oblHiii  as  in  (4.34)  that 

ll“■n  <  f||/i  where  «y  =  L>„ 
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and,  hence. 


ll^'n <  c  /oik,(Q) 

where  e  docs  not  depend  on  n.  It  follows  from  this  estimate  and  from 
uniqueness  of  the  solution  of  problem  (4.33)  that 

(4.40)  tt'n  —  ti'o  weakly  in 
Applying  (115)  we  establish  analogously  that 

(4.4 1 )  Pn  —  Pu  weakly  in  /.j  ^ ^0,  y  j  x  (1^ 

Substituting  into  (1.33)  p  =  g  =  p,,  and  t.aking  into  account  (4.41),  (4.37), 
(1.38)  we  can  pass  to  the  limit  in  (1  33)  as  n  —  x.  As  result  we  can  obtain 
that 

(4.42)  llu-ni  ijfQi  =  {M‘n),Pn)r.,lQ)  {f'}('o)<T'u)l,(Q,  - 

~  i!”t'll£s(g) 


as  n  —  X. 

Relation  (4.3G)  follow.s  ftom  (4.40),  |1.4‘2).  Q 


We  prove  also  one  lemma  which  will  let  to  establish  the  compact  de¬ 
pendence  the  function  w  on  the  coefficient  s  in  the  .spare  U  j  '^ltJ). 
Lemma  4.3.  Lri  w{t,x)  e  JLjfQ)  saUsfg  the  rdatwn^, 


(4.43)  Lw{t.x)  =  f(t,i),{(.i)  €  Q.u'line  =  0 

when  L  is  operator  (^.1),  f  €  L2iQ)  Denote  /5(r)  -  (1  -  r^).  Then  for 
the  funcHon  w  the  folloving  esf mates  hold: 


n,hert  -r(A)  >  0,  Ti(A)  >  0  are  crintinuous  functions. 
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Proof.  We  scale  in  Ij(Q)  bolh  parte  of  (4.43)  on  u>p*.  After  simple 
transformafions  we  obtain  the  equality 

J  w^p^dx  +  j (5j.ti,)V*  +  J  jdxw^drp^dx  - 

on  R 

-  J  ill  {(dtw)(?  {-  dx  =  y  fu'p^dx 

a  n 


After  iiite^ratins  both  parts  of  this  equality  with  respect  to  f  we  cbtaiu  the 
estimate 


f  * 

j  u  ‘‘(t,z)p^[x)dT  +  J  l({)j:wf  p^dzdl  <  c  J  J  u^drdt- 

n  oh  0  t! 

f  t 

•  (>  +  ll-'.'rQ)  + 11*11,(5))  +  lj  [{Ornfp'^didt  ’i-JJ  f-p^drdt 


0  n 


Carrying  the  term  wilh  from  the  right  side  to  the.  left  one,  we  obtain 

(4.44). 

Multiplying  (4.43)  on  and  doing  simple  transformations  wo  oKlain 
the  equality 

(4.46)  Mu-p^)  -  f?J,(u-p^)  +  dx{zwp')  = 

fp^  -  2(dzU!)dtP^  -  wdlj.p^  +  zvdj.p‘ 


Function  u-p^  satisfies  equation  (1.46)  as  well  a.s  the  following  initial 
and  boundary  conditions: 

(4.47)  «.p*|!=p  -  0,  tt!p'''|-=±2  =  0 

Applying  to  the  solution  u  p^  of  mixed  boundary  probleni  (4.46).  (4. 1?) 
well-knowfi  inequality 

^  -  2(9,U')c)tP^  -  v-oi^p^Wt.-AQp 

where  e  depends  continuously  on  ((rdrt-’-qtj)  estimating  the  right-hand- 
side  of  this  inequality  by  means  of  (4.44)  we  obtain  (4.4D).  Li 


4.6.  Termination  of  solution  of  the  exact  controllability  prob¬ 
lem.  Thus,  we  study  the  following  problem  ofe.xact  coiitrolhiiility:  In  the 
domain  Qi  =  (0,7')  x  where  fij  =  t-1. 1)  the  equation 

(4.48)  x)  -  dl.y(1,x)4-  &i(zi!.T)ii(t.x))  =  0 
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is  considered  with  initial  condition 

One  has  to  find  a  solution  of  equatinn  (-l.d?}  which,  besides  (4.49), 
satisfied  the  condition 

(4.50)  !Kli')UT  =  0. 


Thkoiikm  4.3.  J.r.t  funcitnni  zi{i,r)  C  tl'2'*(Qi)  !n(*)  € 
dttla.  Thrn  there  riisU  a  iolntinn  y{1,T.)  S  Itj  ^{Qi)  of  problem  (f  .fS)- 
(f.SO).  Bfiidn,  it  ii  poiinUe  to  dtfint  the  map,  Ir'insfoniitne/  roefftctenl 
i(t,i)  to  a  solution  y[t,T  )  of  problem  f4.fS)-f4  SO),  which  act  compactly 
fromWf^iQ:)  to  [(h). 

Proof.  Let  R  ■  lYj  — >  H  2  ^(<2)  be  the  linear  continuous  operator, 

which  extends  f(t.z).  (t.z)  €  Q:  up  to  a  fuiiciion  Rfil.x),  (l,x)  e  (?  = 
(0,  T)  X  (-2, 2)  .and  /?;  :  H  (Qi )  — •  IV;)  [Q)  be  a  linear  continuous  operator 
ofe.xtension  ofa  function  ^  from  Ill  up  toil  =  (-2,2)such  that  /ijp  j.w  =  0. 
Denote  c  =  iZci .  po  =  R-.m.  Then 


(4.51)  "jIIh-j-'kj)  <  c!'ri|!t^•n^^Q.J,  !!,y(i!!;fj{Qi 


where  constants  c.C)  don’t  depettd  on  ci.yi  correspondingly.  We  consider 
instead  of  (4.48)- (4.50)  problem  (4.1)  (4.3)  defiiutl  in  the  wider  domain 
Q  =  (0,2')  X  (—2.  ’2).  Tosolve  it  we  pass  to  problem  (4  S).  (4.9)  by  t.ran.sfor- 
matioii  (4.7).  To  solve  (4.8)  (4.9)  we  u“  boundary  value  problem  (4.13), 
(4.14)  which  has  (he  unique  solution  p  6  $  in  virtue  of  Tbcorrm  4.2.  As  it 
was  shown  in  the  proof  of  this  theorem,  the  function  «■  =  L‘p  where  L‘  is 
operator  (4.11),  satisfies  relations  (4.8),  (4.9)  and  the  inehision  te  €  B^iQ)- 
By  means  of  Leiiitna  4.3  the  rtstrictioii  onto  Q,  of  this  ftinrtion  belongs 
to  the  space  IV-j  ^(Qi).  Denote  by  tp  the  map  that  transPortiis  coefficient 
*  fe  W'2  ~(^)  from  {4,i )  to  rhe  function  «■  and  let  \  be  the  operator  of  re- 
sirirtion  of  a  function  from  Q  onto  Q|.  We  show  that  the  operator  xPl*  acts 
compactly  from  to  lVj  ~(Qi).  la  Lemma  12  it  was  established 

that  the  operator 


(152) 


t  :  H'j-IQ)  -  l-JQ) 


is  compart.  lo  mark  the  dejiendence  of  operator  L  from  (4.1)  on  c  we 
denote  it  by  L(s).  Let 


(4.o3)  /..(i)?/  :  f(i.  f./i'  f  (i)n'j  =  f- 


.and  u  :  are  ecjual  z-rro  when  <  (1.  f  =  T. 
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We  denote 

(4.54)  v  =  w~  u-i 
Substituting  (4.53j)  from  (4.o3i)  we  obtain  the  equality 

(4.55)  Ot  V  -  +  d,(ri')  =  5r (^u>i). 

Applying  estimate  (1.15)  to  equation  (4.55)  we  will  have: 

(4.56)  J  +  {dl^v)^)p*  +  (d.iO^p’l  dxdt  < 

<  0  (l  +  ^IIWI;„«?;+ 

Q 

nt)  J  ^'iP^dxdl^ 

Q 

Applying  inequality  (4.M)  to  the  equation  L{z  +i)wi  =  /o  we  can  see  thal 
for  |jf|ln'i  s;,j.  <  const  the  inequality 

^  wlp'dxJl J {dt u’l)^ dxdl  <  r 
Q  <i 

holds  where  e  does  not  depend  on  (.  Therefore  by  the  compact ne'-'s  of 
operator  (4.52)  and  bv  the  ccjmpactness  of  embeddings  C{Q}  =3  ^(Q)i 

i2(0,T;  lt'2(ft))  §)  If  2  ^(Q)  it  follows  from  (4.56)  that 

(4.57)  J  {((5«t’)'  +  (^irt  +  (^ri')W]  drdt  — >  0 
Q 

as  f  —  0  weakly  in  IV2’^(0)-  Relation  (4.57)  implies  the  compactness  of 
operator 

(4.5fl)  *(<?.) 

Applying  estimates  (4.51),  the  continuity  of  the  operator  and  the  com¬ 
pact  dependence,  of  the  function  jf  from  (1.5)  on  i  proved  iu  Lenmia  4.2  we 
obtain  a.ssertion  of  the  theorem  on  the  compact  dependence  of  the  sohition 
y  on  the  coefficient  Ci .  Z 
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5.  Th«!  local  theorem  of  exact  cuntrollability  of  the  Burgers 
equation. 

S.l.  The  main  theorem.  Let  in  the  domain  Qj  =  (0,  T)  x  Qj  where 
Oi  =  (—1, 1)  the  Burgers  equation 

(5.1)  G{y)  =  d,y(l.x)  -  4  =  gix).ii.x)  €  Qi 

be  defined  where  gir)  €  £2(^1)  is  a  fj.xed  function.  We  fon.«ide.r  a  function 
p(i,x)€  satisfied  equation  (5.1).  Introduce  the  denotions 

(5.2)  y(0,x)  =  M?).  j/{7'.x)  =  .Vr(*-). 

Obviously,  j/o{r)  €  yrt-i:)  €  H  ofOi).  Let 

(5.3)  B,(r)  =  {.V  6  IV  j'cn,) ;  l|t/  -  <  r} 

be  the  ball  of  radius  r  in  W'J(S2i)  with  the  renter  at  the  point  r.  The 
problem  of  local  c.xact  controllability  of  the  Burgers  equation  is  ae  fol¬ 
lows:  To  find  for  an  arbitrary  initial  function  y.itx)  f  where  r  is 

sufficiently  small  nuinber,  such  boundary  control  (t'_(f),t*(<))  that  the 
solution  p(<.  r)  €  H'V  ‘  (^i)  equation  (.5.1)  with  the  boundary  conditions 

(5.4)  y{U-l)^v.{l),  y(M)  =  r+(f) 
and  with  the  initial  condition 

(5.5)  J((<,x)|(^r  =  ya(x) 
satisfies  the  eqnaliry 


(5.6)  y{f.-c)|tiT  =  y/(r,l 

where  w{x)  is  defined  in  (5.2). 

Theorem  5.1.  //  r  U  t-nffiiutnlltj  small  thtn  for  an  avbiltvry  y.(r)  £ 
Br(ys)  Ihtrc  eristn  ivrh  control  (v  P  (C(0,7^)*  that  thr  solu¬ 

tion  y(t,x)  of  problem  (S.l).  (S.ff,  (5-^)  belongs  to  11;!  ‘(t?)  tinrl  satisfies 
coniition  (o.b). 

Proof.  It  is  sutficient  to  prove  the  e-vislenrc-  of  such  ball  Br(0)  C 
Itj'lflj)  that  for  arbitrary  fo{i)  fe  Br(0)  a  solution  ^It,  r)  £  “(^•.) 

of  prnhlrm 

(5.T)  ftfff,  r)  -  d'U  4  2f4(.v(<,x)4(f.xl)  -  d,i-  ■=  0  (f.x)  £  Q 
(5,3)  C(#.i)Uo  =  fa(x) 

(5.9)  f(l.x)|,=7  -ft 
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exists.  Indwid,  if  wc  possess  such  a  function  then  the  function 

sali-sfirs  all  a.ssfirtions  of  the  theorem,  because  it  is  the  solution  of  problem 
(5.1),  (o.'l),  (5.5)  with  y(i(x)  =  jin(x)+^o{x)  and  with  the  boundary  control 
(i'_(<),  i’+(^))  C  (C(0,T))"  which  is  the  restriction  of  the  function  y{t,x) 
at  X  =  ±1. 

For  an  arbitrary  function  f  we  consider  the  operator 

(5. 10)  mi  =  dti  -  +  ‘2d,(yi)  +  dAH)  =  0 

and  look  for  a  function  i  €  U',’  ’((?i)  satisfying  (5.S)-t5.10).  We  denote 
by  0  the  operator 

(5.11)  ^:H2''*«?i)-'H-2-*«?i) 

which  transforms  a  function  (2y-f  ^)  to  the  solution  of  (5.8)-(5.10)  which 
ha.s  been  built  in  Theorem  4.3.  Operator  (5.11)  is  compact  a.«  it  was  shown 
in  Theorem  1.3.  Besides,  relations  (4.6),  (4.8),  (4.0).  (l.l'l),  and  (1.1.5) 
imply  the  inequality 

(5.12)  <  P2J/  +  ^ 

where  7(A)  >  0  is  a  certain  continuou.*  function  with  respect  to  A  >  0.  It 
follows  from  (5.12)  that  for  any  €  i?r(0)  where  radius  r  is  sufiiciently 
small  the  operator  ->  9{y+f)  transforms  the  ball  Bi  = 
into  itself.  Hence,  by  the  Sliauder  fixed  point  theorem  (see.  for  example,  L. 
Nirenbcrg  [22])  there  exists  i  €  Bi  such  that  {  =  0{2y  +  i)  This  function 
{  is  a  solution  of  problem  (.5.7)  (5.0).  □ 

5.2.  Some*  corollaries  of  the  main  theorem. 

UEFIMTION  5.1.  ,1  Sfl  R  c  If  itfl)  ts  calltdan  ahsorhtng  .‘rl  of  nacfi- 
ahiMy  for  ikt  Barytrs  (qaathn  if  for  on  arbitrary  fanclipn  y.j  6  H'j'fn) 
thr.rr  exist  suck  time  riiomeni  T  and  a  control  (t:_(l).  i>+(I))  t  ">  0  that  thr. 
solution  y{1,x}  of  tht  boundary  problem 

Gy  -  5(x),  y|,=o  =  I/o-  .v(f.-I)  =  •/(!.  1)  =  t’+(/) 

belongs  to  the  set  K  for  any  i  >  T. 

We  consider  the  Burgers  cquatio  (5.1)  with  r.rro  boundary  conditions- 

(5.13)  !/(t.x)|.--^:i  =  0 
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Jt  is  known  that  thf  dynamiral  systems  generated  by  (5.1 ).  (5.  l.'l)  possesses 
the  (ll’2(D))-nttraf.tor  (.see  A.V.  Babin;  M  I,  Vishik  [23]), 

Theorem  5.2.  Tht  atUactur  of  dynamical  <iy.tUm  (3.1),  (3.2)  m  an 
absorbing  set  of  rtachabiliiy  of  iht  Burgers  equation. 

Proof.  It  is  known  (A.V.  Babin.  M.I.  Vi.shik  [2.3])  that  th^  attractor  A 
of  dynamical  system  (5.1)  (5.13)  is  a  bounded,  closed  get  in  (^^(Oj).  By 
virtue  of  the  definition  of  an  attractor  for  att  arbitrary  trajectory  y{l.  •)  of 
dynamical  system  (5.1),  (.5,13)  and  for  any  6  >  0  there  exists  such  time 
moment  Jg  that 

di.st  <.i,.v(f,  ■))</>  vt  >■/;;. 

M  ,(0) 

Choosins  b  suffirirntty  small  we  transfer  the  trajectory  y  of  the  dynamical 
systeui  onto  attrartor  by  means  of  boundary  control  (r_(t).  which 

existence  has  been  proved  in  theorem  5.1.  After  that  take  I'st/)  2  0.  By 
the  invarianiness  of  the  set  .1  the  trajectory  will  remain  on  the  attractor 
during  all  p(.>steriur  time.  0 

Let  for  a  function  ij{r.)  €  ’ho  boundary  value  problem 
+  Bry^ix)  -  g{x).  y(A)|.-=i-i  =  0 

has  .several  solutions  j,  (x). . . . ,y,v(x).  (Surely,  they  art  ritiguhtr  points  uf 
dynamical sy.sfem  (a  le  (5  13)). 


Theorkm  5.3.  Let  {y, }  C  IVj(n)  ate  singutar  points  of  system  (5.1), 
(5.13).  Then  for  any  j  --  I  —  ,N  there  tiisis  a  number  r,  =  rj/y. )  >  0 
such  that  for  an  arbitrary  £  Br,(ji, )  the  solution  y(t,x)  £  H'j  ’tyj)  of 
iht  eraet  eontroUohhttj  problem 

Gy  =  g{x).  vlir-.j  =  yo.  y|i-r  =  !/■ 

rtuls. 

This  theorem  is  .an  easy  corollary  of  Theorem  5,1.  It  nseaiis  that  an 
arbitrary  singular  point  of  dynamic-al  system  (51),  (5  1.3)  (for  instance, 
the  hyperbolic  one)  is  the  sf.ahle  if  we  can  use  a  boundary  coiitrul  for 
stabilkation 

The  knowledge  of  .attraefor's  properties  can  be  applied  to  the  iiivejtina- 
tioii  of  absorbing  sets  of  re.aebabllity.  As  .an  example  we  give  the  following 

Proposition  5.1.  Let  o  .singular  point  y.tr)  of  system  f5.l),  (.5.13) 
possesses  tht  property  ,dn  urbitnry  trajectory  of  system  (r.l),  (.5.1.1)  be¬ 
longing  to  Iht  utlroctor  .1  iiilrr.srrts  n  .suffinently  small  neighbourhood  of 
Pi.  Then  y  l»  Iht  ahsorling  /ivint  of  ,r,irhahility 
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Proof.  \Vr  consider  an  arbitrary  initial  condition  y;(x)  € 

Letting  the  trajerrory  of  system  (5.1),  (5.12)  to  go  out  yo  and  applying 
iliporem  5.2  we  will  be  found  after  sonjo  time  on  a  trajectory  belonging  to 
the  attractor  .4  of  system  (5.1),  (5.13).  By  the  assumption  of  Proposition 
5.1  after  nn  other  period  of  time  a  point  moving  along  oiir  trajectory  will 
be  rlosc-  to  y,  enough  for  application  of  Theorem  5.3.  At  this  moment  we 
apply  Thrsirfim  5.3.  Q 

Proposii'ION  .5.2.  Lti  y(x)  be  a  eolatioa  of  (S.SJ,  (3.9)  v:iih  Ihc 
boumlmi)  eontfiltonfi  Ot,  Oj  !>aUsfying  tneyuahty  oj  >  oj.  Then  y(x)  is  an 
absorbing  point  of  reachability  for  the  Burgers  equation  with  the.  boundary 
control. 

Proof,  let  oi  >  oj  but  oi  —  a-t  is  thus  far  small  that  the  minimal 
eigenvalue  Aj  of  the  spectral  problem  written  below  (3.19)  is  positive.  Then 
the  proof  of  Theorem  3.1  is  true,  Suppose  that  a i  >  ov  do  not  satisfy  this 
assumption  but  tlie  boundary  condition  ijl|  =  y(0),  oj  ®  .v(o)  where  oj  > 
3\  >  oj  satisfy  ii.  Then  by  Theorem  3.1  the  controlled  trajectory  y{t,x) 
going  out  ail  arbitrary  initial  condition  y:(i)  can  reach  at  a  finite  time 
moment  Tx  the  solution  !/,(x)  of  (3.8)  satisfying  tlic  boundary  conditions: 
y,(0)  =  3-.,  .Vi(«)  =  oj  if  we  would  choose  the  af>propriait'  boundary 
control.  Thus.  y{Ti,r)  -  yifr).  Let  j/j(i)  be  the  solution  of  (3.8)  with 
the  boundary  cntidition.s  jiofO)  —  do  =  +  £.  1/3(0}  —  1*3  where  e  >  0  i» 

small  enough.  Applying  Theorem  5.1  we  can  prolong  (he  solution  y{f,x) 
behind  Ii(t  >  Tx)  such  that  at  a  time  moment  Tj  >  2)  the  equality 
y(T3,x)  =  y3(x)  holds.  If  yjfO)  ~.  3^  >  a\  then  the  proof  is  finished  (we 
can  take  =  “-‘.I  =  ih  <  “i  we  consider  the  solution  j/sfr) 

of  (3.8)  with  5/3(0)  =  33  +  r  (?  >  0  is  small).  5/3(0)  =  02  and  repeat  the 
previous  arguments.  After  several  .step.s  wc  will  prove  the  Propcfiticn.  C 

Remark  5.1.  The  iiii1hod<  of  Seciions  .{,3  are  general.  Bet-idt.'-  th* 
Natier-Slokes  tys/im  for  which,  surely,  these  methods  can  be  generalised, 
there  are  a  number  of  other  systems  in  mathematical  physics  possessing 
nontrnial  attractors  on  tthieh  n  control  by  means  of  boundary  values  is 
interesting. 

In  conn*  ctif 'll  with  control  of  motion  on  attractors,  general  5irobl.'>Ti  on 
attractor's  structure  means  very  important  and  interest ing. 
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A  PREHISTORY  OF  FLOW  CONTROL  AND 
OPTIMIZATION 

MAX  D.  OUNTPMRCnR* 

1.  IntroHiirtion.  Flow  control  and  opliiiiizalio:'  is  an  nni-imt  prar- 
tici'  of  man.  For  example  any  dam.  sluice,  canal,  Vvee.  irrigation  ditch, 
valve,  dnef.  pip'',  pump,  hose,  vane  etc.,  is  an  exerri.se  in  flow  control  or 
opliiniration,  i.e..  and  attr  rnpt  to 

conlrol  thi  mn  hiivfnl  alalt,  t.g  .  tht  raft  and  dmt  twn  of 
molwir  nnd/nr  thf  Ihermodgnamir  ilait.  t  g  tht  Umi»r. 
afurr.  of  a  fluid  in  ordir  to  athuvt  a  dtatrrd  [nirpofr. 
tven  tlie  animal  kingdrm  li,a,s  example*,  e.g..  beaver  dams,  of  attempts  ,at 
flow  control. 

However,  until  recently,  flow  control  and  optimization  has  In  i.n.  for  tlv- 
monl  part,  effected  without  the  ii.se  of  sophisticated  fluid  iiio.Jel-  and, for 
without  the  use  of  sophistirnted  cprimir.otion  techniques,  l.o  spite  of  this, 
fiihstantial  success-s  liase  been  aehieved.  On  the  other  liai.d,  sephisti- 
cared  current  and  future  uses  of  flow  controls  require  a  more  systematic 
approach  to  these  problems,  and  in  particular,  will  require  the  ii.se  of  S’> 
pliislicatcd  optimira*ion  techniques  in  conjunotUui  with  .sophistic.ntrd  flow 
models.  Even  the  popular  literature  has  recognized  H  is  ins  d.  For  example, 
the  January  IPft.l  i.ssuo  of  Pcpulaf  Mtrhantnrs  disru«sc.<i  th<  use  injection 
of  fluid  near  the  nose  of  .an  .aircraft  in  oriler  to  steer  the  aircraft  in  stall 
environments.  Another  example  is  the  March  1,  199.3  issue  of  ditafien 
UVfJ-  (s  Sport  T'.chr.ology  in  which  ilie  n*’ed  for  flow  control  theories  in¬ 
volving  tho'is.auds  of  degrees  oi  freedom  to  replace  current  ones  involving 
ID  degrees  of  freedom  is  discussed. 

Here,  our  main  goal  is  to  briefly  review  some  of  the  past  successes  in 
flow  control  and  op'.imizatum  VVe  nlso  discuss  why  the  lime  is  now  right 
for  the  inccitporatioii  c.f  si'phistieatc d  fluid  model.s  and  sophisticated  opti- 
mizatior.  techniques  into  practical  flow  control  and  opTimi/.ation  melhod- 
cl  -ev.  Indeed,  the  purpose  of  this  volume  and  of  the  mening  from  which 
it  emai.''te.s  is  to  review  some  of  tlie  recent  in  at  hematic  al  .and  engineering 
developineni.  in  this  regard.  We  close  with  some  remaiki  nnoiii  the  struc¬ 
ture  of  flow  control  aii.i  ,  fimi-rntion  problems,  and  willi  some  exampies 
of  intercs'iiig  obiective  fuuetit.nnls  .and  control  mechanisms 

Lest  one  thinks  that  flow  control  .and  optimization  i.s  a  recent  quest 
among  tnallieiuH'i'UHns,  .  ngincer.;,  .and  scientists,  consider  the  following 
drag  minimization  prr.hlem- 

(lAaf  ts  Ih'  ship'  that  n  xiirface  of  rtvolulion  moving  at 
loiisloni  VI  hu-itij  in  thr  tfircrt.’on  of  it?  oris  wjft  lini  f  if  it 

•  Ucpajtmriit  I.f  M»lh.-iT;)irir««rrt  Tt>ierdis.-iplin»n.  Center  f.  i  Apple.)  Vathematirr. 
\'irgjnia  Icrh.  V’.A 

IS5 


186 


MAX  D.  GUNZBl'RGFR 


i$  to  offer  the  kasi  rtxhtanrr  io  1k(  motion? 
Th#  body  is  skntchcd  in  Figure  1.1. 


FlO.  1.1.  A  fff 


After  making  cwfaiii  ai^uiiiplions  about  ilie  flow,  one  can  show  this 
probieiii  is  equivalent  lo  lindiag  a  yfr),  r<  <  x  <  x-),  that  mir.imire.s 


l4.(y'(r)P 


riiis  is  the  iirst  iipnficant  probkm  tn  thf  raliit\i<i  of  rariatKins.  .■‘.nd 
posed  (lbS7)  and  solved  (1604)  by  .Vei/fon! 

3.  Flow  control  witlmut  tluids.  By  flow  control  vilhoui  fintds  wo. 
mean  aueiiipts  lo  control  a  fluid  flow  and  state  without  the  utilization  of 
sopl.islicaled  fluid  models  involving  partial  diflerential  equations  such  n.s 
the  Navier-Siokes  equations,  or  the  Euler  equations,  or  the  potential  flow 
equations,  etc ,  for  the  e.xaniples  of  dams,  pumps,  etc.,  mentioned  .above, 
flow  control  is  effected  without  any  attempt  to  solve  such  fluid  equations. 

An  e.xnmple  of  a  very  successful  application  of  flow  control  without 
an  accurate  modeling  of  the  fluid  is  the  design  of  the  htoling  jnd  cooling 
tysltm  in  a  bvitding.  Here,  one  design.s  a  system  of  ducts,  fans,  registrr.s. 
vanes,  sensors,  actuators,  heat  pumps,  furnaces,  air  conditioners,  ere,,  so 
that  the  temperature  in  a  building  is  close  to  a  uniform,  comfortable  value 
and  so  that  the  heating/rooling  hill  is  as  Icav  a.s  pceisihle.  In  the  design 
process,  the  nir  flow  is  not  compufrd  using  sophisticated  models  involving 
partial  differemial  oqiiafkins.  Rather,  one  simply  use.s  empirical  rules  for 
determining  thn  flow  rates  necessary  for  rarr)  ing  out  the  design.  One  afso 
assumes  that  pumps,  fans,  furnaces,  etc.,  move  the  air  at  constant  flow 
rates  through  the  ducts,  registers,  etc.  Heal  and  temperature  losses  arc 
also  determined  in  an  empirical  manner. 

Perhnp.s  the  nuwt  spectacular  e.\eniple  of  successful  How  control  with¬ 
out  fluids  is  that  of  anvJynamic  coulroh.  Here,  one  delennines  a  position 
of  the  rudder,  wing  flaps,  elevators,  aitelfins.  throttle,  etc.,  so  that  an  air¬ 
craft  excrutc.s  a  desired  man''in'CT.  To  some  exlent,  all  modern  aircraft 
employ  automalic  controls,  i.e.,  contreds  that  are  not  deteriiiiiied  hy  the 
pilot,  but  perh.aps  by  a  computer.  The  extreme  example  in  this  regard  is 
the  Grumman  X-2P  airplane  which  uses  such  nutomatie  control  to  keep  the 
plane  from  going  •‘unstable”.  Typically,  aerodynairde  controls  arc  set  by 
solving  a  small  system  of  ordinary  differential  equations.  The  influence  of 
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t!ie  fluid  flow  on  the  controls  appears  as  functions  or  constants  in  the  dif¬ 
ferential  equations.  These  functions  and  constants  are  determined  a  priori, 
very  often  using  an  empirical  process.  When  the  control  settings  aie  being 
determined,  no  attempt  is  made  to  solve  partial  differential  equations  for 
the  lliud  flow. 

In  these  and  niimerons  other  examples,  no  attempts  are  made  to  em¬ 
ploy  sophisticated  fluid  models  such  as  those  involving  partial  differential 
equations  The  flow  of  the  fluid  is  modeled  by  a  few  constants,  or  at  best 
functions  of  time,  appearing  in  sy.stems  of  ordin.ary  differential  equations 
that  determine  the  optimal  control  settings,  or  by  using  a  Bernoulli  equa¬ 
tion  to  relate  mass  flow  and  pres.fiire,  or,  most  often,  by  assuming  constant 
m.-!.ss  flow  ratf.-s.  In  this  sense  one  may  view  thest;  efforts  as  constituting 
flow  ronirol  wiHioul  fluids. 

3.  Flow  uptiiiiizatioii  without  optimization.  By  flow  oplttni:a- 
lion  without  wo  mean  attempts  to  control  a  fluid  flow  and 

State  in  order  to  meet  a  desired  objective  without  the  utilization  of  so¬ 
phisticated  optimization  techniques  such  as  Lagrange  multiplier  methods, 
quasi-Newton  methods,  etc.  In  many  cases,  including  the  ones  described 
below,  although  sopliisficated  optimization  algorithms  are  not  involved,  a 
detailed  description  of  the  fluid  motion  and  state  is  employed.  The  latter 
are  determined  by  e.xperimental  ineasiiremcnta,  or  analyticirl  solutions,  or 
computational  simulations. 

For  the  first  example  of  flow  optimization  without  opiimiz.ation,  we 
consider  the  large  body  of  experimental  work  and  somewhat  smaller  body 
of  analytical  work  on  hotindari/  layer  control.  Here,  the  size,  .shape,  forma¬ 
tion,  etc.,  of  a  boundary  Layer  is  to  ae  affected,  e.g.,  controlled,  in  order  to 
meet  a  d?.sirrd  objective.  Control  mechanisms  llmt  have  been  considered 
are  the  movement  of  solid  walls  such  as  for  a  rotating  cylinder,  the  injec¬ 
tion  or  suction  of  fluid  through  orifices,  shape  variations  such  as  camber, 
tliickiies.s.  and  flaps  adjustments,  etc.  Objectives  that  have  been  considered 
are  maximizing  lift,  minimizing  drag,  preventing  separation,  preventing  or 
facilitating  iraiisition  to  turbulence,  etc. 

For  exanipl'-,  consider  the  following  question.  Can  the  drag  on  a  body 
be  lowered  by  the  jurtion  of  fluid  through  a  narrow  slit?  Specifira’ly. 
consider  the  sketch  in  Figure  3.1.  Here,  we  have  a  cylinder  in  a  uniform 
stream  and  we  have  fluid  sucked  through  a  slit  on  the  back-side  of  the 
cylinder.  This  problem  was  the  subject  of  J’randtl’s  first  paper  in  1904  [3j! 
What  Prandtl  found,  through  experimentation,  is  th.at  indeed  the  drag  on 
the  cylinder  could  be  reduced  by  sucking  fluid  out  through  the  slit. 

Another  example  is  attempts  towards  the  ranrcUatron  of  wave  drag. 
The  Busemann  biplane  (1,930)  was  an  attempt  to  design  a  wing  shape  in 
order  to  reduce  wave  or  shock  drag;  see  Figure  3.2.  The  left-hand  figure 
shows  the  shock  waves  under  design  conditions;  the  wedge  angles  are  e.x- 
actly  those  needed  to  cancel  out  the.  oiit-going  waves.  The  right-hand  figure 
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show  riff-flfsign  conditions  for  which  thn  out  going  waves  are  not  completely 
cancel  If- 1. 


3-2.  Thf  bijfhn^ 


More  recently.  Garabcdian  and  his  co-workers  {!].  and  others,  have  de¬ 
signed  transonic  airfoil  shape.s  llial  e,eiierate  shock-free  flows.  Attain,  under 
design  conditions,  there  is  no  shock  preseiii  at  the  back  of  the  supersonic 
bubble  on  the  upper  side  of  the  airfoil:  at  olT-design  conditions  a  weak 
shock  is  prc-scnt  there. 

Ill  these  examples,  and  many  others  as  well,  snphi.sficated  flow  models 
were  used  in  experiments,  analysr.s.  or  r.ompurations  of  optimal  designs. 
However,  no  attempt  was  made  to  employ  sophi.stirated  optimixation  algo¬ 
rithms,  Solutions  were  obtained  by  doing  e.xperiiueuts  or  solving  equations 
for  a  (small)  set  of  configuration-s.  and  then  comparing  results.  In  essence, 
optimization,  e.g.,  minimization,  is  elfecied  by  variants  of  the  following  al¬ 
gorithm  (which  for  simplicity,  we  describe  in  the  case  of  having  only  one 
design  parmetcr): 

Given  afunctional  f{p)  to  be  minimized  with  respect  to  the  parameter 

P. 
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1. clioose  n  distinct  values  {pi,P;,...,Pn)  of  the  parameter; 

2. evaluate  /(Pi)  for  i  =  1, .... n;  and 

3. examine  the  set  {/(pi ), . . .  /(Pn)}  and  choose  a  value  p-  such  that  ffpj )  < 

/(Pi)  for  i=  1. 

For  example,  plot  the  values  of  /(pi),  t  =  as  in  Figure  3.3,  and 

then  choose  the  parameter  that  yields  the  minimal  value  of  /  among  the 
plotted  values.  One  may  view  such  efforts  as  /lou.-  op1imi:atiov.  without 
opUrniiitinn. 


f(p) 


Pi  P.’  P3  P4  Ps  Ps 

J  l<i.  3.3.  Gnyhrtnl  nininizttXQn  oj  a  Jvnctional 

4.  Flow  control  witliont  ohjeetivcs.  By  flew  control  without  ob¬ 
jectives  we  mean  attempts  lo  use  control  and  optimization  ideas  in  a  fluiils 
setting,  not  to  have  the  fluid  flow  meet  some  desired  objective,  but  in  order 
to  meet  some  independent  objective. 

As  an  example,  we  consider  the  work  reported  in  [2j  and  related  papers 
on  the  use  of  optimization  ideas  to  generate  incompressible  compuialwnaf 
fluid  dynamics  algunthrns.  Tlie  connection  between  a  CFD  algorilhiii  and 
flow  entimization  is  made  as  follows.  If  (u.p)  is  a  solution  of  the  Navier- 
Stokes  equat  ions 

~i/Au  +  u  •  Vu  +  Vp  =  f  iiifi. 

V  •  u  =  0  in  n , 
and 

u  =  g  on  OU , 
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IflO 

in  some  region  Q,  then  u  minimizes  the  functional 

J(v)  =  ^|v$(v)i’dn 

over  a  suitable  function  class,  where,  for  given  v,  {#,^)  is  a  solution  of  the 
Stokes  problem 


-i/A®  +  = -t'Avh  V  •  Vv  -  f  infi. 


y-«  =  0  in«. 


and 


#  =  0  on  dQ. 

Moreover,  if  u  i.s  mininiizer  of  J,  then 

(  - -p.  and  »7iu)  =  0. 

The  problem  of  minimizing  J  can  be  solved  by  a  conjugate  gradient  algo 
rithm  having  the  property  that  at  each  iteration  only  a  sequence  of  Stokes 
solves  is  required.  Thus,  and  efficient  ('FID  algorithm  is  generated.  How¬ 
ever,  note  that  no  intrinsic  properly  of  the  flow  is  being  optimized:  hence, 
in  this  sense,  we  have  flov  '•ontrvl  without  any  objtctne. 

8.  Tuiifliness  of  flow  control  problfim.s.  At  this  point,  it  is  nrittirr,! 
to  ask: 

can  one  put  together  iophisttcaied  fiov  uiorfr/s  and  .sopAi.s- 
iicaied  optimization  techniques  in  order  to  meet  desired 
objectives? 

An  affirmative  answer  to  this  question  depends  ca  being  able  to  obtain  a 
like  answer  to  the  next  question: 

has  flow  control  and  optimization  become  a  sub  ject  ready 
for  rigouroua  mathematical  treatment  ntiti  ayetemalic  com¬ 
putational  nsoluHon  using  avphiittcaled  fluid  models  and 
iophMcaftd  optimization  algorithmsf 
An  affirmative  answer  fo  the  second  question  follows  from  the  observations 
that  there  ha,'  recently  been  significant  advances  in  the  theory  of  partial 
differential  equations  for  the  equations  of  fluid  mechanics,  especially  for  the 
Navicr-Stokea  equations  for  incompressible  flows,  and  there  have  also  been 
significAnt  advances  in  efficient  and  robust  algorithms  for  computational 
fluid  dynamics  for  all  types  of  flow  regimes  that  enable  the  analysis  and 
appriixim.ntion  of  flow  control  problems. 
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6.  The  structure  of  flow  control  problems.  The  structure  of  a 
flow  control  or  optimization  problem  is  similar  to  that  of  any  such  problem. 
First,  one  has  an 

objtcUrt.  i.e.,  a  reason  why  one  wants  to  control  the  flow. 

There  are  numerous  objectives  of  interest  in  applications,  e.g.,  flow  match¬ 
ing,  drag  minimization,  lift  enhancement,  preventing  .separation,  preventing 
transition  to  turbulence,  deterring  temperature  variations,  enhancing  mix¬ 
ing,  deterring  mixing,  etc.  Mathematically,  snch  an  objective  is  expressed 
as  a  cost  functional. 

Next,  one  has 

constraints  that  must  he  imposed  on  candidate  optimizers 
that  determine  whni  type  of  flow  one  is  interested  in. 

One  must  decide  what  type  of  fluid  model  is  adequate  for  the  flows  one 
is  interested  in,  i.e.,  is  one  satified  with  assuming  the  flow  is  a  potential  Acav. 
an  invsifid  flow,  a  viscous  flow,  an  incompressible  flow,  a  compressible  flow, 
a  stationary  flow,  a  time  dependent  flow,  etc.  Mathematically,  flic  type  of 
flow  is  expressed  in  terms  of  a  specific  set  of  partial  difftnniial  cgiinttons. 
Finally,  on  has 

controls  or  design  parmeters  at  one’s  disposal  in  order  to 
meet  the  objective. 

One  can  have  boundary  niliir  coniroh  such  as  injection  or  suclio.'i  of  fluid 
and  heating  or  cooling  or  temperature  controls,  etc.;  one  could  have  dts- 
iribnUd  controls  such  as  heat  .sources  or  magnetic  fields,  etc.;  or,  one  could 
have  shape  conlrols  such  a.s  leading  or  trailing  edge  flaps,  movable  walls, 
rudders,  propeller  pitch,  surface  roughness,  or  domain  design,  etc.  Mathe¬ 
matically,  controLs  arc  expressed  in  terms  of  unknoun  data  in  the  problem 
spec'^cation. 

Thii.s,  the  mathematical  specification  of  a  flow  control  or  optimization 
problem  involves: 

stair,  variables 

lb  —  u,  p,  T.  e,  etc..  the  velocity.  p>res?ure,  tempera¬ 
ture,  internal  energy,  etc.; 
control  variables  or  design  parameters 

g ,  e.g.,  the  velocity  on  the  boundary,  the  heat  flux  on 
the  boundary,  the  shape  of  the  boundary,  etc.; 
an  objective  or  cost  functional 

J{<b,g).  e  g-,  drag,  temperature  gradient,  etc. 
constraints 

F(<b..9)  =  0 ,  i.e.,  flow  equations. 

The  flow  control  problem  is  then  simply  stated  ;ib  the  following  ininimi:a~ 
tion  problem: 

find  conlrols  g  and  states  <b  such  that  J{d>.  g)  is  minimize J. 
subject  to  /'  (o.y)  =  0. 
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The  functionals  to  be  minimized  do  not  usually  explicitly  depend  on 
the  controls  or  design  parameters;  this  may  result  in  unbounded  optimal 
controls.  Thus,  one  must  limit  the  si:e  of  the  control  There  are  two  ways 
to  do  this.  One  may  place  some  a  priori  constraints  on  the  size  of  admissible 
controls  so  that  one  looks  for  optimal  controls  within  a  bounded  set,  e.g., 
one  could  look  for  optima!  controls  g  such  that,  for  some  suitable  norm. 

IlflII  <  A'  ■ 

A  second  iiicthncl  for  limiting  the  size  of  the  control  i.s  to  penalize  the  ob¬ 
jective  functional  with  some  norm  of  the  control,  i.e.,  in.stcad  of  minimizing 
a  functional  J(ip)  one  could  minimize 

By  making  judicious  choices  for  the  parameters  <  and  3  and  for  the  norsu 
on  g,  one  may  at  the  same  time  eireclively  limit  the  size  of  the  control  and 
obtain  sfate.s  such  that  the  value  of  J  is  small. 

7.  Sample  objectives.  We  now  give  a  short  sample  of  the  many 
possible  objectives  that  arise  in  practical  flow  control  and  optimization 
problems.  We  emphasize  that  there  are  many  other^usefu!  and  interesting 
objective  functionals  that  have  or  siiould  be  considered. 

flow  Irocking.  T.ct  u  denote  the  velocity  field  and  Uj  denote  a  pre¬ 
scribed  rie.sired  velocity  field.  \Vc  want  to  control  the  flow  so  that  u  is 
‘■close*  to  Vj.  It  is  natural  to  minimize  some  norm  of  the  dilference  be¬ 
tween  u  and  Uj.  For  example,  one  choice  that  has  been  considered  is  to 
minimize 

^(u)=  7  /  ;u-Ui"d«. 

‘iJn 

where  Q  denotes  the  flow  domain.  (The  particular  choice  of  the  L*  norm  is 
governed  by  technical  considerations.)  One  can  also  try  to  match  the  flow 
on  part  of  the  flow  domain,  or  even  on  some  surface.  For  example,  one  may 
minimize 

|u-U,d’dr, 

where  To  i.s  some  plane  in  the  flow  field. 

Viscous  drag  minimhatiun  An  important  objective  in  rr.nny  applica¬ 
tions  is  the  minimization  of  drag.  For  some  incompressible  flows,  the  drag 
on  a  body  can  be  computed  from  the  integral  of  the  dissipation  functkin 

J(n)=^Jj(Tn)  +  iVnyfdil. 

where  ft  denotes  the  viscosity  coellident.  Thus,  if  otie  wi.she.s  to  minimize 
the  drag  on  a  body,  one  merely  minimizes!  the  above  funetional. 
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Avoiding  hot  spots.  In  many  applications  it  is  desirable  to  avoid  ‘hot 
spots"  along  bounding  surfaces,  i.e.,  places  where  temperature  peaks  occur, 
since  often  such  phenomena  lead  to  meltdown  or  to  flexural  failures.  Such 
difficulties  may  be  .avoided  by  minimizing  the  functional 

J(T)=  [  \^,Ti‘dr, 

JVt 

wh.re  T  denote'  the  temperature,  V,  the  surface  gradient,  and  Fj  the 
portion  of  the  boundary  .along  which  one  would  like  to  avoid  the  above 
problems.  Another  candidate  functional  to  be  minimized  is  given  by 

.7(T)=  f  ir-Tjprfr, 

JtT 

where  denotes  a  desired  temperature  distribution. 

Well-mixed  flows.  One  common  objective  is  to  have  two  (or  more)  flu¬ 
ids  become  well-mixed  at,  for  example,  the  outflow  of  some  flow  region. 
At  the  inflow,  perhaps,  the  fluids  are  not  well-mi-xed:  we  could  have  an  air 
flow  with  fuel  being  injected  through  an  orifice.  By  controlling  the  flow, 
we  would  like,  by  the  time  the  fluids  reach  the  outflow  region,  not  to  have 
high  concentrations  of  either  fluid  prc.scnt.  One  way  to  achieve  this  is  to 
minimize 


:/(t)=  f  iv.eprfr, 

Jlo 

c  denotes  the  mass  fraction  of  fuel.  V*  the  surface  gradient,  and  Fq  the 
outflow  boundary.  By  minimizing  the  above  functional  we  achieve  a  quasi- 
uniform  concent  ration  distribution  at  the  outflow  boundary. 

Poorly  mixed  Hows,  lii  other  applicationrs  one  wants  two  or  more  fluids 
to  mix  as  little  as  pos.sible.  For  example,  one  would  like  one  fluid  to  remain 
coiiliiietl  to  a  certain  portion  of  the  flow  domain,  and  not  penetrate  into 
other  portions  of  tlio  flow  dom.nin.  If  one  wants  to  exclude  »  particular 
species  from  the  portion  fio  of  the  flow  domain  Q  we  could,  in  this  case, 
achieve  our  objective  ny  minimizing 


J(c)  =  '!xc||'-. 

where  \  denotes  the  characteristic  function  for  Qi}. 

8.  Sample  control  mcrnhnism.soDd  design  parameters.  We  now 
give.  a.  short  .sample  of  the  m.any  control  mechanisms  that  arise  in  practical 
flow  r.oniTol  .and  of.timization  problems.  Again,  we  emphasize  that  there 
arc  many  other  useful  and  interesting  control  inecahnisins  that  have  or 
should  be  considered. 
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VV/ocitv  along  portions  of  the  boundary.  A  very  much  used  mechanism 
of  control  is  to  inject  or  suck  fluid  through  orifices  along  bounding  surfaces. 
Thus,  if  Fe  denotes  the  portion  of  the  boundary  covered  by  the  orifices,  we 
would  sock  a  control  g  such  that  one  of  the  functionals  is  mirrimkcd,  subject 
to  the  appropriate  flow  equation.s,  and  also 

u  =  g  on  Ft . 

Temperature  and  heating  controls.  Another  common  control  iiiccha- 
nisiii  is  to  adjust  the  temperature,  or  even  more  often,  the  heat  flux,  along 
portions  of  the  boundary  of  the  flow  domain  in  order  to  achieve  one  of 
the  desired  objectives.  Within  this  class  of  rontrol.s  we  find  “heating”  and 
“cooling”  controls.  For  example,  one  could  seek  a  control  q  such  that  one 
of  the  functionals  is  minimired,  subject  to  the  appropriate  flow  equations, 
and  also 


8n 


=  9 


on  I'r . 


where  Fy  denote.s  the  portion  of  the  boundary  along  whieh  one  allows  tlie 
control  to  act  and  d/dn  denrues  the  normal  derivative  at  the  boundary. 

Distributed  controls.  One  could  try  to  effect  control  through  the  body 
force  in  the  Navicr-fltokes  equation.  Thus,  one  would  seek  a  control,  defined 
on  the  flow  domain  fl  or  rn  a  portion  of  fl,  .sttch  that  some  functional  is 
ininimired  and  subject  to  the  appropriate  flow  equations.  Physically,  one 
way  to  elTccI  such  coiitrol  is  by  a  magnetic  field  acting  on  ati  loiiiacd  fluid 
or  an  electrically  conducting  fluid.  Another  distributed  toiurol  of  interest 
is  a  heat  source  in  the  energy  equation.  Physically,  one  way  to  effect  such  a 
control  is  through  radiation  mechanisms,  or  through  a  targeted  laser  beam. 

Shape  controls.  The  control  mechani.eiiis  discussed  so  far  are  collec¬ 
tively  known  as  value  controls,  thi?  refer.s  to  the  fact  that  we  try  to  effect 
control  through  the  adjti«tmcnt  of  the  values  of  the  data  of  the  prcJdeui. 
Another  chiss  of  r.onrrols  .are  known  rollrctivcly  ,1=  .vAape  ennireh:  in  this 
ense.  control  is  effected  hy  idjusting  thn  sh.ipc  of  tht'  flow  dor  lin.  The 
sh.ape  of  the  flow  domain  may  be  changed  in  many  v.>ays.  For  example,  one 
could  use  leading  and/or  trailing  edge  flaps,  or  movable  walls,  or  rudders, 
or  propeller  pitch,  A  related  problem  is  the  oplimal  design  problem.  Here, 
we  want  to  choose  ,a  flow  domain,  e.g,.  the  exterior  of  an  airfoil,  .so  that 
some  olijectiv'c  is  achieved.  Of  course,  the  flow  dtunain  is  determiuetl  by 
its  boundary,  e.g..  the  airfoil  itself. 
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mathematical  issues  in  optimal  design  of  a 

VAPOR  TRANSPORT  REACTOR 

KAZUFUMI  ITO»,  Iirr,K  T.  TRAN*  ,  AND  JBFFFRV  R.  SCROCC1S* 

Abstract,  lutliis  paper  the  optimal  drsign  of  a  vertiral  reartor  for  growing  crystals 
Mittf  epIlAxta!  layers  by  pliyshal  sapor  transport  technique  is  Aismsserf.  The  transport 
phenomena  involved  in  the  deposition  process  U  modeled  hy  the  gasdynamics  equations 
uid  (bcmical  kincinaiUs.  The  proyeiii  is  formulated  as  a  shape  optimiratinn  with  re- 
spect  to  the  geometry  of  the  reactor  and  an  optimal  control  problem  hy  controlling 
the  wall  temperature.  The  material  and  shape  derivatives  of  solutions  to  the  stecalled 
Boussinesq  approximation  are  derived.  Optimality  condition  and  a  numerical  optiiniva 
tion  method  based  on  the  augmented  Lugrangion  method  ore  discussed  for  the  boundary 
control  of  the  Boussincsqfluw  A  uuiiierical  approximation  based  on  the  Jacobi  poly¬ 
nomials  for  the  asi  symmetric  Bow  is  developed  along  with  a  discussion  of  an  iterative 
method  based  on  GMHES  for  solving  the  resnlting  system  of  nonlintir  equations. 

1.  Introduction.  In  tlii»  paper  wc  Hisriiss  the  m.ithenatifal  Issues 
involved  in  designing  hii  optimal  reactor  for  growing  crystals  and  epitaxial 
layers  by  vapor  transport  techniques.  The  application  of  theep  materials 
in  nindern  eomputer.s,  communication  systems,  and  other  electronic  and 
optical  devices  demand  precisely  controlled  electrical  and  optica)  proper¬ 
ties,  and  hence  extremely  high  purity  and  uniformity.  Our  design  elTort  Is 
focused  on  the  Srholr  geometry  depicted  in  Figure  1.  The  source  material 
and  tlip  growing  crystal  are  sealed  in  a  fused  silica  ampoule  tlial  is  lieated 
by  an  isothermal  furnace  liner  at  its  outer  cylindrical  surface  The  stil>- 
strate  (the  single  crystal)  is  located  on  a  fused  silica  window  (W)  which  is 
cooled  by  a  jet  of  helium  gas  from  the  outer  surface.  HJ’VT  processes  are 
based  on  pliy.sieal  vapor  transport  and  can  be  described  very  roughly  lu 
proceeding  via  ev.iporation  at.  the  polycrystalline  source  and  condensation 
at  the  surface  of  the  cooler  substrate. 

Our  effort  on  malliematical  modeling  of  transport  and  growth  process 
in  the  high  pressure  vapor  transport  (UPVT)  arises  from  collaboration 
with  Klaus  fJachmann  in  a  joint  project  between  the  Center  for  Itesearch 
in  Scientific  Computing  and  the  Materia!  Research  Laboratory,  both  at 
North  Carolina  State  liniversity.  Preliminary  studies  in  the  laboratory  have 
shown  that  cry.srals  grown  by  HPVT  of  ZnfiePj  exhibit  superior  properties 
than  those  grown  by  the  existing  techniques.  We  have  begun  to  explore 
the  conditions  that  favor  these  properties  by  modeling  a  vertical  reactor 
along  with  a  numerical  simulation  of  2-D  a.xi-sytnmetric  steady  flow  of 
n  homogeneous  P3  gas  at  1  and  10  atm  pressure  using  the  Boussinesq 
equation  (T.'tR].  Numerical  simulations  were  performed  in  [TBS]  to  study 
the  flow  dynamics  and  temperature  distribution  inside  the  reactor  chamber 
and  to  illustrate  the  feasibility  of  an  optimal  reactor  design  study. 


*  Center  fm  fteseoich  in  b'cientifir  Cctnpijfatinn,  North  Carolina  State  fniversiiy, 

Raleigh.  North  Carolina 
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Our  dl.iidy  is  concerned  with  the  transport  mechanisms  inside  the  re¬ 
actor.  We  quantify  the  uniformity  of  the  epitaxial  layer  and  formulate  the 
optimization  problems  in  terms  of  the  following  performance  indices: 

(1)  the  variation  of  the  temperature  of  the  substrate 

-  less  variation  should  increase  uniformity  and  purity, 

(2)  variations  in  the  relative  (luxes  of  reactants 

-  this  dciormines  the  stoichiometry  which  must  be  controlled  to 
•  within  1  percent, 

(3)  the  net  flux  of  reactants  onto  the  substrate 

-  this  determines  the  growth  rate, 


(4)  Absence  of  local  recirculation  flow. 

The  possible  control  variables  consist  of  the  shape  of  the  reactor,  .-wpect 
ratio,  total  pressure,  orientation  of  the  reactor  with  respect  to  the  gravity 
vector,  wall  temperature  distribution. 

The  mathematical  iriodel  for  the  transport  phenomena  involved  in 
the  deposition  process  involves  the  gasdynaiuics  eipmtions  (conservation 
of  mass,  momentum  and  energv  )  and  the  co!i*.ervHti<iii  of  species  equation 
for  the  reactants:  i.e.. 


df 


p+V  •(/>»/)  = 


0 


(1.1) 


pi^u^u-  Vu)  +  Vp=:,,  (Au  +  I  V('r  -  «))  -  pg  C3 
pC,  (^T  +  u  VJ)  -  p(V  •  u)  =  V  •  (i  VT)  +  2ft  (u; 


1 

3 


C:  +  u  •  Vc,)  =  V  •  {pn  (Ve,  +  Q  aVlogT))  +  r* 

where  «, j  =  5  ( +  |^)i  the  .state  function  {p,  u,  T.  c, )  includes  !.be  den 
sif.y  p(f,r),  the  rna.s£- average  velocity  u{t,x)  €  J{^.  the  ternperaiure  7(t,  a-), 
and  the  m.va  fractions  c  —  (ci.  •  •  -.Cr,)  of  each  specie  t  with  c,  =  1. 
In  the  equation  Cj  is  the  reaction  rate  of  the  f-th  specie,  <r  i^  the  thermal 
diffusion  factor  (Soret  coeflicient),  D  is  the  sulutal  difTiisivity,  k  is  thermal 
diffusivity,  and  C't  is  the  specific  heat.  We  assume  the  perfect  gas  law  for 
all  species;  i.e.. 


(1.2) 


_  pcjRijT 
~  m, 


where  J?<i  is  the  universal  gas  law  const  ant  and  i.s  the  molecular  weight 
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of  Ihe  i-th  sp»>rie.  Wc  assume  ihw  the  velority  field  satisfies  the  non¬ 
slip  boundary  eondition  and  the  temperafino  distribution  is  given  at  the 
boundary  T;  i.e., 


(1,3)  tt  =  0  and  T-9  on  T 

111  the  ease  of  binary  (carrier  and  reactant)  gases  we  may  consider  the  fol¬ 
lowing  boundary  condition  for  the  concentration,  which  models  the  surface 
reactions  and  deposition  along  the  substrate  [VHC] 

(1.  In)  n  ■  (^e,-  +  n  CiVlogT)  -  ce,  ■:  0 

Ilwhere  n  is  the  outward  normal  vector  at  the  boundary  and  «  is  the 
Diimkohler  number.  On  the  wall  we  astuiiie 

ilAb]  ft  (Vr,  I  nc.Vlo^r)  =  fl 

and  at.  the  source  the  roiiccnt  rat  ion  cj  is  assuiiieJ  to  be  given. 

The  paper  is  organized  as  follows.  In  ii2  existence  of  solutions  to  tlie 
steady  problem  is  discuswd.  In  §3  a  numerical  nn'tbud  based  on  Jacobi- 
polynomial  based  spectral  (lau-)  appro.'utuatioii  is  ileveloped  for  llie  axi- 
syininetric .siiliitum  to  the  Hoiis.«ities(|  equation.  .An  iterative  mcThnd  based 
on  a  preconditioned  projection  method  and  GMRES  for  solving  the  re 
suiting  system  of  nonlinear  t-qtiaiiotis  is  developed.  In  §4  the  shape  opti- 
iiiizatiou  for  the  Boussinesq  flow  i«  formulated  and  the  sensitivity  equation 
based  on  the  shape  derivative  is  di  rived.  In  §a  the  of.tiriiaI  control  for  the 
Boussinesq  flow  is  discussed  and  the  first  order  and  second  order  optimal 
ity  condition  is  i.istablished  A  solution  technique  based  on  the  augmented 
Lagrangian  method  ivilh  second  order  update  is  described. 

2.  Existence  of  solutions.  In  this  section  i*e  discuses  the  existence 
of  solution.?  to  the  steady  problem.  For  simplicity  of  our  discussions  eve 
consider  the  case  when  no  reaction  is  taking  place  fi  e,,  involving  only  a 
single  carrier  gas).  Then  it  is  not  difficult  to  show  that  if  T  =  fto  (a 
constant),  then 

(2.1)  M  =  0.  r=  fio.  /■'  =  /’3''xr(--jp|-t)  and  p  ^ 

ie  m  eoltilioii  to  the  sfear’y  equation  of  (1.1)  where  p,i  =  %f^7h.  Then  it 
is  shown  in  (MN]  ihat  there  exi.sts  a  global  unique  {cla.ssicai)  solution  to 

(1.1)  I’lrovidcd  that  the  initial  erudition  is  sufficienilv  clcse  to  ip.u.t)  in 

HHiif- 
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Th#  steady  equation  can  be  written  na 

r  u  =  u 

p 

•  u)  +  V;/ = «3  -  r>w  Tt/ 

-V  •  (kVT)  =  n  <t(Z)u)  -  p  V  1/  -  C.7> «  VT. 

We  will  show  the  existenrf  of  »<)hitior.*  in  ii  ni'igl'.Viorhood  of  {p.ti.T)  by 
applying  the  in'.p!:cit  function  ilieory  to  (2.2)  CVmsidrr  ilie  »fnte  space; 
{/>.  u,  T)  €  IV  '(O)  X  U'-  '■(01''*  X  U  '-'  '/’•(O)  for  r  >  2  Assjuu'  that,  c  >  4. 
Ihoii  aiiice  IT’  '(Q.l  is  continuously  embedded  into  (lie  rigiil  liaiul 

aide  of  (2.2)  belongs  to  //  x  x  'I'lieii  it  follows  from  [Ciij  that 
the  linear  equation  (2  2)  has  a  unique  solution  (u  p,  7  )  =  >(p,!i.  7  )  in 
X  i ’■(f))  X  rP’  '*’(0),  given  the  right  Hand  side  in  L'  x  (//'I®  >  7, 
However  from  'lie  perfect  gas  law 

m 

we  must  have  p  £  If  '(f)).  That  is.  we  have  a  ijiisiiiat<.!i  of  the  regularity 
for  the  pressure  p.  In  order  to  overcome  this  dillicul'v  we  assume  a  hulk 
vi.-csisity  assumption  [Sell] 

(2.31  -  P  -  V  M  and  p,^  -  —T 

.1  tn 

where  pf.>,  is  the  thermcd.vnamic  pressure  Note  that  for  the  incoriipressiblc 
flow  (he  thermodynaiiiic  pressure  eqtinls  to  ‘he  mechanical  pressure  and  at 
theinviscid  limit  (assuming such  a  limit  exists)  (2,3)  reduces  to  the  perfect 
gas  law. 

From  IFM]  we  'lave  the  vector  field  drrompositicjn  of  f/(t))®;  that  is. 

rmf .^.(nia  aif)) 

where  Sr{Q)  i»  the  elosurc  of  .soicnoidal  (Y*  u  =  C)  fuintioiis  with 
compact  support  in  f)  with  respect  to  f/(fl)  topology  and  (».(f))  is  the 
gradient  field  =  {V’o  :  d  €  M’*  '(fl)}.  Siippofse  n  =  e  +  u  with  i  f-  Srlil) 
and  w  9  Gr<Sl)  then  the  left  hand  side  of  the  second  equation  in  (2.2)  can 
be  written  as 


-p  Sv  +  Vlp  -  -p  V  u) 


ADA294785 


MATIIPMATfCAL  ISSUES  IK  OPTIMAL  D£SIQr«  OF  A  VAPOR  201 
The  linearhed  pq«n»ion  of  (2.2)  -  (2.3)  at  {f>,u,T,p)  is  given  by 

(AU  .  \  vVU)~VP  +  n9i3  =  Fi€  (I'  f 

(2.4) 

-^■(I-W))  +  pV  l'  =  f3ei,''/-  and  e|r  =  e 

P  _  .  i; ...  Hi  (rn  +  pO)  =  A  €  u'‘ ^ 

.t  in 

Hence  by  the  implicit  fimciioii  ilu.xiry  if  (2  4)  ha.i  a  unique  .solution  (IT.  f/,6, 
P)  €  A’  =  H'*  ''  X  (H'J  *)^  X  W-  ’'!-  X  H’-  ''  that  continuously  depends  on 
F  =  (fi.Fj.fa.n)  =  L'  y  x  U''‘  x  tr''  and  (9  €  E  =  the 
trace  of  U’’”"'  on  1',  then  there  is  a  unique  continuous  solution  mapping 
of  equation  (2.2)  -  (2  3)  defined  iii  a  neighborhood  V’  of  To  in  E:  V'  — 
(p,ii,r,p)  €  A’. 

Assume  the  operator  Q  defined  hy  QV  =  V -U -  ■  V  on  IV’  ^  is 

surjective.  The  first  two  equations  of  (2  4)  ha.s  a  unique  solution  ((/,  P)  £ 
(IV’’')^  X  L',  where  /’  is  uniquely  detetiiiined  by  the  condition  that  the 
total  fheriiial  pressure.  =  (pn  ,  l)n.  is  a  constant.  Moreover  if  f'  =  I'  +  IV 
with  V  6  ^V(f^)  and  H'  6  Cr(n)  then  the  second  equation  of  (2.4)  is 
written  as 

(2.5)  -p  At'  +  r(P  -  A  .  n  =  fj  -  n? 03 

in  the  sense  of  distributions  since  gradA  -■  Agrad.  Since  divA  =  Adiv  in 
the  sense  of  distribulioiis  it  thus  follows  from  the  vector  field  decomposition 
of  (L*")®  that  P  —  5ii  V  ■  ('  €  V  is  continuously  depend  on  fl  and  Fi  € 
Then  the  third  equation  has  a  unique  solution  0  €  ns  a 

continuous  function  of  V  €  (IV*’')®.  Thus,  the  Inst  equation  of  (2.4)  ran 
be  equivalently  %vrilfeii  as 

(a.6)  n  f  q»(n)  =  f^  in  iv‘ ' 

m 

where  fi  C  £(14’*  '. IV'’’’)  is  defined  by  the  solution  [U.Q,P)  to  the  first 
three  equation  of  (2.1),  described  as  above  and  is  compact  since  is 
compactly  embedded  into  f.  It  then  follows  from  the  Riwir-Shauder  the¬ 
ory  that  if  --  is  not  an  eigenvalusof  the  linear  operator  4*  then  (2.6)  ha.s 
a  unique  solution  11  €  IV’''  that  in  turn  implies  (2.41  has  a  unique  solnf ion. 
The  range  conditions  on  the  operators  Q,  'i,  wliieh  depend  continuously 
on  the  total  pressure,  are  generkally  satisfied. 

3,  Axi-symiiifttrie  flow  nnd  Jacobi  polynomial  based  spectral 
method.  In  this  section  we  consider  a  numerical  approxiinution  of  the 
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*xi-symm(!tTic  flow  of  a  homogeneous  carrier  gas.  The  so-called  Boussinesq 
approximation  of  (1.1)  assumes  that  the  density  p  is  ronsfant.  Thus,  from 
the  mass  conservation  we  have  V  -  u  =  0.  The  buoyancy  force  in  the  prc.sence 
of  a  gravitational  force  is  modeled  by 

/I 

which  is  obtained  by  the  Taylor  expansion  of  the  perfect  gas  law  (1.2);  i.e., 

p  -  po  r  -  ^0 . 


P  ~  po  ( 1  + 


Po 


So 


where  the  pressure  dependent  term  is  neglected  wlien  no  reaction  is  lakiiiji 
place.  This  results  in 


A,  ( ^  U  +  W  ■  Vm)  +  Vp  =  p  Am  +  ^  ('i'  -  . 


(3.1) 


V  •  u  =  0,  tir  =  0, 


4  tt  •  VD  =  V  •  (A-  VI  ).  Tir  =  9. 


Furthermore,  we  consider  the  axi-synimetricflow;  i.e.,  it  -  (u  cosd,  usiixi,  u’) 
where  «,  tf,  the  radial  and  vertical  component  of  the  velocity  field  t7,  sat¬ 
isfies 

dv  .  yu.  dp  .  li 

,du'  dtv  0u\  Op  .  Pit  .  , 


dr 


dz 


(3-2)  r-  /  ,  1  5  .  ,  d«>  „ 

Vr  ■  (u,  ti-  =  -  ~(ru) -p -j— =  0 

r  Or  Oz 

u.  u:  =  0  T  =  8  on  r. 

Here.  A,.0  =  p(r  ^0)  +  ^d.  The  domain  ft,,  can  be  pa^alnetf•|■i^c.i  by 

(3.3)  fla  =  {(r,  z)  :  0  <  r  <  R  and  0  <  tr  <  o(r)} 

where  we  n.ssume  that  a  C  C‘(0,  ft)  i.s  positive.  Note  the  singularity  ap¬ 
pearing  in  the  operator  A-  is  removable  in  the  sense  timi 

(3,J)  -  [  Jrf.-  =  [  ^  PS),M. 

Jn  Jit  Or  Or  Oz  Or 
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for  e  C'fflo)  and  Vr  =  0.  Similarly, 

(3.5)  -j  Vr-{u,u^qrdrdz- J  iu^-tw^)rdrdz 

for  {  €  Dftfin?  flie  Hilberl  spaces  H  =  L^{Q,rdrdz)  and  I'  = 

{d>€  ff  V  ff  and  =  0}.  Tlien  the  right  hand  side  of  (3.4)  define 
a  bounded,  symmetric,  coercive  sesquiliner  form  o  on  V’x  V.  Thus  Ar  with 
dom(A,)  =  €  V'  :  Srd  6  //}  is  a  self-adjoint  operator  on  H  (see,  fTaJ). 

From  (3.5)  -  V,-  =  V"  with  dom(T*r  )  =  V'.  Hence  the  weak  or  variational 
formulation  of  (3.2)  is  given  by 

kHu,u').6))+  ar(u{t}.d>)  -.0 

f)  +  U'),  v'))  +  «(-v0.  V)  =  0 

(3.6)  " 

t|'' -I  ftaf(a.  u>,T).»))) -t  f-oITit),?/)  =  0 
at 

r.  ■(u(?). «■(?;.)  =  0.  (idt.btfO.T'i/))  e  + lO.o.ti), 

for  all  (<s,  I’.i?)  t  r’  .satisfying  T,  •  (<>.  v)  =  0.  The  pressure  dependent 
term  is  eliminated  by  the  fact  that  (Vp,  (0.  t'  ))  =  0.  Here  the  sesquilincar 
form  a.  on  f  x  V  is  defined  by 

(3.7)  0,(01, <>'.)  =  tt(if.i,0;.)  +  /  4jOi<?2drdr 

Ju 

and  the  tri  linear  forms  fti.  6;  ard  63  arc  defined  by 
f  ^  I 

biUu,u'),i4-  I  {—  fgf'G’  t  n>^))  -  n.rurl  •  (u.  ic))o  edtdr 
./n  dr  2 

•  ^  j 

(3.8)  djifu, U’l.t'-)  =  /  (— (r  +  te*)) -t- »  curl  ■  (n,i."))vr((r(fr 

Ju  tf’  * 

bsiiu,  ir,T).  Tj)  =  i  /  ((u.tt*)  •  Vr  ~  ■  ((«.  M  )7');»ir<Wr 

*  Jci 

for  <61,  V  ,  tJ  €  k*.  where  curl  {tf,  u)  =  ^  —  4^.  Note  that 

il((ll,  U>).  u) -f  il((«.  M>).  «:))  =  -r  f  V(«"  +  U  ^  )  •  («.  u  )  f  dfdr  =  0 

2  Jn 

ami 


(«.«)■  VT  ziVr  ■{{  M,  M  )T) 
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for  («,  w)  €  V'*  satisfying  Vr  •  (u,  u.)  =  0. 

Considfr  a  boundary  value  problem 

"r  = 

in  order  to  present  the  basic  idea  of  the  tan-method  based  on  Jacohi- 
polynomials.  A  weak  (or  variational)  form  is  given  by 

(3.10)  =  f^rdr. 

for  all  ilf  e  C^(0,f?)  with  v(0)  -■  V'(^)  =  0.  Let  H'  be  the.  completion  of 
C'^O, f?)  with  y.{R)  =  0  with  respect  to  the  norm  defined  by  \/p(-.  ■),  i.e.. 
if  m  >  0  then 

IV  =  {<.  e  AC<os(0.  R)  •  <p{R)  =  0  and 

of 

Then  <r  defines  a  hounded  coercive  sesqnilinear  form  on  IV’  x  IV'  and  thus 
for  /  €  H'*  there  exists  a  unique  «  €  H'  that  satisfies  (3.10)  Ta>i- 
approximation  is  based  on  representing  an  approximate  solution  u”  of  u 
by 

t9 

.,''  =  5]usJ»((2r-if)/H) 
s=n 

where  7*(')  is  the  k  .atobi  polynomial  and  satisfies  tin-  orthogonality 
[CHQZ]: 

J  Jt(r)J;(x)(l  -(•  j)</x  =  0.  k:^l. 

Then  u"  fe  Z’‘  x  IV’  satisfies 

(3.11)  ^  «"«■)»•*  =  r(P"-V)t’'rrfr 

for  all  t/'  £  Z"  X  IV,  where.  Z”  is  the  space  of  polynomials  of  degree  at 
most  n  on  (0,7f)  and  P"-  -  is  the  orthogonal  projection  of  /i.rdr) 
onto  Z”"’.  Note  that  u"  €  Z"  x  W  implies  u''(b)  =  «"(/?)  r-  0  and  such 
conditions  are  forced  on  the  approximate  solution  u”  (ncA  on  each  elemeiii). 
The  projection  f”*"*  reflects  the  fact  that  the  dimension  of  the  subspare. 
Z”  X  W  is  n-  1.  losing  the  standard  argument  [ClIQZ],  one  can  .show  that 
|u"  —  ujw  — *  0  as  n  — •  X. 

Similarly,  the  above  outlined  method  can  be  applied  to  (.3.6);  i.e..  an 
approximate  solution  (u",u'’‘.T’''’)  is  represented  as 

ri)  nj 

i-O  1=0 
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and  similarly  for  w”  and  T"  where  Lf{  )  is  the  Legendre  polynomial  of 
degree  I  [€II<JZj,  The  divergence  free  condition  Vr  ■  {u{f  ),w(1))  =  0  is 
approximated  by 

p)r  =  f(u"(0.  U’’(0),  Vp)r  =  0  for  allp  F 

where  (•,  ).■  denotes  the  inner  product  of  ff  =:  L^{Q.  rdrdz)  and 

'■> {<p  =  f;  ;  Jr((2r  -  R)/R)Li({2t  -  o(r))/a(r))}. 


Let  P’’  he  the  orthogonal  projection  of  H  onto  |}j^ 

divergence  free  siihspacc  of  jZ"'  O  V')^,  defined  by 

»•"  =  {(tr-.u^")  e  X  l')2  :  ((u"(Ij.u.”(t)).  Vp)r  =  0 

(5.12) 

for  8llp€  Z" 

Then  («"(.<)■  »'"{0'  ^  11 "  an'J  ^"(0  €  2'“  ”^  O  I'  +  ^  satisfies 
du'Ht) 

PoUP”-^:  ^-)r  +fc?((a^  »"),■;.))  + =  0 

(5.13)  V),  H-  6'2'((!;\tt"}.  V')!  "  a'‘(u’'('L  v)  -  0 

at 

n)r  +  h((u",  u-rr-).//))  +  i-o(T(i),r,)  =  0 

for  all  (d.V)  G  If"  and  rf  €  x  V.  Here,  t.be  approximate  ferms 

67 ,  b”  and  6"  are  definr-d  hv 

(.3.14) 

=  (|r(| /”■(•/’ +  «’’))  -  P’’({P"u  )rurI  (i/.tt  )),  <», 

=  (#(|  P'-(w-  +  lie  ))  +  P"((P''i()cnrl  •  (w,  t/  )),  v  ir 

ij'dii,  ti'.T),  r/}  =  5  ((h.  w)  ■  VT. »;).  -  ((t»,  tt)  ■  V»>,  T}r). 

The  scsquilinear  forms  a”,  a'-  are  given  by 

(3.1.5) 

4-(P"(u/r).  (J/r)r. 

Note  that  the  above  appro.Kiniation  is  fr.ergy  coii5.?rvaiive  in  the  sense  that 
4? ((u" .  w" ),  u" )  +  65 « ti" .  E ” ).  u.’^ ))  =  0  and  4^ » ( u” .  u  " ,  2  ” ), T”” )  =  0 
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for  («",«.")  €  Vr"  and  T"  C  Z"- 

Next,  we  discuss  an  iterative  method  based  on  the  Generalized  Mini¬ 
mum  Residual  Method  (GMRES)  [SS]  and  the  pre-conditioned  projection 
method  [Gi],[Dl]  for  solving  the  steady  problem  of  (3,12)  -  (3.15).  First 
note  that  Ti  V  is  isomorphic  to  Consider  the  Stokes 

projection  Ps  onto  the  divergence  freesubspace  IF",  defined  by 

(3.16)  A’'r  +  B’'p~f  and  (B'’)*f  =  C 

where  /I”,  Z?'*  is  the  iiiatcix  representation  of  the  (au-approxiniation  of 


respeclivolv  and 

fH-Ztlj-Z 

E  E  niJi((2r-/?)//f)jL;((2c-a{r))/n(r)). 

i-r.O  l-^U 

That  is,  in  order  to  calculate  the  Stokes  projection  />  onto  U'”  wo  require 
a  solution  to  the  (approximate)  Stokes  equation  (3  16).  An  alternative  and 
less  expensive  projection  is  the  Ij-projection: 

Pi,  =  /-  B" ((/?"•)*«")■  VB-)’ 

which  corresponds  to  (3  16)  where  /V‘  is  replaced  by  1.  'J  ims  the  prccon 
ditioned  projection  based  on  the  i;-  projection  Pi,  is  dofinrd  by 

P-2  =  PLA-\’'y"‘pL.- 

The  preconditioning  for  the  thermal  equation  may  be  given  by  the  ellip 
tic  pr«^con^'ltioncr  (— AP)'*.  However,  the  elliptic  preconditinnrT  is  less 
effective  for  the  convective  doniiuatif  flow  (i.e..  high  density  or  high  pres¬ 
sure  flow).  Hence  the  pre-conditioned  problem  of  (3. 13)  is  written  as  a 
constrained  nonlinear  equation: 

(3.17)  PF(y)  =  i}  and  y  €  range(P), 

where  y  consists  of  the  solution  vectors  for  (u’\u".r’’)  and  P  represents 
(he  matrix  representation  of  the  pre-conditioning  de.seribed  above  and  sym 
metric  positive  definite.  Since  the  nonlinearity  in  (3.13)  is  quadratic  it  is 
easy  to  calculate  the  Jacobian  J{y}  of  F.  We  extend  the  hybrid  Krylov 
method  for  nonlinear  equations  in  (BS]  to  (3.17).  Set  J  =  Jly.)  at  acurrenl 
iterate  and  r  =  -  PFiyA-  Let  A',„  be  the  Krylov  subspace 

A'„  =r  St>an{r,  FJr,  •  -.(PJ)’''  ’r). 
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We  define  an  approximate  solution  S^'”^  to  the  Kewfon  update  PJfi  =  r 
(i.e..  the  Newton  iterate  is  given  by  =  j/e  +  S)  by  the  least  square 
niiiiiinization: 

(3,18)  minimize  (J(  +  F(yc))‘P(Jf  +  F(!/-)}  over  f  £  F„, 

The  following  algorithm  is  an  extension  of  the  nonlinear  version  of  the 
GMRES  algorithm  developed  in  (BS)  to  equation  of  form  (3. 17),  which 
Involves  the  Ornm-Schmit/:  orf.hogonalization  of  the  Krylov  subspace  A'm- 


Algoritiini:  Newton-GMRES 

(1)  Choose  yj  and  m  and  set  A'  =  1. 

(2)  Set  f  =  -PF  tvhere  F  =  /'(.Vir)  and  J  =  Jiyt).  (’ompute  -  -(r,  F) 
and  P;  =  »7.d.  hor  j  =  1.2,  ■  -.m  do 


h,,i  =  {Jv,.  »,T.  J  =  1.2.  ■  J. 

=  t'Vii.  >»',)- •';+! 

(3)  Define  Hm  to  he  the  (m  -*•  1)  x  m  (Ilcssenberg)  m.atrix  whose  nonzero 
entries  are  the  coellicieiits  1  <  t  <  j  +  1.  1  5  J  <  m.  Compute  the 
least  square  solution 

r  =  ’MUmyPr-.r'iHrr.yc,  and  set  F"  '  :r  t;,-. 

(4)  .Set  yi+!  ~  yk  -r  P’'  ".  If  ffmvergrnre  rriterinn  i.>»  not  satisfied  then  set 
k  -  k  +  1  and  go  to  (2). 

Numerical  implementation  and  convergi-nco  analysis  of  the  proposed  method 
will  be  reported  in  a  forthcoming  paper. 

4.  Sliapo  optimizatiuu  and  shape  derivative.  In  this  section  wr 
disru«i  the  shape  derivative  of  solutions  to  the  thermally  coupled  Navicr- 
Stolns  rquaTioiis.  I'or  the  sake  of  clarity  of  our  presentation  we  r.on- 
sidcr  the  2-1)  steady  case  (evolution.  3-D.  axi-syminetric  problems  auid 
a  more  general  hnundary  condition  can  be  treated  as  svell);  i.e.,  {u,p,T)  £ 
X  L~((}(n))  X  (P(l(Q(n)}-kff)  safi.sfiei  the  Bous-inesq  equation 


(4.1) 


-  f  Au  +  M  ■  Vn  ~  Vp  gT r-j  f,  T"  ■  u  =  0 
-AAT-f  u  TT  -.n 


Throughout  this  section  we  assume  that  Q{fi)  i.s  suffirirntly  sniontli  and  $ 
is  given  as  the  trace  of  a  function  in  Herr,  the  solution  (u,p,T) 
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depends  on  the  shape  of  domain  n(f>)  which  is  parameterized  by  a  €  Qad- 
Consider  the  shape  minimization  problem  (HNj,[Pi): 

(4.2)  minimize  J(u,T,a)  ovetaEQea 

subject  to  (4.1).  For  example,  the  cost  fu.irtional  J  is  given  ns  follows 
J(u,  a)  =  !«  -  +  S N(ci) 

(4.3)  J(«.o)  = 

7('r,a)  =  ^,^  |r-rjpdx  +  dA'(o) 

where  uj,  Tj  is  the  target  vector  field  and  thermal  distribution,  respec¬ 
tively,  ,i3  >  0  and  A'{o)  denotes  the  regularization  of  the  shape  of  domain 
fl(a).  A  successful  numerical  optimization  method  is  commonly  based  on 
the  gradient  of  the  cost  functional  with  respect  to  o.  In  order  to  calculate 
the  gradient  of  J  we  will  employ  the  so-called  ntaterial  derivative  method. 
Material  derivative  concepts  are  well-known  in  continuum  mechanics  and 
have  been  applied  to  shape  optimization  problems  in  [C<],(ZoJ.[IlCK]  and 
the  references  therein. 

Let  a  €  Qnt  be  fixed  and  for  It]  sufficiently  small,  let  f2t(o)  =  Fi{rt{(i)) 
be  the  image  of  n(o)  obtained  by  the  mapiiing  F,  :  —  K'^  defined  as 

Ftif] ,  z-z)  =  (.ri  •  x-i)  + 1  Hxi .  jrj). 

In  the  context  of  ^3  we  have 

fJt(o)  =  n(«i)  =  n(ft  (-  i  i>).  t  6  C'(0.  /?). 

In  what  follows  the  dependency  of  fi(a)  on  «  will  he  dropped  For  -p  c 
H\il)  and  €  //HCf)  let  ns  define 

(4.4) 

The  material  derivative  of  p  for  field  k  C  {//'(I?))'^  is  ei%en  by 

(«)  y(,)^l|n. 

If  <fi;  has  a  tegular  extension  to  a  neighborhood  of  Q.,  then 
(4.6)  >fi(x)  =  |im  =  p{i)  -  h{£)  ■  Vp{x),  j  G  SI 

is  called  the  shape  derivative  of  p.  Define 

/,  =det(DfV)  find  At  =  iDFr^y{DFf' )It. 
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where  •  denote!-  the  transpose  of  a  matrix  and  DFt  is  the  Jacobian  of  Ft. 
It  is  then  easy  to  verify  that 

iFtU^t  -  h..  |(DF,)U  =  Dh.  iiDFt-'}\,.n=-{Dhr 

(47) 

=  div/i  and  =  div hi-  ({Dh)*  +  Dh). 

Moreover  tve  have 
Lemma  4.1  Let 

Jn, 

Then 

(4.8)  F  = -f  I  ^  +  >p6'n- h  dr  -  f  /  4- d\\{h^)dr. 

Ju  Jn 

Proof:  Using  Fuhini's  tlnorrm  we  obtain 

F,  =  /  v-'/.rfx, 

Jn 

By  diJTerentiatiiig  F.  with  rrspret  to  i  \vc  obtain 


Since  fo  =  1  and  gy/fliso  =div/i  (l.S)  follows  by  setting  t  =  (J. 

Note  that  -  (DF,"')V^?U  Thus.  (4.1)  -  (4.3)  is  equivalently  written 

a-s:  (tt*, p*,T')  s.itisfies 

(4.9) 

(u*  •  (./jVu*),  d>)  +  Vu^  -r  (J|Vp*,  tji)  =  (/•  (tfT*  t' ;  T  /  5  F t).  y) 
(w*.  JtVv)  =  0 


(u'  •  U,V1%  v)  +  4-  (A,  VT\  T?)  =  0 

for  6  €  (i/‘(U))*.  u-  e  HH9.)  and  i/  f  Wo(f))-  where  .L  =  /.  DF"‘  and 
(•.  •)  denotes  the  L2(S2)-iiiiier  product . 

We  will  sketch  a  proof  of  the  e.xistence  and  regnlnrity  of  sohjtions  to 
(1.1).  Let  Vj  be  the  divergence  free  suhspace  of  Define  the 

solution  map  S  on  V'b  x  +  0)  by  S(«,T)  =  (ii.T)  where  (fi.  T)  is  a 

unique  weak  solution  to 

IT  All  4  u  ■  Vu  •'  =■  gf  €7  +  ! .  V  ■  M  =  0 

-kM~uVf=Q 


ADA294785 


210  KAZUFUMI  no.  HIEN  T.  TRAN,  ANO  JEFFERY  S.  SCROGGS 
First  wr.  show  that 

-  min  <f<  max  =  a.e.  x  €  ft 
rer  “  “  xer 

Let  t,'(x)  =  inf(T,0i).  TliPii  V'  £  ^o(ft)  (Tr)  and  we  have 
k(Vi\  Vv)  +  (a  •  Vf,  <:)  =  0. 


Thus, 

Since  V  •  u  =  0  we  obtain  IVv’']-  =  0  which  implies  v  =  0  an  her.ee 
T  >  0\.  Similarly,  one  can  prove  that  T  <  O-j,  choosing  the  test  function 
ti'i  =  siip(T,  ^2)-  define  a  sesquilincr  form  er  on  I'u  x  V'o  by 

<T(i(i,t')  -  u(^w,  Ttl  +  fii  Vw,  t’)- 

Then  ti  satisfies 

(4.10)  -  (gfct!  +  f,  <?)  forall<!6lo- 

Note  that  <r  is  bounded  and  coercive  since  (t(v,  v)  =  t/  |V e|*’  (e.g.,  see  [Te]). 
Thus  by  Lax-Milgram  theorem  (4.10)  possesses  a  unique  solution  v  €  t'o 
and  we  have 

h'lv,.  <  (I/I/.,  +  9  iri/.,)  for  some  M  >  0. 

I.L-t  C  be  a  closed  convex  subspare  of  V'o  x  {H.\[Q)  +  9)  defined  by 

C-  {(u.7’):lu;v  <  iV/(|/U,  +  ^'«=«  IftDaud^i  <7’<^2.  a.e.  x  eft). 

where  6„,„.  =  iTinx(|fl)  |.  jtiol).  Then  5  map.s  from  C  inioC.  Note  that 

|(«  •  Vu-,  ii)|  <  \fi  |uU,iui//i|t>|n;  for  «.  w.  i;  6  V' 

for  some  M\  >  0  and  that  i.s  compactly  embedded  into  i.j(ft). 

Hence  one  can  show  (e.g.,  see  [Dl])  that  the  solution  map  S  is  compact.  By 
Shauder  fixed  point  theorem  (e.g.  see  [Tr])  tliere  exists  at  least  one  solution 
to  (4.1).  Define  the  Stokes  operator  A.s  on  //  =  {o  €  {/.2(ft))- 
and  n  •  d  -■  0}  by 

(-Jkxu.o)  =  (Vu,  V^)  fortjf  V 

with  domain 


dom(-A.s)  =  («  €  V’  :  jiVu,  <c\d)\H  for  all  <p  6  V'}. 


ADA294785 


MATHEMATICAL  ISSl'ES  IN  OPTIMAL  DESIGN  OF  A  VAPOK  21 1 

Tlwn  it  ie  known  [Ta]  that  —As  is  a  positive  salf-adjoint  op«‘ratftr  on  H, 
dom(-A.?)  C  and  V  =;dom(“Ay^)  -  [//,dom(-A.?)Ji/2,  More¬ 
over,  we  have  €  V-i/j  =dom(— Aj  for  d  6  V'.  Thus, 

«  =  (-Asr*(!,rf;.+/-M  '^«)  6  dwH(-A^''')  =  [V,doin(-As)]i/2  C 
Ilonre.  h  £  and  u  ■  Tv.  «  TT  £  Lj{Q'<.  This  implies  that  (u,  T)  € 

mQ)f. 

Assume  that  h  £  Then  there  exists  a  solution  (u',p‘,  T‘)  € 

X  hU9)//ix  to  (4.9)  provided  that  /'  €  Lj(0). 

Assume  that  the  linearised  equation  of  (4.9)  at  (v.  p.  2’)  (i.e.  f  =  0) 

-vA(-i-u  T(+(  Tu-t-Tq  =  pOe-j  -i-  fi.  V  $  =  /2 

(4.11) 

u-r4  +  f.rr=iA4  +  /3 

has  a  unique  solution  ((,  q.6)  £  (/fp(n)  i“!  H~(9)'r  X  R  y.  //'(fl)  f*! 

M'{Q)  which  depends  eonlimioiisly  on  f\,  /j  €  L-jiQ)  and  /v  £  iV  (f>}  witii 
(1,  /,)  s=  0.  Ihen,  since  Ft,  A-.  It  and  Jt  is  continuoiisly  diffcMitialile  in 
/  and  Lipschili  in  x  it  follows  from  the  iinphcil  fiinrticm  tlnv.ry  that  for  'tj 
sufficiently  small  (4  9)  has  a  (locally)  unique  soh'.tion  (w*,  p’.  T' ).  More  over, 
one  can  art^ue  that 

u*-v  .  .  r-T 

lim  — : —  =:  u  and  hni  - =  i 

»-o  t  t-o  i 

exist  in  //-(S2)  and  p  exists  in  Note  tliat 

|(/;  fc.  d)|,=o  =  (div  A  /.  d)  +  (A . TJ}  =  (iliv(/  A),  o)  =  -(/,  h  ■  Tc.j 

Since  il,  =divA.  ^A,  =  A  =divh  J  -  ((Dh)’  +  Dh).  and  ^2,  =div.'.>  1  - 
(Dh)"  it  follow.^  from  (4.9)  that  [h.fi.  f)  sati.sfic.^ 

(4.12) 

v(Vti.  P  l■'(A''vu,  To)  A-  (u  ■  Tii  -P  «  Vu  +  u  •  (2Vu),  ®) 

+(^P.  o)+(JTji.  Ip)  =  {ijt r.2,<p)  -  (/.  A  •  Till) 

(i,  W)+(«.  2W)  =  0 

k  {Tf,  Tri)  4  k  (.1 TT  Tq]  +  (u  Vt  ■)  ii  ■  TT  4  «  (JTT),  t))  =  (I 

for  all  4>  £  l/|(«).  4  £  HH9-)  and  rj  £  H j(0). 

Next  we  derive  an  equation  for  the  shape  dcrivath'e  (m'.p'.T'}.  Note 
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tlmt 

(4.13) 

(V(/»  •  Vti).  <p)  +  (.4  Vw,  V^)  -  (Ai/.  h  ■ 


-((Al),,  +  (/«j)..)  y  “r.  \  /  Cir.  '\ 

((/<l)r,  +(/*.)„)  (hi).,  -  (h,)r,  Or,  ) 


Vh)r,-(hi)r, 

< 


ihi)r,\lr,  +hiUr,r,  +  “x,  +  “  Al(t/r,r,  +  Urjr,)  '\ 

(ht).}^.,  +  Ai Urjjj  +  +  Aji/j-jn  -  h^iiif,.,  -f  tir,ri)  / 


-  ((A}U,,  -  hiVr-j).,.  Or,)-  (VijUt,  -  h\V.,)r,.  Or,) 


=  (curl(/i2U,,  -  h]Hr,),  grade))  =  0, 

where  we  assumed  that  9  £  ///,{n)P.  M^{Q)  satisfies  P.  ■  Vo  ~  0.  Similarly. 

we  have 

(4.14) 

(V{h  ■  Vp.  0)  +  Vp,  <))  A  ( Vp,  A  ■  r.?) 


(*2)r,Pr,“(^s)i-,ri5  (<!>'.  Pti'\  ( hi{0:)r,+ll-j(Oi)r,\ 

-(hi)r,Pi,+iln)r,pr,  )  A\  h\(0-2)r,-^hi{O‘i)t  J 


_(  hiPr,-¥hiPr,  \  /  («|)r,  ^ 

\  hiPr,  +  h2Pr,  )  '  \  )  ! 

~  ({hi<ii)r,.  Pr,)  -  ((/JiOl)*;.  Pi,)  -  ((AiO;.),-.  pr,}  r  ((^1^3 lx,  -  Pr,) 


rr  (f.url(/ii<Bs  -  h-jOl  ),  gfad  p)  =  0 

For  the  convective  term 

(4.15) 

((A  ■  Vu)  •  Vu  4-  u  ■  ■  V«).  0)  —  hi  •  (Dh'Vu),  <6) 


+(div h[u  ■  Vu,  0)  +  (u  •  Vu.  /t  •  Vo) 


-  ((A  •  Vu)  •  Vu  +  u  ■  ih  ■  V(V«)),  <?)  —  (A  V(u  ■  Vit).  <>)  =  G. 
Moreover,  we  have 

(4.16)  'h  ■  VT.  0)  +  (“Jiv  li  T,  0)  +  (7',  h  Vo)  =  0. 

Since  ip'  —  'p  —  h  •  Vp  it  follows  from  (4.1)  and  (4.12)  —  (1.16)  that 
u(Vu'.  Vo)  -  (u  ■  Vu'  -  u'  •  Vu.  0}  \-  iVp',  0)  =  (.fl7''e2.o) 
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for  all  6  6  {//o(0)n//^(n))®  satisfjiiii'  n-V^  =  0.  llniiig  exactly  fli**  xami! 
arguin«‘nts  ax  ah<ivc,  wo  obtain 

k  {vr,  Vti) + (ii  ■  vr  + 1.'  ■  vr.  »>)  =  0 

for  all  tj €  //y{tt)n//^(n)  satisfying  n-Vri  =  0  Finally,  fnr  the  divergence 

free  e<junfi<in  we  ha%T 

(4.17) 

{h  ■  Vu.  Vt')  +  (tt,  JVv)  +  (V  ■  u,  /i  ■  Vi’-) 

=  +  Al4«l)r3-  Uj-i)  (Ai(«2)j-,  +  h-2{Vi’j):.j,  <>,) 

+  {t/2,  -(ItijrjCr,  +  {- 1  )r,  V  fj) 
-({Ml)*,  +  («?)rw-  +  >>:><■  t,) 

=  (curl(A|U;  -  /ijtij),  grad  V’)  =  0 
provided  that  V-  E  h’‘({>).  Tims,  from  (4. 12), (4. 17)  we  obtain 
(«'.  Vd)  =  U  fur  v-  G 

Henee  one  ran  ronrliide  that  if  the  assuinpiion  (4  111  holds,  then  for  field 
h  E  ■“(/?-)  the.  shape  derivative  (u'.p’/l')  E  (//‘(f?))-  x  L-j(Q)  ■<  H'  {Q) 
exists  and  satisfies 

-if  At/'  +  w  -  Vu'  +  u'  •  r u  +  Vp'  =  gr  tj.  r  •  u'  =:  0 

(Me) 

-ksr  +  o .  vr  h  n’  •  vr  =  0 

with  boundary  ronditions 

«'  +  A  Vu  -  0  and  T'  +  h  ■  Vi  =  0  on  1'. 

5.  AMgiiiented  Lagrnnginn  method  with  second-order  iipdati'. 
Ill  lliir  siT-tion  we  discuss  an  application  of  the  augmented  Lagrangian 
method  for  constrained  minimization  probleint  that  arise  in  flow  control. 
Let  H.  V  and  Y  be  Hilbert  spaces  and  sot  A'  =  ii  x  L'.  Consider  the 
constrained  minimization  pjoblem; 

(5.1)  minimize  /(u,o)  over  u  €  ii  and  o  6  A' 

subject  to  «(u.a)  =  0, 

where  K  is  a  rln.sed  convex  set  in  U.  In  practice,  the  control  spare  U  js 
of  finite  dimensional  (i.e..  which  is  parameterized  or  involve^  finite  many 
inputs).  For  examph:,  consider  the  following  optimal  control  problt  m 

iniuimize  J  =  I  |r-  T,i\- dx  over  o  E  li  C  U’” 

Jii 


(5.2) 
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niibjMt  »o 

pivVit  i  Vp  =  pAu-^(7'  -O-'igts 
Vo 

''•^1  r  M  =  0  ur^O. 

,-C «  rr  =  V  •  (J-  rr).  rir  Er=i  “•  5- 

when;  wo  n.<i«um<'<J  th.it  is  the  tr.ice  of  Lipschitz  continuous  function 
(t,  on  I  and  thus  in  Using  the  s.imr  arguments  m  described 

in  54.  given  o  €  A'  one  can  show  that  there  exists  at  least,  one  sc.httion 
(u.p.T)  C  //^(«)^  •<  to  (.x3).  If  we  define 

a  function  t  by  T  T  -  equation  of  (i.3)  is 

equivalently  writl*-:.  as 

p,C,  u  •  VT  =  V  •  {<:  Vr;  +  V  o, •(?,)).  tx  rr  0. 

I-et  I’r  be  the  ditemtence  free  siihspare  of  (/f,j(fi))‘*,  H  Vi-)  >:  and 

>■  rr  I'*  *  //■'(£?!,  Then  (u.3)  can  be  written  ns  e((n.T').o)  :*•  0  where 
f  -  (r i(ti.  7',  f  7  ,  (ti)  ia  defined  bv 
;5.i) 

(«)(u,  r.  a),  cl  =  l‘  V ;i)  +  •  Vi(.  6)  -  {T  Oo.  C) 

n 

<<.[(u.7,«).  t, '  =  (hvr  Vf)  4  pi(\  (u  ■  vr.  te)-r  (t  v) 

for  d  C  1'  and  i'  f  llliil).  where  7'  =  '/'+  divergence  free 

rorsfr.iinT  is  absorbed  in  the  definition  of  V .  Recall  ag.iin  rhnr 

|(ti  •  Vw  .  r)|  <  Ml 

and  that  //'(fi)  is  compactly  embedded  into  L^iQ).  Thus,  the  cost,  func¬ 
tional  ,7  is  sequentially  weakly  lower  seiiii-c<>iif  Iniioiis  (e  g,  sr-c  [DT]).  and 
therefore  (5.2)-(5..‘l)  has  at  least  one  solul ion 

Assume  the  following  hypotheses. 

(Ill)  there  exists  a  s.jlution  x*  =  fv’,o')  to  (5.1). 

(H2)  /.  t  are  twice  ronf inuoiisly  /'-differentiable  in  a  convex 

neiglihorliood  of  x*. 

(H3)  X*  is  .a  regular  point  in  tlie  sense  [MZ]  lliat 

(5.5)  0  €  int{<'(x*)(i',/i) ;  i' 77  and /i  ff  A’ -  a’}. 

Then  it  follows  from  [MZ]  tb.at  there  exists  a  Lagrange  multiplier  A*  e  1' 
such  that 


(50) 


/'(x'}[i  o  -  o')  -t-  (A’,  c'ix'iif.n  —  o'l)  >  0 
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for  all  i;  e  X  and  n  €  K.  The  ai.,  ^rangian  method  is  based  on 

an  equivalent  fotinulalion  of  (51): 

(5.7)  roinitnirr  f[u,a)  +  |  ;e(u,a)|j-  over  u  €  A"  and  a  ^  K. 

where  c  >  0  Then  the  augmented  Lagrangian  algorithm  [Po‘,[He]  is  the 
multiplier  method  applied  to  (5.7);  i.e..  it  involves  a  sequence  of  minimira¬ 
tions  of  the  functional 


(5.8) 


£„{«,q,A*^)  = /{«,(()+ (A*.  e(i/,n-))  \  ^\r.{u,a)(i- 


subject  to  a  €  A’. 


where  the  multiplier  seqin  nee  {A*}  in  V*  is  generafed  by  1  lie  {list  C*ri,i»T 
updati* 

(5.9)  A*+-  ^  A*  +  (r*  -  Cr,)  e(t/*.  a*). 


for  i  >  1.  Here  the  pair  («*.:»*)  is  a  minimirer  of  f-r  •,  A*^)  and  assume 
that  V*  =  Y,  otherwise  each  element,  in  V*  has  its  Riesz  representation. 
To  carry  out  this  iterative  a  sequence  of  monotonically  nondecreasing,  pos 
itive  real  numbers  {a),  c\  >  tp  >  0  and  a  start  up  value  A'  for  the 
Lagrange  multiplier  for  the  equality  constraint  e(ti,o)  =  0  need  bn  cho¬ 
sen.  The  convergence  results  of  the  augmented  Lagrangian  method  for  the 
infinite  dimensional  optimization  problem  are  estalilished,  for  ovample,  in 
JlKl],{PTj.  The  augmented  Lagrangian  method  i.s  a  hybrid  method  of  the 
penalty  method  (i.e..  A*  =  0)  and  the  Lagrange  multiplier  method  (i.e., 
ct  =  0)  and  combines  good  properties  of  the  both  methods  Ft  overcomes 
the  difliciilty  of  the  penalty  method  which  requires  to  have  a  large  value 
of  Cl;.  The  cost  functional  /-fj(i.  a.  A*)  is  locally  strictly  anives  provided 
that  A*  is  sufficiently  close  to  A*  and  the  second  order  optimality  condition 


(5.10) 


iS(«*.o*.  A*)((t,, /»),(«', 5))  ><T(u.|?,  -  |A|^.) 
for  all  (t.h)  €  A'  satisfying  n'(u‘,Q*j(ii,/i)  -  0, 


for  some  <r  >  0,  Ls  satisfied.  Here.  A*)  denotes  the  bilinear 

form  that  charsieterizes  the  second  derivative  of  Lp(u, {»,  A)  =  /(ii,o)  ^ 
(A,  e(ii,o))  with  respect  to  r  =  (u.o)  at  (x'.X*).  That  is,  the  cost  func¬ 
tional  /  is  not  necessary  to  be  (locally)  convex,  which  is  required  for  con 
vergence  of  the  multiplier  method.  The  algorithm  (5.8)  -  (5.9)  has  been 
successfully  applied  to  parameter  estimation  problrms  in  elliptic  PDEs 
|IK2].TKKJ  and  optima!  control  problems  for  2-D  ineompressible  Navier- 
Stokes  [DIJ.  The  first  order  update  (o.fl)  provides  q-lincfar  convergence  of 
the  iterates  (us,a*)  in  X  In  (IKS]  we  have  investigated  n  second  order 
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update  scheme  for  the  augmented  Lagrangian  metliod.  In  what  follows  we 
assume  that  o*  Sint  (K).  Thus.  (113)  reduces  to 

(5.11)  e'(i:*)  is  surjective. 

Hence  the  nec'-ssary  condition  (5.6)  implies  that 

(5.12)  ii(u*,«*.A’)  =  0  and  €(«*,q*)  =  0, 

for  all  c  >  0.  An  algorithm  proposed  in  {IK3]  is  to  apply  the  Newton  method 
to  (5.12).  Then  the  resulting  algorithm  is  stated  as:  given  a  current  iterate 
(x,  A)  Hie  next  iterate  (r^ ,  A^.)  satisfies 

/  /,"(,r.A)  r'(*)‘  \  /  -  X  \  /  rjx.A)  \ 

V  e'(x)  0  j  \A+-a/  [  c(x)  ) 


Note  that 


i'(x,A)  =  /;(,(x,A  +  r<(x)) 


(5.14)  i"(x,A)=:L"(x,A  +  ce(x))  +  f(e'(x)(  ). 

Consequently,  suppose  |(x.  A)  -  (i*.  A*)]  is  suITiciently  small  then  it  follows 
from  (5.10)  [1K3]  that  i"(x.  A)  is  coercive  on  A'  x  Y.  Thus  equation  (5.13) 
can  be  regarded  as  a  general  Stokes  equation.  Following  an  argument  due 
to  Dcrtsekes  one  can  avoid  forming  L"  during  the  iteration.  From  the 
second  equation  of  (5.13)  we  have  e'(i')(*’+  -  j)  =  -t(x).  Thus  the  first 
equation  can  be  written  as 

ii'(x.  A  +  cc(i))(x+  -  x)  +  €'(r)-(A+  -  (A  +  c«(x)))  =  -f/„(x,  A  +  r c(x)) 
and  hence  (5.13)  is  equivalent  to 

/  i'o'(x.A)  r'(x)*  W  ^  \ 

(5.15)  V  e'(^)  0  )  \\^-X  )  V  r(x)  / 

whore  A  =  A  +  ee(x). 

Note  tt.at  A  is  nothing  but  the  first  order  update  of  the  Lagrange  multi¬ 
plier  if  tho  current  iterate  z  minimizes  L,(x,A).  Equation  (5.15)  is  more 
advantageous  than  (5. 13)  since  the  squaring  term  cc'(x)”e'(x)  is  absorbed 
and  less  calculation  is  involved.  If  we  define  a  matrix  operator  S  cn  X  xY 
by 
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Ihen  il  follows  from  (5.10)  that  S(x*.A*)  is  boundedly  invertible.  Thus, 
suppose  is  sufficiently  close  lo  (a:',A‘)  then  equation  (5.15)  has  a 
unique  solution.  We  summarize  our  discussions  a.s 

Algorithm  5.1 

(1)  Choose  A*  €  V,  c>  c  >  0,  and  set  c  =  c -  c,  A  =  1. 

(2)  Determine  x  =  («,«>)  G  A'  x  A’  such  that 

L.{u.a,X*)  <  Le{u\a* .X)  =  f(x*). 

(3) Set  A=A^+ce(r-). 

(4)  Solve  for  A^.)  Q  X  xY: 


(5)  Set  j’*4i  ss  r  ,  and  A*"^’  -  Ax.  If  the  convergence  criterion  is  satisfied 
then  set  !,•  =  b  +  1  and  go  to  (2). 

Reinnrk  5.2  .A  v.uiant  of  Algorithm  5  1  Is  obtained  by  skippiJifi  .srep  (2). 
Then  it  is  reduced  to  the  Newton  method  applied  to  equation  (5.12).  If 
X  =  (u,  a)  iriiniiiiizes  Le{-.  A*)  over  H  x  K  then  step  (2)  is  completed.  Step 
(2)  implies  a  sufficient  reduction  of  the  merit  functional  (the  augmemed 
Lagrange  functional),  let  (HI), (112)  and  (5, 10), (5. 11)  hold.  'Ihen  it  is 
proved  in  (IK3]  that  if  |A'  -  A'jy  is  sufficiently  small  then  Algorithm  5.1 
is  well-pcsed  and  (i'*^,A*)  converges  to  (r*,A‘)  q-quadratica!ly. 
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MATHEMATICAL  MODELING  AND  NUMERICAL 
SIMULATION  IN  EXTERNAL  FLOW  CONTROL 

yi:H-ROl!XG  Of 

Abstract.  This  paper  presents  an  invrstisation  of  some  active  control  problems  for 
an  external  flow  fielij.  A  series  of  numerical  simulations  arc  performed  to  investigate  an 
UT'teady  s>i«emisflow  generated  by  a  circular  cylinder  undergoing  a  combined  rotary  and 
rectilinear  motion.  By  treating  the  rotation  rate  as  a  control  variable,  we  present  results 
of  the  time  histories  of  forces  acting  on  the  cylinder  surface  and  their  lime-averaged 
values  under  several  types  of  rotations.  The  impact  of  cltanging  rotation  rate  on  the 
vortex  formaticn.  iiuiudiiig  the  synchroii. ration  of  cylinder  and  wake,  is  demonstrated. 
Based  on  the  optimal  control  theory,  an  optimality  system  is  formulated  to  determint 
the  optimal  rotati.-m  rates  and  the  solution  orhits.  Though  only  the.  moving  boundary 
mechanism  is  disenssed,  the  results  presented  here  add  insight  to  the  optimal  design 
of  control  merlianism  and  may  provide  guidance  to  the  formulation  of  other  complex 
optimal  fl.sw  control  proh'ems. 

Key  words,  external  flew,  optimal  control,  rotating  rylind^tr 

AMS(MOS)  subject  classifications.  76t)0S.  49120.  93C'20 

1.  Inlrodtiction.  Flow  control  hfut  become  a  critical  issue  in  aerody¬ 
namic  improvement  and  design  which  may  provide  real-time  effect  for  many 
important  applications,  such  as  highly  instantaneous  maneuvers  for  the 
.mpcr-maneuverable  aircraft  [15],  and  the  optimum  design  of  aerodynamic 
configtirations  [Ifi].  If  has  been  demonstrated  in  a  number  of  experiments 
that  the  control  mechanisms,  such  as  moving  surfaces,  blowing,  suction, 
injection  of  a  different  gas,  etc,  may  provide  useful  tools  in  flow  control. 
Con.siderable  effort  has  been  devoted  to  the  improveme.it  of  control  mecha¬ 
nisms.  However,  the  principal  progress  to- dale  has  been  essentially  accom- 
plmhed  by  experiment. al  investigations  [11].  Most  recently,  the  areas  of  both 
theoretical  and  computational  approaches  have  received  growing  attention 
and  become  a  subject  of  research  focus  [12,1, 4,111.21, ,10, 10, 11. 17,22,2'!, 25, 
31.32..5]. 

This  paper  pre-sents  a  systematic  investigation  on  simulation  and  con¬ 
trol  of  an  external  flow  by  using  a  moving  surface  mechanism.  In  order  to 
keep  the  prr»Heni  easy  for  analysis  and  simulation,  we  restrict  our  study  to 
a  simple  geometry,  i.e.  a  rotating  cylinder.  An  unsteady  flow  generated  by 
a  circular  cylinder  undergoing  a  combined  (steady  or  unsteady)  rotary  and 
rectilinear  motion  wa.s  studied.  In  this  model,  the  rate  of  cylinder  rotation 

•  ImeHisripliBury  f ‘enter  for  Applied  NSathe.’u.atic.'!,  .tnd  .tcroi pace  and  Ocea.’t  En- 
gineer-ng  Department,  Virginia.  Polyteidinic  Institute  and  Stale  UnivciMly,  Blacksburg, 
VA  24  J81.0S31.  This  work  was  supported  bv  Air  Force  Oftke  of  Si  ientilic  Research  un¬ 
der  .4FO.SR  Cronl  F-49$20-92-J-0078.  The  author  gratefully  acknowledges  F’lofes.sots 
John  Burns  and  S.  S.  Sritlmraii  for  many  valuable  discus.'i,in5  on  various  aspects  of  this 
project.  Thanks  ore  also  due  to  Di.  M.  Coutanceau  for  providing  the  experimental 
results. 
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is  treated  as  a  control  parameter.  Several  specific  flow  control  problems 
were  formulated  which  depend  on  their  corresponding  objectives  and  con¬ 
straints.  The  overall  goal  is  to  gain  insight  into  tlie  possible  form  of  an 
optimal  controller  and  demonstrate  the  feasibility  of  using  time-dependent 
moving  boundary  mechanisms  in  external  flow  control. 

Basically,  this  paper  consists  of  two  parts:  numerical  simulation  and 
mathematical  modeling.  In  §2,  the  problems  of  active  control  of  flow  around 
a  circular  cylinder  are  formulated.  The  governing  equations  and  two  types 
of  flow  control  problems  are  described.  In  §3,  a  velocity/vorticity  formula¬ 
tion  of  the  governing  equations  and  a  computational  algorithm  used  in  this 
study  are  briefly  described.  All  numerical  results  and  discussion  are  pre¬ 
sented  in  §4.  The  results  demonstrate  the  feasibility  of  moving  boundary 
mechanism  in  flow  control.  .4  mathematical  theory  in  flow  control  associ¬ 
ated  with  the  problem  of  a  rotating  cylinder  is  formulated  in  §5.  In  §G,  we 
outline  the  future  directions  in  the  area  of  external  flow  control.  Although 
this  investigation  is  mainly  concentrated  on  the  flow  control  problem  of 
a  rotating  cylinder,  we  can  extend  the  numerical  algorithm  and  iimllie- 
matical  analysis  into  other  types  of  flow  geometry  and  control  mechanism. 
For  example,  the  utility  of  blowing/suction  cxmtrol  mechanism  in  many  in- 
ve.stigations  may  only  need  little  modification  in  both  exi.sting  numerical 
algorithm  and  mathemaiical  formulation  [10,2.5,32]. 

2.  Problems  for  a  rotating  cylinder.  The  mo.si  clistingiii.shing  fea¬ 
ture  <if  a  rotating  body  traveling  through  a  fluid  is  that  the  srp.-iration  is 
eliminated  on  one  side  while  the  other  side  of  the  cylinder  separation  is  con 
rinuously  developed.  In  consequence,  this  wymmetry  of  flow  development 
results  in  a  transverse  force  acting  on  the  cylinder  surface  in  a  direction 
perpendicular  to  that  of  flowing  stream  (33].  The  research  on  the  problem 
of  a  uniform  stream  past  a  cylindrical  rotating  body  has  been  the  subject 
of  many  experimental  investigations  and  numerical  simulations  since  the 
pioneered  work  of  Prandtl  [20,27].  See  the  papcr.s  by  Taneda  [35],  Mo  [19] 
and  Tokiimani  and  Dimotakis  [36]  for  a  cylinder  undergoing  rotary  oscil¬ 
lations,  Taneda  [34],  Koromilas  and  Telionis  [Id].  Coutanceau  and  Menard 
[9],  Badr  and  Dennis  (.3].  Badr  ct  al.  [2],  Chen.  Ou  and  Pearlstein  [8], 
Chang  and  Chern  [6]  and  Ou  and  Burns  [24]  for  a  cylinder  with  a  constant 
speed  of  rotation. 

2.1.  Governing  equations.  Let  B  denote  a  circular  cylinder  en¬ 
closed  by  an  impermeable  boundary  P,  while  the  two-dimensional  exte¬ 
rior  domain  D  =  R^\{B  U  I'}  is  the  region  occupied  by  an  incompressible 
viscous  fluid.  In  this  unbounded  (juiescent  fluid,  the  circular  cylinder  is 
impulsively  started  with  a  transLitional  velocity  V{J)ef  in  the  i-direction 
normal  to  its  generator  and  simultaneously  a  time-dependent  angular  veloc¬ 
ity  about  its  axis.  In  an  inertia/ /rame  fixed  in  space,  the  problem 

considered  can  be  mathematically  described  by  the  Navier-Stokes  equa¬ 
tions: 
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O' 

,  no) 


Em.  it.l.  SchftnMic  of  a  rotating  cylindc:  in  sn  ini-rds!  fntit: 


Ut  +  (u  V)u  =  ~Vp  +  i/V’u 
V  •  u  =  0.  in  D{t), 


in  D(i), 


with  the  following  boundary  conditions  and  initial  otniditioii 

(2.3)  u(f.f)|r  =  -r(f)c*  +  n(f)(-ycr  +  icg), 

(2.4)  u(f,t)  =  0.  as  |f|  —  oc. 

(2.5)  n(r,0)  =  0,  r  =  (f .  5)  £ /)(f). 

whftTP  F,  ii  =  (u,t’).  p  and  t'  are,  respectively,  the  position  vector,  the 
velocity  field,  the  pressure  field  and  the  coefllcient  of  kinematic  viscosity. 
Also.  Ci,  e,j  .and  cr  ate  denoted  as  the  unit  vector  in  the  direction  of  x-, 
y-  and  r-coordinatft,  respectively.  Notice  that  in  this  coordinate  frame,  the 
exterior  dom-ain  D{f)  is  a  time  varying  region  as  shown  in  Figure  2.1. 

Ill  order  that  the  region  occupied  by  the  fluid  may  be  treated  as  a  time- 
independent  dom.ain,  it  is  necessary  to  recast  these  governing  equations 
info  a  non-mtrtial  reference  frame  attached  to  the  body  (i.e.  the  circular 
cjdinder)  without  rotating  of  the  reference  frame.  This  can  be  done  by 
introducing  a  new  coordinate  system  (x.y)  such  that 


=  x  +  f^i;{r)dr 
=  U 


Thus,  the  new  velocity  field  ii  —  («,♦')  is  given  by 


ti  =  u-f  U(i) 
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In  this  new  non-rotating  reference  frame,  the  system  of  equations  (2. 1  )-(2.5) 
can  he  rewritten  as 

(2.6)  Uf  +  (u  •  V)u  = +  + in  Dx[0,r] 

(2.7)  Vu  =  0,  in  Dx[0,r], 

(2.8)  u(r,t)|i'  =  f}(<)(-ve, +4rey), 

(2.9)  u(r,#)— as  |r|  — oc, 

(2.10)  ii(r,0)  =  0,  r  =  (r,y)eD. 

The  translational  acceleration  dU(t)ldt  of  the  body  relative  to  the,  inertial 
frame  appears  as  a  fictitious  body  force  in  the  equation  of  motion  when 
written  hi  the  uoii-incrtial  frame.  In  this  new  reference  frame,  the  domain 
occupied  by  the  viscous  fluid  becomes  timt-independtnl  D(t)  =  D.  More¬ 
over,  this  foriimlation  is  equivalent  to  the  problem  of  a  uniform  flow  past 
a  rotating  cylinder.  In  all  control  problems  considered  in  this  study,  the 
rotation  rate  0(1)  will  be  varied  while  the  rectilinear  speed  f’  is  fixed  to  a 
constant  value.  In  consequence,  the  fictitious  body  force  is  eliminated  in 
the  formulation. 

2.2.  Optimal  control  of  flow  fieitl.  From  the  standpoint  of  opti 
mal  control  theory,  various  optimization  problems  may  be  formulated  for 
a  rotating  cylinder  that  depend  on  the  denoted  perfor .nances  and  control 
constraints.  A  simple  example  of  optimal  control  problem  is  to  drive  the 
solution  orbit  of  system  (2.6)-(2.10)  to  a,  desired  flow  field  by 

controllinj,  the  rotation  rale  n(/)  with  a  minimum  effort.  Thus,  one  can 
define  a  cost  functional  as 

(2.11)  J(n)=  r  [  |lu«:n)-zjlprfrd#. 

J«  JD 

For  example,  Zi  is  a  desired  equilibrium  state  in  which  no  vortex  .shedding 
occurs.  Then  the  problem  is  rofind  an  optimal  trajectory  of  Q{t)  such  that 
it  will  drive  (he  solution  orbit  u(t;  fi)  a.s  closed  as  possible  (in  an  appropriate 
working  space)  to  the  desired  flow  field  in  a  fixed  lime-interval  with  a 
minimum  cost  of  (2.11). 

In  fact,  the  questions  of  possibility  of  suppressing  vortex  shedding 
by  active  control  of  rotation  rate  have  been  investigated  by  Taneda  [2.5], 
Coutanceau  and  Menard  [9],  Chen  et  a).  (8]  and  On  [23].  The  studies  of 
active  control  (or  feedback  control)  of  flow /structure  interactions  are  of 
considerable  practical  important  from  the  sta  idpoinl  of  wake  modification 
and  the  reduction  of  flow-induced  vibmtion  [28],  In  particular,  the  issues 
of  suppressing  the  vortex  shedding  or  tailoring  the  wake  development  have 
m.my  potential  applications  in  marine  structure,  civil  engineering  and  ad¬ 
vanced  design  of  aero/hydro-inannivering  vehicles.  However,  the  questions 
of  whether  cylinder  rotation  can  destroy  the  Karman  vorte.x  street  and  con¬ 
sequently  suppress  the  vortex  shedding  have  remained  to  be  answered.  Vp 
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to  now,  no  previous  attempt  has  been  made  in  this  area  from  the  standpoint 
of  optimizalion  and  control  theory. 

2.3.  Optimal  control  of  force  coefficients.  Although  many  fxpcr- 
iiiientsl  and  numerical  investigations  have  been  conducted  on  the  problems 
of  rotating  cylinder,  ntost  of  previous  works  were  primarily  focused  on  the 
formation  and  development  of  vortices  in  cylinder  wake.  It  appears  that 
the  effect  of  the  rotation  rate  on  the  cylinder  forces  exerted  by  the  fluid 
has  received  far  less  attention  dc.spite  the  fact  that  it  has  many  important 
practical  engineering  applir..ations.  In  this  area,  various  problems  of  opti¬ 
mizing  force  performance  can  he  formul.ated.  For  example,  we  can  consider 
ptoldeiiis  of  finding  an  optimal  control  fi* .  among  a  set  of  restricted  control 
parameters,  that  will  achieve  the  maximum  value  of  the  time-averaged  lift 
functional 


Hi'’' 


or  the  minimum  value  of  the  time-averaged  drag  functional 


fpct.nirft. 


Here.  Tj  is  the  final  time  of  motion  after  the  cylinder  impulsively  started. 
Similarly,  we  can  alto  formulate  the  optimiration  problrm>  by  seeking  an 
optimal  control  that  inaxitnizes  the  following  two  important  performance 
functionals 


him  = 


JpCdi.mdt 


All  above  performance  functionals  may  provide  us  the  valuable  implication 
and  insight  to  the  optimal  design  of  control  mechanism. 

In  fact,  the  objective  of  optimal  control  of  fc>rrrs  around  the  cylinder 
surface  has  a  close  relation  to  the  objective  mentioned  in  §2.2.  From  the 
fotjd.vmental  theory  of  fluid  mechanic*,  it  is  well  known  that  there  is  no  drag 
force  on  a  circular  cylinder  which  is  inunersed  in  a  uniform  potential  flow. 
Thus,  such  control  problem  is  to  ask  whether  we  can  drive  an  arbitrary  flow 
field  to  the  potential  fif.w  (or  at  least  as  clo.'c  a."  pos.sihk  to  the  potential 
flow  field)  which  no  vortex  shedding  occurs. 
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3.  Direct  numerical  simulation.  In  many  practical  numerical  sim¬ 
ulations  for  the  laminar  motion  of  a  viscous  incompressible  fluid,  both 
exterior  as  well  as  the  interior  flow  domains,  the  formulation  based  on 
the  velocity /vorticity  variables  would  provide  many  advantages  over  the 
primitive-variable  formulation  of  (2.6)-{2.10).  The  velocily/vorficity  for¬ 
mulation  is  especially  well  suited  to  treating  initial  development  of  flow 
generated  by  an  impulsively  started  body,  in  which  the  flow  field  is  com¬ 
posed  of  a  relatively  small  vortical  viscous  region  embedded  in  a  much  large 
inviscid  potential  flow.  In  consequence,  the  computational  domain  may  be 
restricted  to  a  smaller  region  where  all  vorticity  contributions  are  con¬ 
tained.  In  the  numerical  simulation  part  of  this  study,  a  velocity /vorticity 
formulation  of  governing  equations  was  used  in  all  computations 

3.1.  Velocity /vorticity  formulation.  For  a  two-dimensional  viscous 
flow,  when  the  velocity  field  is  rotation.il,  the  vorticity  is  defined  by 

(3.1)  ure,  =  V  X  u. 

Here  ui  is  the  vorticity  field.  The  vorticity  transport  equation  is  obtained 
by  applying  the  curl  operator  to  e<iuat.ton  (2.6).  The  pressure  term  is  thus 
eliminated  when  the  continuity  equation  (2.7)  and  the  definition  of  vorticity 
in  (3.1)  are  used.  Ihe  Cartesian  coordinate  form  of  the  governing  equation 
for  the  vorticity  field  can  be  expressed  in  the  dimensionless  form  as 

(3.2) 

In  addition,  the  vector  Poisson  equation 

(.3.3)  = -V  x(u/e,) 

again  obtained  from  the  continuity  (equation  and  the  definition  of  vorticity. 
which  can  determine  a  velocity  field  from  a  known  vorticity  field  All  the 
variables  arc  made  dimensionless  by  means  of  the  characteristic  quantitie.*. 
The  cylinder  radiu.s  a  is  used  as  the  length  scale  while  a/U  is  used  a.s  the 
time  scale.  The  Reynolds  number  Bt  =  Wajv  is  bn.sed  on  the  cylinder 
diameter  2a  and  the  magnitude  V  of  the  rectilinear  velocity. 

In  a  non-rotating  reference  frame  the  dimensionless  boundary  condi¬ 
tions  for  a  rotating  cylinder  can  be  written  as 

It  =r  -ft(f)i;e,  +  Q(t)xey.  for  (x.  p)  6  T 

and 

u  -  e,,  for  —  oo. 

Here,  the  ratio  of  speed  of  cylinder  rotation  to  speed  of  translation  is  de¬ 
noted  as  q{()  =  Q{1)a/l'.  This  speed  ratio  is  the  primary  control  parameter 
throughout  this  work. 
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3.2.  Computational  procedure.  The  numerifal  appro.ich  is  based 
on  an  explicit  finitc-difference/pseudo-spectral  technique,  and  a  new  imple¬ 
mentation  of  Biot-Savart  law  Is  used  to  produce  accurate  solutions  to  the 
governing  equations  (3.2)-f3..3)  (7, 8,23, .5].  The  voriicity  transport  equation 
(3,2)  is  first  discretized  by  a  second  order  central  differences  in  the  radial 
direction  and  a  pseudospectral  transform  method  in  the  circumferential  di¬ 
rection  for  all  spatial  derivatives.  This  semi-discretization  form  of  voriicity 
transport  equation,  consisting  of  a  system  of  ordinary  differentia!  equations 
in  time,  can  be  written  as 


(S  d.t  —  ^(*)>  W  — 

for  all  the  interior  grid  points.  Here  M,  A’  are  denoted  .ns  the  number  of 
grid  points  in  the  circumferential  and  radial  direction,  respectively.  The 
calculation  procedure  to  .advance  the  solution  for  any  given  time  increment 
can  be  summarized  as  follows: 

Step  1:  Internal  vorticity  over  the  fluid  region  at  each  interior  field 
point  is  calculated  by  solving  the  discretized  vcirticity  tran.sport  equation. 
An  explicit  secoc  .-order  r.ntional  Runge-Kutta  marching  scheme  [37]  is 
used  to  advance  in  time  for  t3.4): 

2gi{g\.y)i)  -  galgi.O)) 

ul  Sul  ■+ - — — — - , 

(83  ■.73) 
and 

(  fl!  = 

i  s'z  =  -f  0  5yi)At 
^  93  =  291  -  91 


where  i',')  denotes  the  scalar  product. 

Step  2.  Using  known  internal  vorticity  values  at  all  the  interior  grid 
points  from  step  1,  the  generali-zed  Biot-Savart  law 


n(ro.t) 


(3.5) 


X  (r  -  rn) 
Ir-r^p 

2n(<)«i  X  (r-  ro) 


dA 


|r-roP 


d.4  +  Uvi 


is  used  to  update  the  boundary  vorticity  value.s  at  all  the  surface  nodes. 
Here  rc,  represents  all  grid  points  located  on  the  solid  boundary.  This 
Integra^  method  proposed  by  Wii  and  Thompson  [41]  provides  the  ba.sir  link 
between  velocity  and  vorticity  fields  throughout  the  numerical  procedure. 

Step  3;  At  this  stage,  all  the  vorticity  values  in  the  conipulationr’ 
domain  arc  known  at  the  n«w  time  level.  Then,  the  vtdocity  at  point.s  on 
the  outer  perimeter  of  the  ccunputational  domain  is  calculated  by  (3.5),  In 
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equation  (3.5)  now  rg  denotes  the  points  located  on  the  outer  perimeter  of 
the  computational  domain. 

Step  4:  The  new  velocity  field  can  he  established  hy  solving  the  Pois¬ 
son  equation  (3.3)  with  pres:ribed  solid  boundary  con  litiuns  and  outer 
boundary  conditions  that  have  been  calculated  from  step  3.  The  resulting 
discretired  Poisson  equation  is  then  solved  by  a  preconditioned  biconjugate 
gradient  routine.  This  step  completes  the  computational  loop  for  each  time 
level. 

One  further  important  point  to  be  noted  in  this  integral  approach  is  the 
determination  of  the  initial  flow  field.  In  contr/uit  to  the  special  technique 
used  by  other  methods,  this  integral  approach  enable.?  the  numerical  code 
to  generate  the  initial  velocity  field  by  e.xecuting  one  cycle  c>f  a  solution 
procedure  (from  step  2  to  step  4)  rather  than  employing  any  additional 
treatments. 

An  important  c,ons«'qucnc,c  of  using  the  velocity/vorlicity  fc»rmulaiiou 
is  that  the  forces  can  be  directly  evaluated  from  the  known  vorticity  values 
on  the  cylinder  surface.  In  a  viscous  flow,  it  is  well  known  that  the  total  lift 
and  drag  forces  are  contributed  by  the  pressure  and  skin  friction  due  to  the 
viscous  effects.  Hence,  for  known  vorticity  values  on  the  cylinder  surface, 
the  lift  arid  drag  coefficients  can  be  calculated  in  the  r-9  coordinates  by 

,3  C,(i)  =  Cl.'J)  +  CL/{t)  =  -i;  /r 


...  C:,(t)  =  CD,{i)  +  Cn,(t)  =  i  C 

where  the  subscript  I  denotes  quanlities  evaluated  on  the  cylinder  surface. 
The  subscripts  p  and  /  represent  the  ronfribiifion  from  pressure  and  skin 
friction,  respectively.  In  particular,  we  denote  the  positive  values  of  C'l  in 
the  negative  y  direction  (as  rioted  in  Figure  3.1). 

4.  Numerical  results  and  discussion.  I.u  this  section  we  present 
computational  results  for  an  unsteady  flow  around  a  rotating  rylinder  that 
undergoes  a  wide  variety  of  steady  and  unsteady  angiilar/rer.tilinear  speed 
ratios  at  a  Reynolds  number  of  200.  In  this  model,  the  rectilir.ear  speed  is 
fixed  to  a  constant  value  while  the  angular  velocity  is  treated  as  a  control 
variable.  Although  the  choice  of  lime-dependent  rotation  rates  that,  may 
be  used  to  control  the  rotating  cylinder  ate  unlimited,  the  romputational 
results  presented  here  are  restricted  to  the  following  three  types  of  rotation; 
1)  constant  speed  of  rotation,  a  =  constant:  2)  time-harnionir  rotary  oscil¬ 
lation,  «(1)  =  ,-lsinTFf;  3)  time-periodic  rotation,  u(f‘)  =  Al.sin  T(F/'2)ti. 
All  variables  arc  normalized  to  the  nondinieiisiona!  forms  in  the  formula¬ 
tion.  For  a  type  of  time  periodic  rotation,  F  =  ‘iaffU  is  the  reduced  forcing 
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Pic.  3.1.  HcliemJttie  of  the  rotating  cylinder  tiifh  three  tyf/a  of  rotntinn:  (a)  a  = 
fia/U  -  constant:  (b)  a(f)  =  .Atlii  -/•'(.  (c)  a(»)  =  4!  »in  tt{F/2)t\. 


frequency  and  A  -  tFO  is  the  normalized  maximum  rolHiion  rate  of  the 
forcing  oscillations.  Also,  /,f3  arc  denoted  as  (lie  forcing  fr'-quency  and 
the  angular  amplitude  of  rotation,  respectively.  In  a  non  rotating  frame 
attached  to  the  cylinder,  the  configurations  for  the  different  controls  con¬ 
sidered  in  the  physical  space  are  sketched  in  Figure  31.  together  with  the 
corresponding  time  evolution  of  the  angular  velocity. 

In  the  case  of  time  periodic  rotation  shown  in  Figure  3.1(c),  the  cyhn 
der  under  control  is  rotated  in  the  coiintcrclockwis-.-  direction  about  its 
axis  with  a  time  periodic  angular  speed.  This  particular  type  of  rotation 
is  expected  to  provide  a  substantial  lilt  enhanci  ment  and  drag  redurtion 
through  a  proper  chtice  of  both  the  angular  amplitude  the  normal¬ 
ized  maximum  rotation  rate  .4)  and  foriing  frequency  (thus  the  reduced 
frequency  F).  Tills  improvement  can  be  demonstrated  by  comparing  its 
respective  force  performances  against  (.lie  time  harmonic  rt  iary  oscillation. 
For  a  complete  discussion  of  these  performance  improvements  and  compar 
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isoiis,  IIk-  reader  U  referred  to  Burns  and  Ou  [5]. 

To  assess  the  accuracy  of  the  numerical  algorithm,  computations  were 
first  performed  over  a  wide  range  of  constant  speed  ratios  up  to  3.25  at 
a  Reynolds  number  of  200.  Several  particular  speed  ratio  parameters 
were  chosen  to  allow  for  the  comparison  against  the  experimental  work  of 
Coiitanreaii  and  Menard  [9].  For  a  constant  value  of  speed  ratio  a  =  2.07, 
Figure  4.1(a)  shows  an  experimental  flow  visulization  picture  which  is  pho¬ 
tographed  by  a  camera  representing  an  instantaneous  streamline  plot  at 
lime  /  =  9.0.  The  calculated  result  under  the  same  conditions  is  shown 
in  Figure  1.1(1,').  In  Ifie  computation,  the  non-rotating  reference  frame  is 
tran.slating  wifli  the  cylinder  while  the  camera  in  the  experiment  is  mov¬ 
ing  with  the  cylinder  iis  well.  F.xcellent.  agreement  is  obtained,  despite  the 
fact  that  a  high  velocity  gradient  is  induced  in  the  near  wake  due  to  the 
cylinder  rotation.  In  Figures  4.2(a.l>),  a  similar  e.xeellent  agreement  is  also 
demonstrrted  at  a  greater  speed  ratio  o  =  3.25.  A  detailed  tlisriissicm  of 
the  accuracy  of  the  numerical  .scheme  can  be  found  in  [8]. 

4.1.  For.co  porformnnee.'  Constant  spoerl  of  rotation.  Figure 
4  3  shows  plots  of  the  time  histiiries  of  lift,  drag  and  lift/drag  coefBcients 
at  various  values  of  speed  ratios  (0  <  t*  <  3.25)  and  for  lime  in  the  interval 
0  <  /  <  21.  As  seen  in  Figure  4.3(a),  when  the  speed  ratio  is  increa-sed  to 
2.07,  the  lift  increa.«es  timewise  proportion.illy.  However,  as  the  speed  ratio 
further  incren.'es,  lift  appears  to  initially  decrea.se  then  increases  gradually 
at  later  times.  Not  surprisingly,  the  maximum,  value  of  that  can  be 
achieved  by  rotation  is  ,ilso  higher  as  the  speed  ratio  grows.  It  is  also 
observed  that,  at  speed  ratios  lower  than  2,  the  respective  lifi  curves  exhibit 
a  well  established  periodic  evolution.  However,  in  the  range  of  a  >  2.  it  is 
not  known  whether  the  nature  of  this  periodicity  will  continue  if  the  tim.e  of 
investigation  is  e.xpaiided.  Apparently,  as  can  be  ewii  from  Figure  4.3(a), 
the  cylinder  roTaliin)  (worked  a.s  a  boundary  moving  control  mechanism) 
does  yield  a  substantial  lift  enhancement. 

As  illustrated  by  (he  drag  curve  in  Figure  4.3(b)  there  is  a  substantial 
incrca.s*’  in  drag  when  the  speed  ratio  is  increased.  In  all  cases  considered 
here,  these  drag  curves  seem  to  converge  after  a  certain  time  and  then 
oscillate  under  different  amplitudes  and  frequencies  (hereafter.  Detailc  . 
uuniencal  results  on  (lie  cUecl  of  the  speed  ratio  to  (he  resulting  Jifl/drag 
curve  are  shown  in  Figure  1.3(c).  In  the  range  0  <  q  <  2  07,  the  lift/drag 
performance  appears  to  improve  timewise  (for  0  <  f  <  24)  with  an  increase 
of  a.  If  a  comparison  is  made  between  a  =  2.07  and  a  -  0.05,  a  no¬ 
ticeable  improvement,  of  the  lift/drag  performance  is  observed.  Although 
a  higher  lift/drag  ratio  is  achieved  by  increasing  the  rotation  rate  in  this 
range,  the  i-piesticn  arises  whether  any  further  increa.se  of  rt  will  result  in 
a  continued  improvement  of  the  lift/drag  ratio.  Intuitively,  it  is  natural 
to  expect  a  monotonieal  increase  in  the  lift/dr.ag  ratio  es  o  increases  to 
a  =  3.25.  However,  this  is  not  the  r.ase  a.s  a  comparison  is  m-ade  between 
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Fig.  4.2.  In&t  Ant  Animat  atreuniliiii;  pht.*^  for  Rt  ~  290,  o  ~  3  25  Hf-  f  —  5.0. 
flow-n'-*-u/i2afiV>n  p/rturc.  ^b)  coiftputed  rrynit. 
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Fig.  4.3.  Temporal  evohithm  of  the  lift  fa),  fir&g:  (b)  and  hfi/den^  h)  coc^citnU  at 
ss  20(1  %i(h  varioox  ronunm  apeed  rafiosi  lO.OS  <  a  <  3.25,1. 
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a  =  3.25  and  a  =  2.07.  In  fact,  the  lifl/drag  curves  illustrate  a  gradually 
decrease  in  performance  over  certain  time  interval  when  the  speed  ratio 
increases  beyond  2.  Moreover,  this  tendency  toward  lower  lift /drag  ratio 
becomes  noticeable  when  o  reaches  the  highest  value  (a  =  3.25)  considered 
here.  Nevertheless,  for  all  a  considered  here,  a  significant  increase  in  the 
maximum  value  of  CiJCu  can  be  obtained  by  increasing  a.  llowever.  it  is 
found  that  it  will  reach  its  maximum  value  at  a  much  later  time  for  higher 
values  of  a . 

From  the  results  of  force  improvement  observed  in  Figure  4.3,  it  is 
interesting  to  examine  these  performance  functionals  described  in  (2.12)- 
(2.1.5)  as  the  speed  ratio  is  altered.  Figure  4.4  illustrates  the  use  of  direct 
computation  to  CHlculfite  /,,*'=  I,- ••,4  under  various  constant  apeed.s  of 
rotation.  These  curves  shown  in  Figure  4.4(a)  reprr.seiit  the  time-averaged 
lift,  drag  and  lift/drag  coefficients  with  respect  to  the  speed  ratio  in  the 
range  0  <  o  <  3.2.5  and  for  time  in  the  interval  0  <  t  <  24.  It  illu.strates 
that  the  time-averaged  lift  J|  is  almost  linearly  proportional  to  the  speed 
ratio,  while  the  time  averaged  drag  h  remains  as  a  constant  value  up  to 
(X  2,  then  monotonically  increases  with  speed  ratio  thereafter.  As  shown 
in  the  figure,  the  optima!  speed  ratios  corresponding  to  the  maximum  value 
of  J\  and  the  minimum  value  of  h  are  oj  =  3.25  and  oj  ss  0,  respectively. 
Most  importantly,  the  resulting  lime-averaged  lift/drag  is  not  linearly  pro- 
portion.al  to  the  speed  ratio.  As  shown  in  the  figure,  the  highest  value  of  the 
speed  ratio  o  =  3. 25  considered  here  is  not  the  optima!  constant  rotation 
rate  corresponding  to  the  maximum  value  of  Jg.  The  maximum  value  of  Ja 
oeeiir.s  at  a  lower  speed  ratio,  approximately  a.H  =  2.38,  and  it  represents 
a  .substantial  inr.rea.se  of  440%  over  the  lower  speed  ratio  n  =  0.5. 

Ill  Figum  4  4(b),  the  variation  of  the  (total  lift)/(total  drag)  force  ratio 
(i.e.  J4  in  (2.15))  with  res|)ect  to  the  spwd  latio  is  shown  for  n  in  the  range 
0  <  o  <  3.25.  .Although  the  rrmxinnitii  value  of  J4  is  achieved  af  a  value  trj 
between  a  =  2.0  and  i>  =  2.38.  it  should  he  noted  that  this  optimal  speed 
ratio  is  not  iieci>ssarily  the  same  optimal  value  o-J  as  shown  in  Figure 
4.4(a).  The  results  jire.seuted  in  Figures  4.4(a,bl  demonstrate  an  effective 
way  of  improving  performance  by  changing  the  rot.ition  rate  and  illustrate 
the  important  of  selecting  a  proper  rotation  rate  in  order  to  optimize  the 
force  performance. 

4.2.  Force  piwformnnce:  Time  periodic  inputs.  The  previous 
results  only  applied  to  constant  rotation  rates.  In  tliis  section  we  consider 
tinie-varjing  rotations.  Becaiise  the  goal  of  this  report  is  to  demonstrate 
the  feasibility  of  using  a  time- dependent  moviug  surface  mechanism  for  op¬ 
timizing  force  performance,  we  shall  restrief  our  simulations  to  two  periodic 
inputs.  That  is,  the  time-harmonic  rotary  oscillation  oft)  =  sin  jr Ff  and 
the  time-periodic  rotation  a(f)  —  |sinsr(F/2)t), 

It  is  well  known  that  when  a  cylinder  oscillates  in  a  uniform  flow  the 
associated  forcing  oscillating  frequency  and  amplitude  can  influence  the 
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Fig.  4.5.  Comparwons  of  temporal  cvofufion  of  hft  (h),  dra^  fl>)  and  hft/drag 
(c)  coefficients  (or  a  tiwe-ptriodk  lotation  c»(f)  =  |wn0.25tl  (T  ~  12.5)  fti-tii  a 
Itarmonir  rotary  oscillaticn  :•(«)  =  siiiO.5?  (T  —  72-5^  at  “  200  for  0  <  ?  <  21. 
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%‘ortfx  fornnilation  and  forces  response  substantially  [38,40j.  It  has  been 
experimentally  shown  that  at  Rr  —  200.  the  natural  Strouhal  frequency  of 
a  non-rotating  circular  cylinder  (o  =  0)  is  approximately  F„  =  0.185  (39'. 
It  is  of  important  to  study  the  behavior  of  flucfiiating  forces  at  imposed 
forcing  frequencies  which  lie  in  the  neighborhood  of  the  natural  frequency. 
The  temporal  evolutioiw  of  lift^  drag  and  lift/drag  are  shown  separately 
in  Figures  '1.5(a.b.c)  for  a  time  periodic  rotation  o{<)  =  |sin0.25t|  and  a 
time-harmonic  rotary  oscillation  Q(t)  =  sinO.ot,  respectively.  Notice  that 
these  two  types  of  rotation  are  employed  by  the  same  forcing  frequency 
(i.e.  F  -  0.16)  which  lies  in  the  neighborhood  of  the  natural  frequency. 
The  numerical  results  clearly  confirm  the  expected  benefit  of  this  time- 
periodic  rotntion  for  both  lift  and  drag  forces,  as  shown  in  Figure  •1.5(a,b). 

In  comparing  these  two  types  of  rotation,  it  should  be  noted  that  rcitat- 
ing  in  the  satiie  direction  causes  ilic  lift  riirve  to  be  .shifted  upwards  due  to 
the  nature  of  rotation,  while  the  drag  curve  is  shifted  downwards.  In  terms 
of  performance,  this  corresponds  to  an  increase  of  the  time  averaged  lift 
force  in  the  time-span  of  the  investigation,  while  in  the  same  time  interval, 
a  substantial  reduction  of  the  time-averaged  drag  ,ts  well.  The  resulting 
improvement  of  the  lift/drag  ratio  is  sitown  in  Figure  4.5(r).  There  is  an 
interest  in  addrewting  the  relationship  between  the  force  irnproveinem  and 
the  vortex  development  around  the  cylinder  surface.  .Although  not  shown 
here,  one  particular  interesting  feature  is  the  phase  difference  between  the 
maximum  value  of  lift  and  the  vortex  sheet  cutting  lime  [23].  .4  thorough 
investigation  regarding  such  issue  may  gain  some  in.sight  info  the  possible 
form  of  an  optimal  controller. 

To  demonstrate  the  influence  of  tiine-varyin.g  rotation  on  the  temporal 
development  of  these  force  coefficients,  several  additional  values  of  forcing 
frequency  were  performed.  Figures  4.6fa,l'),r.)  show  the  comparisons  of  the 
time-averaged  values  of  lift,  drag  and  lift  .'drag  coefficients  (i.e.  7  ,  Ja  and 
73)  between  these  two  time  periodic  inputs  with  variation  of  the  reduced 
forcing  frequency  in  a  range  of  0  08  ^  F  <  n..32.  These  forces  were  averaged 
with  respect  to  the  time  interval  0  <  f  <  24. 

In  the  case  of  liine-haniionic  rotary  oscillation,  the  local  maximum 
value  of  time-averaged  lift,  drag  and  lifl/drag  ratios  correspond  to  the 
forcing  frequency  which  lies  in  the  iieighborUciod  of  the  natural  frequency, 
as  shown  in  the  Figure  4.6.  ThLs  particular  feature  was  also  observed  in 
the  numerical  results  of  .Mo  [19]  where  it  was  sliown  that  the  drag  peak 
occurs  at  the  forcing  frequency  equal  to  the  natural  frequency. 

As  for  the  cases  of  time  periodic  rotation,  it  illustrates  that  a  variation 
of  forcing  frequency  in  this  range  (i.e.  0.08  <  f  <  0.32)  has  litter  effect  on 
the  time-averaged  forces.  Although  the  differences  in  time-averaged  forces 
are  minor,  the  forcing  frequency  which  lies  in  the  iieigliborhood  of  the  nat¬ 
ural  frequency  (F  =  0.195)  cesrresponds  to  a  larger  tirne^averaged  drag  and 
a  smaller  time-averaged  lift.  In  lerrn.s  of  performance,  Figure  4.6  presents 
a  clear  improveiuenl  for  the  time-periodic  rotafion  (»(t)  =  [sin  T(F/2';t|) 
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»vhen  compared  to  the  time-h«rmonir  rotary  oscillation  (o(t)  =  sin  wft) 
at  every  tested  forcing  frequency.  It  appears  that  the  forcing  frequency 
which  lies  in  the  neighborhood  of  the  natural  frequency  exhibits  a  smaller 
lift  Increase  and  larger  drag  reduction  when  compared  to  these  frequencies 
lie  outside  the  neighborhood  of  the  natural  frequency. 

At  this  stage,  we  have  demonstrated  that  the  particular  type  of  time- 
penodic  rotation  exhibits  clear  improvement  of  force  performance.  This 
motivated  us  to  examine  the  effect  of  angular  amplitude  on  the  force  de- 
velc'pnient  while  the  forcing  frequency  is  fixed  to  a  constant  value.  The 
parameter  .4  now  becomes  the  control  variable  in  the  optimal  control  cal¬ 
culations.  Figure  4.7  shows  that  resulting  forces  on  the  cylinder  can  differ 
significantly  at  different  angular  amplitudes  for  tr(<)  =  A[siu0.314tj.  This 
type  of  rotation  corresponds  to  a  forcing  Stroiihal  tDiinhi^r  of  0.2  which  is 
in  the  neighborhood  of  the  natural  St.roiihal  number  of  O.I80.  The  angular 
amplitudes  considered  here  are  .4  =  1.0.  2.07  and  3.2.5.  Apparently,  as  can 
be  seen  from  these  figures,  a  larger  angular  amplitude  definitely  yields  an 
incremental  lift  coefficient  over  the  time-span  of  investigation  (0  <  /  <  36). 
However,  initially  the  drag  increases  with  an  increa.se  of  .4,  then  after  a 
certain  time  it  t'scillales  with  almost  the  ^saii  e  amplitude  and  frequency 
around  an  averaged  value.  Consequently,  this  leads  to  a  substantial  im¬ 
provement  in  lift/drag  witn  increasing  A,  as  clearly  shown  in  Figure  4  7fc). 

The  effect  of  angular  amplitude  on  the  time-averaged  values  of  lift,  drag 
and  lift/drag  coefficients  i?  shown  in  Figure  l.fi  for  a(f)  =  ,41sin0.314t| 
averaged  over  0  <  <  <  36.  In  a  range  of  1  <  .4  <  3.25.  it  illustrates 
that  all  the  time-averaged  values  are  almost  linearly  proportional  to  the 
angular  amplitude.  Significant  increment  in  lift  coeffirients  with  increasing 
angular  amplitude  is  particularly  noticeable.  This  can  be  demonstrated  by 
the  comparison  of  A  =  3.2-5  with  A  =  1.  It  represents  a  2409f.  increment 
of  lift  performance.  However,  a  slight  increment  in  drag  coefficients  with 
increasing  angular  amplitude  is  observed.  A  moderate  improvement  of 
time-aver.aged  lift/drag  ratio  is  also  seen.  Moreover,  the  effect  of  angular 
amplitude  on  these  time-averaged  forces  is  very  noticeable  when  compared 
to  the  effect  of  the  forcing  frequency  shown  in  Figure  4.6. 

As  noted  in  equations  (3.6)  and  (3.7),  the  total  lift  and  drag  forces 
are  contributed  by  the  pre-ssiire  and  skin  friction  duo  to  the  viscotis  effect. 
In  figures  4  9(a,b),  the  pressure  and  skin  friction  contributions  to  the  lift 
and  drag  are  shown  separated  for  n(1)  =  (.sin  0.2ft3t)  over  the  time  span 
of  investigaficin  (0  <  f  <  36).  It  appears  tb  it  the  pressure  has  larger 
contriliution  to  the  lift  and  dr.ag  at  this  ptirticular  Reynolds  number  (i.e. 
Rt  =  200).  As  a  matter  of  fact,  similar  contributions  are  also  observed  for 
all  frequencies  and  amplitudes  considered  in  this  study, 

4.3.  Syjicbroulzatioij  of  cylinder  and  wake.  The  synehronirat ion 
of  cylinder  and  wake  ha.s  lone,  been  known  to  be  an  important  component 
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that  the  forcing  frequency  of  rotation  (F  =  0.16)  lies  in  the  neighhorhood  of 
the  natural  frequency  (Fn  =  0.1S5).  Notice  that  in  the  case  of  time- periodic 
rotation  shown  in  Figure  4.5,  both  lift  and  drag  curves  oscillate  with  the 
forcing  frequency  (corresponding  to  a  time  perird  of  T  =  12.5),  clearly 
exhibiting  a  periodic  response.  Flowcver.  in  the  ca.se  of  time-harmonic  ro¬ 
tary  oscillation,  the  lift  curve  oocillatc.s  with  the  same  forcing  frequency 
(/  =  12.5)  while  drag  curve  oscillates  with  the  period  of  T/2.  C’cinse- 
quwstly.  the  lift/drag  rati<«s  oscillate  at  the  same  frequency  (T  =  12.5)  for 
both  types  of  rotation. 

For  the  case  of  tinie-pcrifidir  rotation  r  (t)  =  .l|sin0.314t(  presented  in 
Figure  4  7,  we  exlejiih  d  otir  oh.servation  to  a  relatively  longer  time.  For  0  < 

I  <  3fi.  an  exaiiiinaiiftn  of  tlieso  forre  curves  for  A  ■=  l.O  exhibits  a  periodic 
rtspoii'se  with  a  frequejiry  (F  =  0.2)  preciseh  etjunl  to  the  input  forcing 
frequency  (i.c.  T  ---  10).  Although  this  periodic  behavior  is  not  est.oblishcd 
for  -4  =  2.07  and  3.25,  the  corrrspondirg  curves  arc  almost  periodic  in  time. 
In  order  to  ccnifirin  this  periodieitv.  a  setiuence  of  instantaneous  streamlines 
plots  are  shown  in  Figure  4.10.  In  Figure  4.10,  each  plot  is  separated  with 
an  interval  of  one  tiiiw  px.-riod.  'Ihwe  slreHinlines  are  plotted  in  a  frame 
fixed  with  the  undisturbed  liuid.  The  poriudicity  of  the  How  is  i  lear'y 
noticeable.  Two  opposite-sign  vortices  are  .shed  alternately  on  oppe^ite 
sides  of  the  cylinder  at  eaeli  <  yi-Ie  of  rotation  The  vortex  formation  in  the 
wake  is  similar  to  the  case  of  a  ncui-rorating  cylinder  (o  =  0).  However, 
the  niidline  of  tl.c  .jtte.x  street  ha.s  been  displaced  sliplitly  upwards  due 
to  the  nature  of  rotation  Dn  the  counterclockwise  direction).  These  results 
indicate  that  rotation  may  provide  an  effective  control  of  the  cylinder  wake. 

4.4.  Controlling  of  vortex  shedding.  In  the  case  of  constant  rota¬ 
tion.  the  most  complete  investigation  by  experiment  regarding  the  issue  of 
vortex  shedding  was  accomplished  by  Coutanceau  and  .Menard  [9]  in  their 
experiments,  it  was  concluded  that  a  Karinani  vortex  street  disappears  as 
speed  ratio  increases  to  a  limiting  value  ot  =5  2.  Their  experiments  indicate 
that  there  is  no  formation  of  any  eddy  after  the  first  eddy  created.  One  par¬ 
ticular  interesting  feature  is  the  difference  between  the  experimental  work 
and  our  calculated  observation  regarding  the  coticlusion  of  suppressing  of 
vortex  shedding  at  high  speed  ratio-s. 

Figures  4.11{ft,b,c.d)  show  the  cnicuhited  equi- vorfieifv  contours  for 
varinus  consf.anr  speed  ratio.s  at  #  “  24.  These  calculated  plots  indicate 
that  vortex  shedding  continues  le^  occur  even  at  high  rotation  rates  (n  > 
2.07).  However,  at  these  high  o,  the  observed  formation  of  tlic  vortex  street 
behind  a  rotating  cylinder  seems  to  contradict  the  experimicnta!  conclusion 
described  in  (I)].  This  difference  is  due  to  the  fact  that  the  experimental 
apparatiM  wa.s  such  that  only  10  dimen.sionless  time  units  of  data  could 
he  collected  and  in  part  by  the  flow  vi.sualization  techniques  used  in  their 
experiments.  For  a  detailed  discu‘«ion  of  this  contradictory  result,  the 
reader  is  referred  to  [8]. 
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Fig.  4. 12.  Equi-vortkity  coiKour*  for  Hr.  =  200  and  o  =  3.25  «( t  =  .54.0. 


To  brtt.cr  elucidate  llie  continuation  of  vortex  fo'mation  and  conse¬ 
quently  its  evolution  in  the  wake,  we  extend  the  coinputation  to  a  relative 
large  lime-span  for  a  high  speed  ratio  q  =  3  25.  Figure  4.12  shows  the 
computed  equi-vorticity  contour  at  <  =  .54.  It  illustrates  that  votices  are 
continuously  created  and  shed  to  the  downstream.  However,  the  vortex 
shedding  process  and  flow  pattern  are  qualitatively  different  from  that  of 
lower  .speed  ratios.  In  order  to  confirm  the  continuous  existence  of  vortex 
shedding  even  at  higher  speed  ratios.  Figure  4.13  shows  the  core  trajectory 
of  the  first  vortex  up  to  I!  =  24  for  various  n.  ft  appears  that  the  vortex 
core  moves  further  away  the  centerline  (,v  =  0)  of  cylinder  motion  when 
the  .speed  ratio  is  increased. 

U  is  important  to  note  a  recent  investigation  by  Badr  et  ;d.  [2]  regard¬ 
ing  the  issues  of  vortex  formation  and  shedding.  ’Iheir  observations  were 
performed  both  experimentally  and  numerically  at  Reynolds  numbers  of 
Re  =  10®  and  Re  =  10’’.  For  a  rotation  rate  at  o  --  3  and  Re  —  10®, 
they  show  that  no  other  eddy  is  created  after  the  .shedding  of  two  vortices. 
In  addition,  the  temporal  evolutions  of  the  lift  and  drag  coefficients  imply 
that  a  steady  stale  is  indeed  approached.  However,  for  a  fixed  Reynolds 
number  the  issue  of  whether  there  exists  a  limiting  value  of  siteed  ratio  aj, 
beyond  which  vortex  shedding  completely  disappears  in  tlie  wake  remains 
to  be  determined.  If  such  a  critical  value  does  indeed  exist,  tlien  it  is  of 
interest  to  know  its  dependence  on  the  Reynold.*  number. 

.Although  the  suppression  of  vorte.x  shedding  may  be  achieved  at  cer¬ 
tain  Reynolds  nunilier  under  a  constant  high  spe-:d  ratio,  this  do<'s  not 
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Fig.  4.13.  Trajtfctofv  of  th^  ccrt  of  thf^  first  vortex  up  to  thue  i  =s  24.0.  O;  q  —  1,0.* 
a  li:  2.07;  *?  tt  =  3.2r>. 


imuipdiaTply  imply  that  thfi  constant  rotation  is  the  most  effective  way  to 
suppress  the  vortex  shedding  among  all  possible  forms  of  rotation.  In  fact, 
the  effect  of  a  time-harmonic  rotary  oscillation  on  the  vortex  shedding  pro¬ 
cess  had  been  studied  experimentally  by  Taneda  [35].  At  seveta!  values 
of  Reynolds  number,  hi.s  experiments  demonstrates  that  vortex  shedding 
can  bo  eliminated  under  a  .sufficiently  large  value  of  forcing  amplitude  and 
fretjurncy.  As  motivated  by  his  experimental  observations,  we  have  tested 
a  similar  case  of  high  amplitude  and  frequency  by  using  our  computational 
algorilhni.  As  shown  in  Figure  4.14,  the  time  development  of  equi  vorticity 
contours  indicates  that  there  is  tio  vortex  .shedding  in  the  wake  at  lcn.st  in 
the  time-span  of  invcMigalion.  There  are  only  two  attached  eddies  cre¬ 
ated  on  both  side  of  the  cylinder  surface.  Moreover,  these  eddies  grow 
and  elongate  toward  a  longue  shape  arountl  the  cylinder  as  time  evolves. 
Nevertheless,  the  disappearance  of  these  vort  ices  at,  large  time  has  not  yet 
been  determined  due  to  the  computational  time  limitation. 

Figures  4. 1.afa.b.r.)  .show  the  c.alculated  equi- vorticity  contours  for  lime- 
harmonic  rotary  oseillaticns  under  three  values  of  forcing  frequency  ai  lime 
<  =  24  .  For  the  forcing  frequency  F  =  O.lfi  (i.e.  off)  =  sin  0..5f)  which  lies 
in  the  neighborhood  of  the  Natural  frequency  as  shown  in  Figure  4.1.5(b), 
the  procesw  of  vtstiex  formation  and  shedding  is  qualitatively  similar  to  the 
non-rotating  case  (i.e.  a  =  0).  However,  when  a  forcing  frequency  moves 
away  the  net  ural  frc'iucnry,  the  vortex  .shedding  patterns  are  changed  sig¬ 
nificantly  as  illu.strated  in  Figure  4.1f»(a)  and  (c).  The  calculated  equi- 
vorticity  contours  for  the  rime  periodic  rotation  off)  =  |  sin  r( F/‘2)f  1  are 
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Fics,  4.14-  Cfiiii-vorticity  conUfUt.>  for  9  Ume-hfinnonic  rotary  wcH/.iMon  off") 
.•Imu  (  with  A  =r  15.0,  F  =  0  0  and  It*  =  (a)  !  =  3.0.  t  =  C  O.  \rj  t  r:  I ; 
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shown  in  Figure  4.16(a,b.f).  Although  the  vortex  shedding  process  is  sim¬ 
ilar  to  the  case  of  n  =  0,  the  midlinc  of  vortex  street  has  been  displaced 
upvcard  away  the  centerline  iy  —  0).  This  demonstrates  that  the  type  of 
rotation  can  influence  the  formation  of  vortex  street. 

Now,  the  next  question  is  to  ask  whether  a  time  periodic  input  or  any 
constant  rotations  will  produce  the  most  effective  way  to  suppress  the  vor¬ 
tex  shedding.  Tf  we  treat  the  rotation  rate  »«  a  control  variahle,  it  is  of 
interest  to  find  an  optimal  control  such  that  vortex  shedding  will  be  sup- 
ptesied  with  a  minimum  effort.  This  leads  us  to  con.sider  the  following 
more  challenging  and  practical  control  proldem.  That  is,  to  find  the  opti¬ 
mal  trajectory  of  the  rotation  rate  that  will  drive  the  solution  to  a  desired 
flow  field  over  a  fixed  time  interval  mentioned  in  §2.2.  Notice  that  there 
arc  many  control  mechanisms  other  than  moving  surface  can  be  applied 
for  controlling  flow  field  around  a  r.irr.uiar  cylinder.  For  example,  tlie  blow- 
ing/suction  on  the  cylinder  stitface  may  produce  a  similar  result  (2!), 32). 


5.  Mathematienl  theory  .  A  precise  understanding  of  time- varying 
moving  surfaces  in  boutidary  layer  control  may  provide  an  effective  way 
for  lift  enhancement  and  drag  reduction.  By  treating  the  rotation  rate  as 
»  control  v.iriahle.  we  will  eventually  be  interr'sted  in  finding  the  optimm 
control  (i.e.  a  time  history  of  the  rotation  rate)  based  on  optimal  control 
theory.  Although  here  the  optimal  control  problem  associated  with  the 
constant  rotation  rate  was  solved  by  direct  computations,  it  is  still  impor¬ 
tant  to  explore  the  possible  implementation  of  a  computational  algorithm 
to  calculate  the  optimal  solution  for  the  more  genere.l  problem*.  In  order 
to  coijstruft  a  systematic  computational  algorithm  for  practical  designs,  a 
mathematical  approach  is  proposed  which  is  based  on  the  mathematical 
works  described  in  (31,32j.  The  detail  of  iiiathemafical  anniy.sis  of  gener¬ 
alized  solutions  f«i  the  N.ivier- Stokes  equations  associated  with  external 
flows  can  be  found  m  {2i)j. 

The  following  discussion  is  .'pceifically  formulated  for  control  and  op¬ 
timization  problems  of  a  rotating  cylinder.  However,  for  other  types  flow 
control  problem  enrountered  in  incompressible  viscous  flows,  such  adjoint 
method  may  be  als*i  used. 


5.1.  Existence  tlieorein  of  optimal  control.^,  in  this  section,  we 
will  establish  an  existence  theorem  of  optini-al  controls.  Firstly,  the  system 
of  equations  (2,6)-(2.Hl)  is  reca.st  into  an  evolutionary  equafioii  with  homo- 
gentons  boundary  conditions.  Namely, one  need  to  construct  two  solenoidal 
vector  fields  #(r)  and  4t(r)  such  that 


=  r  X 


(?••  +  }/*  )o. 


2 
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Flo.  4.15.  Vertex  shedding  fratl'Tm  of  Ihr  tiiitr-firriodic  luiativn.'-  e>(i)  —  ilii  ? /’(  nith 
various  forcing  frequencies  for  Hi  —  200.  t  =  24.0.  (a)  F  —  0  09.  lb)  t  -  0  10,  (c) 
F  =  0.32. 
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V  4>=0 

■  *'lr  - +xej 
$  =  0,  for  p{t)  > 

and 

«(r)  =  V  X  (y(l  -  ©,(r))t;j’  , 

'  V#  =  0 

.  $|,=0 

#  Ojr,  for  p{r)  >  2e~‘^‘ 

Thoe  hvo  vector  firlds  ®(r)  and  $(r)  would  carry  the  non  homogeneous 
boundary  values  ar.  the  solid  surface  and  far  field,  respectively.  Here  ©<(r) 
is  a  positive  scalar  cut-off  smooth  function  such  that  for  f  >  0. 

(©,(r)  =  1,  rG.Vfl.c),  neighborhood  of  r 
0<(r)  =  C,  p(r)  > 

TiVy.  P(r)<2e->/=,  i.  =  i.2 

where  p(r)  =  Hist(r,r),r  €  O. 

Let  us  now  introduce  a  change  of  variable  such  that, 

u(r,f)  =  v(r,f)  -f  f,'#(r)-t-  lf(/)$(r). 

A  systent  of  eqnafion.s  with  horr.ogrncoas  boundary  values  is  obtained: 

V,  -f-  (v  •  V)v  +  ('(v  .  4  n(f)(v  •  V$J  4.  (/($  .  Vv)  4  Q(f}(»  ■  Vv) 

= -Vp4  J/V-v  4fM.  inDx[0, 7] 

V  ■  V  =  0,  in  D  X  (O.T  , 
v|r  -  0, 

V  —  0,  as  jr|  —  ■X., 

u(r,  0)  .-0.  r  -  (jT.  I/)  €  £). 

where  ^ ,9)  and  CC  D. 

Ill  consequence,  this  system  ofeipistions  is  then  projected  to  the  solenoidal 
subspace  H  by  the  ortlioj'onal  projector  P}j  ;  L-(D)  --  IKD),  we  get 

\  v(0)  =  0, 

where  H  =  {v  :  D  -  R-:v  C  L-{D').V  •  v  =  0.  and  v  ■  iijr  =  0}.  In 
(5.1),  A  is  the  Stokes  operator  and  F  is  all  known  quamities.  while  A' 
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iiif.Iud«!  Ac  inertial  term  of  original  equations.  Also,  n(/)  is  the  angular 
spivd  and  is  treated  as  a  control  variable  in  the  fortnulaiiou.  The  proof 
of  ejtisfetiee  theorem  for  the  system  (5.1)  is  analogous  to  tlie  procedure 
outlined  in  [29,31],  we  will  omit  the  proof  here. 

A  simple  example  of  optimal  control  problems  as  mentioned  in  §2.2  is  to 
drive  a  solution  nrhit  to  a  desired  flow  field  Zi  by  using  the  rotation 
rate  11(f)  as  a  control  parameter.  Hence  the  npiimn!  conirot  problem  is  to 
find  an  admi.mbk  pair{v.Q)  such  that  minimizes  the  cost  functional 
rT  fl 

(3.2)  j(v,n)=  /  i|v(f;n)^f..'§+n(f)$-zi!ii,.o,df  +  A  /  injjVf, 

Jt 

over  an  aihni.wHr  srtUg^.  Here  Ud  is  the  set  of  all  admissible  pair  (v.O) 
that  satisfy  eqtmtion  (5. 1 )  and 

(i)  (v.nje/.‘(o.r;V')x//’(o,r): 

(ii)  Jtv.O)  <  oo. 

Notice  that  the  co.st  functional  in  (5.2)  is  penalized  by  the  control,  which 
is  nect-svary  in  the  proof  of  existence  of  an  optimal  control.  Also,  V’  is  a 
subspare  of  !f.  The  existence  theorem  can  be  staled  as  follcjws: 

Existenre  Thooroni.  Ihert  exists  an  optimal  solution  (v'.fl*)  £  Uai 
suih  that  the  eorTc -.ponding  value  of  the  lOst  funetioiial  uchines  the  (thsohir 
minimum  i.c. 

AV,n*)=,  inf  /(v.Il). 

(v,n:cn.4 

6.3.  An  optimality  systom.  The  next  question  is  to  ask  *'OW  to 
determine  the  optimal  controls  This  can  he  acromplishcd  by  introducing 
an  adjoint  state  which  corresponding  to  the  .adjoint  of  a  linearized  version 
of  state  equaiioi!  system  (5  1).  The  optimal  control  iV  is  thus  determined 
by  the  solution  of  llie  optimality  .system: 

’  5.v(n- )  +  iviv(n*)  +  jV(v{si-  I,  n* )  =  f{Q' ) 

.  «//iv({i-) ~  .v'(v*)p(n-)  =  v(n‘) - ui  +  -  zd, 

v(0)  =  o,p;r)  =  o, 

(5.3) 
and 

(.5,4)  [(pff,  n*)./’'(i,n*))i,,oi  -  -  «F)] 

where  p  is  the  adjoint  state  and  .V'(v')  is  the  Frechet  derivative  of  A’(-) 
at  V*.  This  optimality  system  consists  of  the  evolutionary  .Navier-Stokes 
equations,  the  adjoint  equation  and  an  optinmlity  condition  (5.4)  that  re¬ 
lates  the  optimal  control  fl*  with  the  op^timal  state  v*.  However,  the  re- 
sulliug  optiinality  system  is  complex  and  formid:»ble.  Therefore,  the  next 
step  is  to  implement  an  eflkient  numerical  algorithm  to  solve  the  equations 
{5.3)  (5.4)  computationally. 
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6.  Conclusion.  The  objectives  to  (Icinonstrafc  the  fc.vibility  of  a 
lime-dependent  moving  surface  as  a  control  mechanism  in  cnh.mcing  force 
performance  and  changing  the  flow  field  were  achieved.  Although  all  op 
timal  control  problems  for  a  rotating  cylinder  in  ihis  study  were  directly 
computed  by  trail  and  error  variation  of  controls,  the  numerical  results  arc 
significant  because  they  show  a  proper  choice  of  the  rotation  rate  can  lead 
to  improved  flow  fields.  For  the  case  of  a  constant  speed  of  rotation,  sev¬ 
eral  optimal  control  problems  were  considered  and  .solved  computationally, 
losing  time-periodic  rotations  leads  to  a  considerable  improvement  in  the 
force  coefficients  and  was  shown  to  be  very  effective,  e.spcrially  compared  to 
time  harmonic  rotary  c'scillations.  Very  precise  periodicity  of  the  force  for 
certain  cases  was  established,  and  this  periodic  behavior  has  considerable 
impact  on  controlling  the  vortex  formation  in  the  cylinder  wake.  The  pos¬ 
sible  form  of  controller  to  suppress  vortex  shedding  was  discussed.  Based 
on  the  theoretical  approach  described  in  previous  section,  a  computational 
algorithm  may  be  implemented  to  seek  an  optimal  control  such  that  it  will 
suppress  the  vortex  shedding  with  a  minimum  cost. 

The  rotating  cylinder  niechanisin  (.as  a  moving  surface  control)  devel¬ 
oped  here  can  also  be  used  to  invc.stig,ite  fundamental  question  regarding, 
unsteady  separatifjn  control.  For  example,  the  moving  surfaces  mechanism 
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has  been  successfully  applied  to  boundary-layer  control  in  a  number  of  ex¬ 
periments  by  Modi  et  al.  [20].  In  their  experiments,  the  boundary-layer 
flow  is  controlled  by  an  application  of  two  rotating  cylinder.s  located  at  the 
leading  and  trailing  edges  of  an  airfoil.  It  has  been  shown  that  this  mech¬ 
anism  can  prevent  flow  separation  by  retarding  the  initial  growth  of  the 
boundary  layer,  with  the  important  consequences  of  lift  enhancement  and 
stall  delay.  In  .spite  of  the  fact  that  considerable  aerodynamic  benefits  were 
gained  by  changing  the  cylinder  .speed  ratio,  in  their  experiments  the  speed 
of  rotation  was  performed  merely  with  constant  values.  However,  it  should 
be  noted  that  if  the  rotating  cylinder  mechanism  is  applied  to  a  region  of 
flow  domain  in  which  time- dependent  separations  occurred,  a  constzmt  ro¬ 
tation  rate  may  not.  correspond  to  the  optimal  performance  when  an  airfoil 
is  uiiilergoing  a  rapid  maneuver.  Such  observation  provide  the  inotivalion 
for  us  to  consider  problnns  of  unsteady  flow  control  by  means  of  a  tiitie- 
dependeiil  moving  surface  n-.e.-hanism.  Figure  6.1  shows  some  possible  flow 
geomeiriea  for  future  investigations.  Using  such  me»’lianisms  as  a  controller 
allows  us  to  formulate  a  wide  variety  of  practical  control  problems  in  real 
engineering  applications.  Modifications  of  existing  numerical  algorithms 
needed  for  these  types  of  control  problems  depend  on  performance  and  de¬ 
sign  constraints.  It  is  our  hope  that  this  invesrigntion  will  represent  a  step 
toward  control  of  external  flow,  and  .serve  as  a  guide  on  the  formulation  of 
many  practical  optimal  flow  control  problems. 
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OPTIMAL  FEEDBACK  CONTROL  OF  HYDRODYNAMICS: 

A  PROGRESS  REPORT 

S.S.  SRITHAR/N* 

Abstrarf.  In  thii  article  wa  review  tome  of  ihc  recent  results  in  the  iiiatlicuiat- 
ical  theory  of  optimal  feedbark  control  of  viscous  flow.  Main  results  are  existence  of 
orJinarv  and  chattering  controU,  Pc.niryagin  maximum  prmciple  and  feedback  synthesis 
using  infinite  dimen<ion.al  Hamilton- Jacobi  equation  of  dynamic  programming.  Some 
preliminary  restill  c  r.n  ttncV.astic  rcntrol  alio  presented. 

AMS(MOS)  siil.jfct  classifications.  IP 'l.’„rc,ro,-t9.;«..jfi 

1.  Introducfiou.  Op'inia!  feedback  control  of  viscous  How  has  many 
applications  in  en^iiieeriiis  .sciences.  this  context,  both  deterministic 
a.s  well  as  stochastic  control  of  Navier-^tokc.s  equations  are  of  interest. 
During  the  past  few  years  several  fundamental  advances  were  made  in 
the  deterministic  ca.se.  Main  questions  addressed  were  existence  th(«rem 
for  ordinary  optimal  controls  (21,32.20,19],  existence  of  chattering  controls 
[17, IR],  necessary  conditions  for  free  terminal  state  problem  [21, .30, 1.2.3]  as 
well  ;us  the  full  Pontryagin  maximum  principle  for  problems  with  termi¬ 
nal  constr.aint  [16]  and  feedback  synthesis  using  Haniilfon-Jacohi  -Bellman 
equ.ation  [30.16,31].  Finite  element  methods  for  the  maximum  principle 
with  free  end  state  arc  analyzed  in  [22].  See  also  the  forthcoming  book 
[33]  for  reports  of  progress  by  various  authors  of  this  field  The  concepts 
used  in  these  works  have  their  origins  in  the  clas.sica!  works  of  Euler,  La¬ 
grange,  Hamilton.  Jacobi  and  Weierstrass  and  also  in  tlie  modern  works  of 
Caratlieodori.  Tonelli,  Young.  Pontryagin  and  Bellman.  lo  this  article  we 
will  review  some  of  the.se  developments.  Some  initial  thoughts  on  stor.liastir. 
optimal  eonirnl  theory  will  also  be  picsenled. 

As  shown  ;ii  the  above  papers  of  Sritharan  and  of  Fattorini  and  Stitha- 
ran,  lime  dependent  How  problems  with  boundary  control  ran  he  reduced 
to  infinite  dimensional  semilinear  evolution  equations  of  the  following  type 
in  a  separable  Hilbert  space  X: 

(1.1)  P(  -b  l'v4l’  +  P(i))  =  .\\v.  U) 

(1.2)  v(t)-.C£X. 

Here  A  and  B  are  respectively  the  well  known  Stokes  operator  and  the 
inertia  t‘  rm.  A*  is  the  control  operator  whose  form  is  dictated  by  the  type 

•  Cede  57-1,  Naval  Ciuninond.  Control  .vnrt  Ocean  Surveillance  Center.  San  Diego, 
CA  9215C’-5000.  Suyjjorted  bv  the  .Malhem.vlic.a!  Srien'es  .'n.d  .Mech.vnir?  r’!v;.«i!.r!5  of 
ONR. 
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of  forcing  (boundary  forcing,  distributed  forcing  etc).  The  special  cases  of 
the  control  operator 

(1.3)  .K\v.V) LuV 
and 

(1.4)  .V(i.,  I/)  =.(.'+/ 

where  L.s  is  a  bounded  linear  operator  and  /  is  a  given  element  of  X  arc 
ai.eo  of  interest.  As  shown  in  [19],  for  a  large  class  of  flow  control  problems 
including  exterior  hydrodyuHtnics  and  flow  through  water  tunnels  the  con¬ 
trol  operator  appears  as  a  linear  lerjn  similar  to  ( 1 .3).  When  the  boundary 
control  is  distributed  [17]  we  obtain  a  nonlinear  eontrol  operator  similar  to 
(1.1).  Similar  models  have  also  been  propos‘?d  by  experimentalists  [25.2flj. 
The  simple  control  o|ierator  of  the  type  (1.4)  wa.s  proposed  bv  Fursikov 
[21] 

When  we  do  not  have  adequate  convexity,  the  controls  will  be  taken  as 
probability  iiieHstires  (chattering  controls)  n  defined  on  the  eontrol  set  U 
and  the  control  operator  A'(-.  ■)  will  be  formally  replaced  by 

N(i>)ri=j^A'(r.  (•)//(</(•). 

1  hen  N{r)ti  G  c6iwA'(t>.tf)  witli  closure  in  the  weak  topology  of  AT.  The 
corresponding  trajeclorie.?  will  be  called  relaxed  trajectories.  In  such  situ- 
ations.  as  discussed  lielow,  a  similar  relaxation  should  also  be  introduced 
in  the  cost  lunclional.s. 

In  some  of  our  problem.s  the  state  will  have  a  terminal  constraint  of 
the  type 


v(T)  €  r  C  AC 


where  V  is  a  closed  subset. 

We  will  consider  two  r.lasse.'.  of  cost  functionals- 

(1)  Finite  Hor  izon: 

(1..5)  inf. 

(2)  InfinHt  Horizon: 

( l.«)  /  vft), V(t))dt  —  inf. 

Jo 

where  A  >  0  is  some  discount  factor  and  £(•,  •)  is  the  Lagrangian  (for 
specific  forms  of  the  I.agrangian  see  the  papers  quoUd  above).  The  corre¬ 
sponding  relaxed  functionals  will  be, 
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<l>{viT)))  + 


inf 


and 

/  f  C{t.  v{1),  U)i,{t,dU)di  -*  inf 

yp  JU 

respprtiwiy. 

L*it  (T,>!^Tf,ni)  bo  a  complete  probability  spare,  where  T  be  a  set  of 
elementary  events.  li-r  ia  a  sigma  algebra  of  subsets  of  T  and  m{  )  :  Et  — 
[0. 1]  is  a  complete  probability  measure.  For  stocha.stir.  control  we  will 
consider  the  rainlom  evolution  system  on  (T,Et,t«)  with  a  white  noise 
forcing, 


(1.7)  dr  =  ^{v.U)dt-¥dW 

where  the  ‘•drift"  term  is  given  by 


(1.8)  ^{P,U)  =  + 

and  W  is  the  X-valiicd  Wiener  procc.^s  with  covariance  Q  C  C{X:X) 
being  a  symmetric,  nonnegative,  nuclear  operator  (ie.  of  finite  trace  Tr  Q  < 
+oc). 

We  will  consider  three  classes  of  fo.st  functionals: 

(1)  FiniU:  Horuon: 


(J.9) 


e 


C(t,v(1)J'{l))dl 


—•  inf. 


(2)  Infinite  Hori:on: 


—  inf . 

(3)  Frgodic  Control 

1  r 

(1.11)  liminf—  /  C{t.  v(t).  U  {f  ))dt -- inf  almost  surelv. 

r—K  J  Jo  ' 

In  the  above.  fl[  ]  represents  the  expectation. 

(1.12)  £[if>(v)]‘.=  j  i!>{v[u:))m[dui). 


(1  10) 


■^'£{t,t>(<).b'(t)l<lf 
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2.  Definition  of  trajectories.  Let  us  first  recall  some  of  the  proper¬ 
ties  of  the  operators  A,  8  and  from  earlier  papers.  In  this  paper  we  will 
restrict  ourselves  to  fluid  flow  in  hounded  domains  and  refer  the  readers 
to  the  literature  quoted  for  analysis  in  iinhoiindcd  domains.  The  Stokes 
operator  A  satisfies  the  following  well  known  properties  [7], 

Proposition  2.1.  A  ».<  $(lf-adjoin1  and  postUvr.  dtfinilt. 

These  results  have  the  following  consequences,  -.4  generates  a  koto- 
morphic  semigroup  S{1)  =  exp(-W).  The  fractional  powers  .4",o  6  R 
are  well  defined  and  .4“  for  o  <  0  are  bounded.  For  a  >  0  we  write 
Xa  =  D(/4®)  and  equip  this  space  with  the  natural  inner  product  (u,«)o  = 
(.4“v,^®u),  corresponding  to  the  norm  ||ii||„  =  ||.4®v||.  For  o  <"  0.  Xa  is 
the  completion  of  X  under  |1  ■  ||,j. 

The  inertia  term  £'(•)  satisfies  the  following 

Proposition  2.2.  There  ensts  p,  i)  <  d  <  l/2  snrh  that  8{  )  maps 
Xij2  into  X-fi.  Moreover,  B(-)  :  Xj/2  -*  is  confinuntift.  Inrally 
bounded,  and  lorally  Lipschit^  continuous,  i.e.  for  ireryC  >  0  there  CTi.it 
constants  Ku  =  A'y(C’,l,  Ly  =  LyiC)  such  that 

(2.1)  l|£f(v)i|-.s  $  A'ij.  /(T  I!  €  A"!/:)  and  ||p||]_/j  <  C, 

mv)-Blu)\\.^<LB\\v-u\\,p. 

(2.2)  forv,u<zX\/2  and  jjrli:/;,  ||«!!;/2  <  C 

The  control  (/{■)  takes  its  values  in  the  control  .set  U  which  is  a  normal 
topological  space.  The  control  operator  .\'(v.U)  is  defined  in  Ai/j  y  U 
Proposition  2.3.  canfrnuonsly  maps  intaX.  There 

exists  a  continuous  function  k(  )  :  V  —>  R.  k(I’)  >  1  such  that,  for  every 
<7  >  0  there  exist  A'.v  =  A';i/(0  and  I.v  =  T\{C)  suck  that 

(2..1)  ||A''(v.f.')|i  <  A-,vK.(t'),  for  v  G  [iuii,/,  <  C,  U  £  U, 


IIA'Cr.f')  -  A'(«.  b-)ll  <  I.v  11*  -  u|1i;2k(C-  ). 


(2.4)  /ur  »  G  A- /2,  ti  G  Ai/2,  t  €U  ond  l(»||;y2,|jul|i/2  S  C- 

Till*  space  ld^{0,TiV,K}  of  admissible  controls  consists  of  all  V- 
valued  functions  defined  almost  everywhere  and  satisfying, 

(2.5)  KiU(  ))€  LHO.T). 

Thm  implie.s  that  [17],  ¥»(•)  G  C([0, 'J'j;  Ai/s).  the  control  operator 
A*T»(-),  ('(•))  is  strongly  mtasurahle.  In  fart,  we  have  .^l7t•(■)•  ^'(■))  € 
£»(0,T;A). 
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2.1.  Ordinary  trajectories.  By  (Icfiiiition,  sohtions  or  Irajeclories 
of  the  initial  value  problem  (1.1)-(1.2)  in  an  interval  0  <  I  <  IT'  are  X1/2- 
valued  functions  v(-)  continuous  in  the  norm  of  Xt/2  and  satisfying 

P(t)  =  .S’(<)C  -  -  r)J-'^e(ii(r))Jr 

(2.6)  +  /  S(f  -  r)A'(»(r),  f.'(r))(fr,  Q<i<r. 

Ju 

The  following  results  defines  the  trajectory  for  our  control  system. 
Thforem  2.1.  L(t  C  ex, and  [/(■)€  Thtn  (2.6) 

possesses  a  unique  soluiton  rf-)  6  C([0,2''];Xi/2)  for  soint  T'  <  T.  Mun~ 
oi’tr,  suppo.xe  that 

(2.7)  INOIli/2  <  c,  0<t<r. 

Then,  »/[0,T,r,)  is  the  mazima(  initTval  vf  existence  ?/ r(-).  ti’t  Aat't  T^r,  > 

r. 

This  implies  that,  if  11(f)  is  a  solution  of  (2.6)  in  a  closed  interval 
0  <  /  <  T',  then  r(t)  can  always  be  extended  to  a  larger  interval  0  < 
t  <  T",  T”  >  V  solving  the  equation  in  f  >  T'  with  v[T')  as  initial 
condition.  This  implies  that  each  solution  i»(  )  of  (2.6)  either  exists  in 
0  <  f  <  7’  or  po.ssesses  a  maximal  interval  of  existence  [O.Tn,),  T„  <  T 
with  limsup,_2-^  ll*’(0lli/2  =  +t>o. 

2.2.  Chattering  controls  and  relaxed  trajectories.  VVe  wd!  be¬ 
gin  with  the  the  class  Vi^^iO.T-.U.n)  of  chattering  controls  [17]  Here  the 
control  set  U  is  required  to  be  a  normal  topological  space  and  tin;  in¬ 
stantaneous  value.s  of  the  chattering  controls  arc  regular  finitely  additive 
probability  measures  Sjp,g(f/,$c)  defiud  on  an  algebra  of  subsets  of 
U.  This  B.anach  space  of  measures  coincides  with  the  strong  dual  of  the 
Banach  space  )  of  bounded  continuous  functions. 

Definition  2.1.  Chattering  Controls:  The  space  Vj^(0.  T;  I/,  k) 
of  chattering  eontrots  consists  of  all 

;i(  )  G  (/.‘(O,  TiCtiU))'  ^  T: 

that  satisfy 

(2.8)  (7)  ||/^(•)',lt«.(u,^;S.^,ft••♦f);l  <  1- 

(77)  /(.)e/.'(0.7-.Q(r/)) 

is  such  that  for  U  €  U ,  f(i.  U)  >  0,  o.t.  it*  0  <  f  <  7’  then 

l^f{t.U)l4i,dindt>0. 


(2.9) 
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(Hi)  «/A'e()  IS  thf  characicrifhc  function  of  a  measurable  stie  C  [0. 7] 
and  Xfji  )  is  the  function  identically  1  in  U  then 

(•2,10)  r  I  (.Vr(0  ©  Xu(UMt,dU)di  =  mcos  {c). 


(■2.U)  (u)  /  «({.')>(•. rffnC/’.‘(0,T). 

JU 

Note  that,  ordinary  controls  in  the  .ipace  Uj^^{(},T,V ,k)  can  be  dupli¬ 
cated  by  chattering  controls.  If  l'(  )  €  a),  \vc  define  a  chat 

teriiig  control  by  the  Dirac  measure  concentraird  on  nit)  s=  n;. 
It  is  obvious  that  fill)  satisfies  conditions  (i),{ii)  (iii):  >is  to  (iv), 

wliich  bnlong.s  to  7’)  by  the  condition  (2.5). 

We  procord  t.o  the  definition  of  the  relaxed  sy.stcm.  It  will  be  of  the 
form  (1.1)-(1.2),  hut  with  different  control  set  and  control  operator.  Ihe 
relaxed  counterparts  (of  the  control  se(  V  and  control  operator  X  )  will 
be  denoted  by  HU  and  AT  re.spectively. 

Let  ♦c.'f)  he  the  subspace  of  who/so  dcmcnis 

satisfy 

Kin  f  )  <  oc  . 

We  will  also  denote  uiis)  =  ||ti||if 

The  chattering  (or  relaxed)  control  set  HU  currejpimd.s  to  all 
, k)  that  satisfy 

^‘iA)  >  0,  V.-1  C  ic  and  p(l/j  =  1. 

Chattering  controls  take  vnhies  in  HU  and  sal  isfy  the  contro!  space  hypoth 
esi.s  (2..5)  with  k(#i)  playing  the  part  of  k(U).  Concerning  the  .structure  of 
chattering  controls  we  have 

Proposition*  2.4.  Let  D  be  the  sei  of  al/ Dirac  iTiea.stires  defined  os; 
D={fi€HU\ii  =  6v."  ^V) 

and  k1cUur\D)  he  tU  closed  conrei  hull  mth  closure  taken  in  the  C'j(l/)» 
v:eak  topology  #f).  Then 

(I)  RL'  =  cm.(D). 

(h)  Elements  of  D  aie  etactly  the  extremal  points  of  HU. 
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The  relaxed  control  operator  TV  :  Jft/j  x  §tU  —*  X  will  be  denoted 
N{v)n  to  emphasize  the  linearity  in  /t  and  is.  defined  in  the  following  way; 
N {v)n  is  the  unique  element  of  X  satisfying 

f  (i,A'{vj;))nidU).  Vr6  V. 

J\J 

111  fact  we  can  show  that. 

Proposition  2.{i.  A'(w)/i  is  continuous  in  JC)/2  x  on'/  hcaUij 
Lipschth  cuntinunii.s:  if  h’s  =  A'.v((7)  and  Ln  =  La'(C')  arc  Hit  constants 

in  (a.S-H  4) 

(2.12)  l|TV(i-)/«ll  <  A.vtt(/i).  for  »  €  X,/v,  ijt.ll,/,  <  C 
(2.1.'l)  ||A'(v)rt  -  TV(2)//!|  <  LaIIii  -  z1|,;:,k(/i), 

for  v€Xi/2,*  €  6  Rf  and  livUi/j,  l|s|ii/j  <  C. 

il/ore.nTr,  Vti(  )e  C{Q,T-,X]f2)  and  V^(-)  6  k).  TV(r(-))/r(  ) 

IS  strongly  mrasurahk. 

The  relaxed  system  corresponding  to  Vj,(.{0. 1’llT.  k)  is 

(2.14)  !>,(()  + +  5(p(t))  =iV(t>(0)/i(«) 

'nd  the  unique  solvability  can  he  deduced  from  Theorem  1. 

Theorem  2.2.  ic/ C  €  X1/2  and #*(•)  G  Vfc<.(0, 7: [/,«).  TInu  (2.J4) 
possesses  a  unigut  solution  v{  )  G  C(iO.  for  some  1'  <  T.  Mon- 

over,  suppose  that 

(2.15)  i|f(0!li/3  o<<<r. 

Then.  iflQ.Tm)  IS  the  maximal  hiltrwl  of  eristtner.  ofv{  ),  v  e  hart  Jr-.  > 

r.  ' 

2.3.  Relarntion  theorem.  Let  us  no«  describe  certain  interesting 
appro.xiiiiatioii  re.siiit.'  for  relaxed  trajectories  [IS].  First  result  is  a  contin¬ 
uous  dependence  theorem  for  the  relaxed  problem  (2. 11). (1.2). 

Proposition  2.(i.  Let  pi{  )  e  T,U,k)  be  such  that  the  trajec¬ 
tory  v{t,ft)  for  erisls  tn  <)  <  t  <T.  Let  {/!(,(  )}  £  V'^^(0, 7;l/,/c) 

he  a  generalised  sequence  with 

r  Hfijt)  -  0. 

*/c 

Then  there  txist.i  a.-j  and  a  constant  C  suck  that,  if  a  >  oo  Ihtn 
fsists  in  Q  <  t  <T  and 

(|p(t./C„)  -  tr(t,ft)lljfj  <  C 

(2.16) 

■  fT 

Wt'Ji’)  -  ti(r)\\ldr  .  yteio.7i 
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The  main  result  below  assures  that  the  chattering  control  space  is  not 
too  large  and  each  relaxed  trajectory  (of  (2.14).  (12)  )  can  be  uniformly 
approximated  by  an  ordinary  trajectory  (of  (1.1),  (12)). 

Theorem  2.3.  Ltl  >-(•)  €  Vj^(0,T;U.k)  be  such  that  the  trajectory 
v(t,ii)  for  (2.14)  etists  inQ  <t  <T  and  let  e  >  0.  Then  there  crisis  a 
countably  valued  ordinary  control  U{  )E  UyiQ,  T.U.k)  satisfying 

css.  (0)  <  0= 

such  that  the  trajectory  v{l,  U)  CTifts  inQ<t  <T  and 


(2.17)  ||v(<.#i)-f(b<')lh/2<t.  V^€[0.71. 


2.4.  TVnjoctorics  for  stochastic  Navier-Stokes  equation.  Soh'- 
ability  theorem  for  unconiroll^d  stochastic  havier-Stokes  equation  (ic  (1.2), 
(1.4  and  (1.7))  with  V  =  0)  with  additive  and  multiplicative  noi.«c  has  been 
established  by  many  authors[l,31,3.C].  Here  we  will  present  a  solvability 
theorem  for  the  controlled  aystetn  (1.2)-(1.4)  and  (1.7)  for  the  case  of  two 
dimensions.  Proof  of  this  rc.stilt  is  only  slightly  different  and  will  be  given 
in  (3.3j. 

Let  US  denote  by  the  ff-nlgebra  generated  by  {W(s),s  <  t} 
We  will  define  the  class  of  admissible  controls  .  X)  as  Jt-valued 

stochastic  prorc.sses  ('(Lw)  which  satisfy  Mie  following  two  conditions. 

(1)  i.'(t,ut)  is  Brownian  adapted.  That  is,  for  each  f  >0,i'  --r(t,«.  )is 
measurable  from  (O.Ej’')  —  {X.D{X))  where  B{X)  is  the  Rorcl  algebra 
generated  by  the  closed  sets  of  X. 

(2) f  [i’'llt'(OlPdt]  <<»,vr>o. 

Theorem  2.4.  Lei  V  e  X).  f  S  ■,X).  X  and 

let  W  be  an  X~vaiued  W'itHcr  process  uilh  trace  "'as.s  corariance  Q.  Then 
there  exists  a  unigue  solution  v  to  (1.2J-(1.4)  and  (1.7)  such  that 


(2.18)  »(■,»)  6  LUR^,X,rj)nL%JR^;X)r,C-‘^ 

and 


(1)  €  (|»(<)|p-i-  1;X) 


(2.19)  +  if  [1K.'I12S(C,.-.A-)]  +  <  TrQ.  Vi  >  0. 

(2.20)  (2)  f  [lli.||i«(„  J  <  C{T)  <  oc,  VT  >  0, 
and  Vji  >  1,  0  <  K  <  1/2, 

(2.21)  (3)  f  (lli’llrz*  -]  <  ^  ^ 
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Here  Cf ’  *  denote  the  class  of  continuous  functions  from  (0,T]  — 
such  that 


;>-*•*  — 
‘■r 


sup 


andf?— =:rV^^L7‘-‘. 

3.  Existenc.n  of  optimal  controls.  In  this  section  we  will  give  a 
flavor  of  the  type  of  existence  theorems  established  in  oiir  papers.  More 
general  theorems  can  be  found  in  these  papers.  Results  of  this  section  rely 
on  global  unique  solvability  of  (1.1)-(1.2). 

3.1.  Tonelli  Type:  Ordinary  Controls.  When  adequate  form  of 

convexity  is  available,  optimal  controls  can  be  sought  within  the  class  of 
ordinary  controls.  Such  e.xistence  theorems  were  established  in  [21,32.19). 
Simplest  of  thi.s  type  of  theorems  can  be  formulated  as  follows.  Let  us 
consider  the  case  of  free  terminal  condition  (i.e  Y  ~  X)  .ind  linear  control 
operator  I')  —  Control  .set  t7  C  f*  is  a  closed  convex  stibset  of 

a  Hilliert  space.  F.  We  will  consider  a  special  co.st  functional  of  the  form, 

(3.1)  J  C{i\t>(r).V(r))t1r -*\nf 

where  C{1.  r,  ■) :  V  —  is  a  convex  function. 

Theorem  3.1.  Ltt  Iht  Lagnngian  satisfies  the  grouth  condition, 

(3.2)  F. 

with  3  >  0  and  ci.y  >  0.  Then  there  exists  an  optimal  control  U  6 

L-{C,T:  F). 

3.2.  Young  typo:  Chattering  controls.  For  genera!  flow  control 

problems  existence  theorems  Using  Young  measures  can  be  established 
without  requiring  the  convexity  of £(ti,  •)  and  oft/.  Moreover,  tl  is  possible 
to  handle  the  nonlinear  form  of  the  control  operator  i')  We  will  work 

with  the  relaxed  evolution  system  (2.14)  and  the  relaxed  cost  functional. 


(3..3)  Uo  £(r,v(r),U}ii(r,dU)dr  —  inf. 

The  following  theorem  is  a  .special  case  of  the  results  in  [IT]. 

Tnicoui  M  ,3.2.  Let  the  Lagrangian  satisfies  the  grovih  condition, 

(3.4)  C{t,  V,  V)  >  o(|t.|ii/.,  +  Vi*  e  «=  U, 

with  3  >  0  and  0,7  >  0.  Then  there  exists  an  optimal  cliatlerim  control 
Ix(-)£V(,^(Q,T,U,k). 
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4.  Pontryagin  maximum  principle.  In  Ihii  section,  wc  wHl  present 
the  Pontryagin  maximum  principle  which  provides  the  necessary  conditions 
for  optimal  controls.  In  its  complete  form,  this  theorem  is  proven  In  [16’, 
using  the  Ekeland’s  variational  principle,  A  special  case  of  this  fheetrem  was 
proven  in  [301  using  viscosity  solution  technique  for  the  Hamilton-Jacobi 
equation. 

4.1.  Pontryagin  maximum  principle  for  ordinary  controls.  Let 

Its  consider  the  control  sy.stem  (1.1)-(1.2)  with  control  operator  (1.3).  cost 
ftinctional  (1.5)  and  target  condition  v(T)  €  Y  C  X.  let  us  define  the 
Pseorfo-fTamiftontai!, 

t-l.l)  (•■)  =■<  p,:F{t^,U)  >  -Cii  v,U). 

where  ;F[ikU)  is  given  by  (I.S)  and  (1.3),  Note  that  w-e  c.m  now  write 

(1.1)  as 

(4.2)  tu:zV,H{i.v.p,V). 

Thf-ORF-M  4.1.  Kctt’  €  lJ'{r,T\V)  6r  an  optimal  contr/jl  ,tni/  J'd,  r.  ^,r) 
te  Iht  corrr'.ponding  traitctoiy  irith  initial  data  C  ^  Xi  at  t  =  r.  Then 
then  <x»s/<  an  adjoint  stale  p  6  C"([r,  T’];  X) '1  i'(r,  7';  X'i/-..)  stuA  that 

(4.3)  Pt  ~ -^i'H(f.i',U.p), 
with  final  data, 

(4.4)  -p(r)  -  VeiiviT))  € 

where.  Ny(v{'I))  is  the  Clarke  normal  com  to  Y  at  t'('i’).  Monover, 

{4.o)  'H(t,v.p,L')  =  tms.'H{1,v,p.U). 

V(U 

4.2.  Pontryagin  maximum  principle  for  chattering  eontrols. 

Let  tts  consider  t.l-.,c  rda.xed  control  system  (2.11)  willi  general  control  op 
erator,  initial  data  (1.2),  cost  functional  (1..5)  and  target  condition  0(7)  6 
Vex.  Let  us  define  the  Kilared  Pseudo-IIamiltonian, 

(4.0)  “HhII  f.p  p)  -<  p,  Fli’,  fi)  >  -L(t  It)/*, 

where 

f4.T)  F(i*.#t)  := -Ml?  -  C(t)) -f  / 

dXJ 

and 

(IS) 


L{t,v)p=  f  C{t,vA')i4t:<IC): 
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Hcncr  also, 

(19)  iiH(l,v,p.n)=  f  ii{t,v,p,V)p{f,dU). 

JU 

Note  tliat  we  can  now  write  (2.14)  a.< 

(110)  Vt  =  ^r‘^n{tv,p,p). 

The  following  generalization  of  the  Pontryagin  maximum  principle  can  be 
proven  by  method?  analogous  to  those  used  in  the  pirevious  theorem.  De¬ 
tails  of  the  proof  is  given  in  [33]. 

Theorem  4.2.  Id  p  €  Viji.{0,T,U,k)  br  an  optimal  control  and 
v(1.tX  p}  t>t  ih>  ivni  fynvdtnj  trojertorij  with  tntiial  data  f  G  X  j  at 
t  =  r.  Then  Ih'Tf  ertsts  on  adjoint  state  p  £  C{[t.T].  X)r  L^{t,T:  X  i/i) 
such  that 

(4.11)  p,  -  ~V,'HRii,iKii,p), 

with  final  data. 

(4.12)  -  p[T)  -  V^iiKT))  £  Ny{vtT)). 

when  iVv(t?(r))  /.«  the  Clarke  normal  cone  to  Y  at  v{T).  Moreover, 

(4.13)  ‘HR(t,v,p.  I’t)  =  max  Hfitt.v.p.fi). 

pifiU 


5.  Dynamic  programming  and  feedback  analysis:  Dotermiu- 
istic  ca.so.  In  this  section  we  will  describe  the  results  on  f-eabaik  coiilrol 
theory  originated  in  [30]  and  elaborated  in  (10.31].  bet  ns  define  the  value 
flint tion  for  the  n'liitrol  problem  (1.1). (1.2)  and  the  relaxed  cost  corre¬ 
sponding  to  (l.fi)  as 


C)  =  irdn  ^<i>(v(T)))  +  Lil.i'{t])n{t)dt.  p(  )  S  V|^^(r, 7  ;  t7,/i)|  , 


with  a  similar  deriiiilion  for  the  infinite  horizon  e.ase  From  this  definition 
it  is  possible  to  establish  the  BiUvian  prtnetph  of  optimality 


V;r,<)  inf  1 1  L{r,v{r))p{r]dr  +  V(t.  r(<));  p(-)  e  Vy,^(nt;f;,  k)|  . 
For  the  case  of  infinite  hcjriznn  thi.s  principle  takes  the  form, 

V(C)  =  i’(r)'l/t(r)<7r -f  V(l)|t.));  |i(  )  £  V'^,r(0.  (;  D',  k)|  . 
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From  ihw,  if  the  value  function  is  differentiable  we  obt  ain  the  infinite 
dimensional,  first  order,  Hamilton- Jncobi-Bellinaii  eqiinlion, 

(0.1)  €rV-’HR{r,C,-S<V)  =  0. 

with 

V{T.C)^m,  VC€X. 

Here  the  tnic  Hamiltonian  Vni  -u  )  i*  defined  as 

(5.2)  'Hn{t, t>,p)= 

For  the  infinite  Horizon  ca'^e  we  get 


(5.3)  Ay  +  7i«(C,-^i,  V) --0. 

We  will  note  tin;  following  important  re-nh.  If  we  deline  a  true  Hamiltonian 
'H{-.  using  ordinary  controls. 

W(<.»'.p)=  sup  7i[(?,t>.p,  (■), 

veU 

then,  we  have 

Phoposition  5.1. 


(5.5)  2f«(/,  »'.p;  =  Wt.n.p). 

Proof:  Note  that  in  ('1.9),  taking  a  Dirac  measure  ft  ff  wo  obtain. 

(5.6)  Hit.v.p)  <  Hii(l.v.p). 

Now, 

W«(<,u,p  p)=  f  H{l  v,p.V)ii{i.dU) 

J  f/ 


<  /  sup  p,(')pil.dU) 

~JVvtU 

(5.7) 

~nit,v.p) 

(5.2),  (5.7)  and  (.5.6)  give  us  (5.5). 

lu  general  the  value  fur,  ?f ion  does  not  have  suffleieiif  differentiability. 
In  fact  as  presented  in  IheoretTi  0  below,  we  *.jily  know  that  il  is  locally 


L 


p{t,dU)  =  HU.  p.p) 
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Lipschitz  continuous.  Therefore,  equation  (.i.l)  needs  to  be  interpreted 
either  in  the  sense  of  nonsmooth  analysis  (3,9]  or  in  the  sense  of  viscosity 
solutions  [11,10,12.13,14].  VVe  will  begin  by  recalling  certain  usful  notions 
of  derivatives. 

Defi.nttion  5.1.  Ltt  f  :  X  —*  R  be  loeatlg  Lipsrkil:  fune.Unn. 

(i)  The  supeniifftnnital  of  f  at  a  point  x  €  X  ts  fbc  fnkxrt  of  X  defined 
a.« 

(5.8)  3+ /(it)  =  (<  6  X;lirnsup  ) ]  <  o\  . 

(  y~x  II!/-*;.  J-  J 

fti)  The  subdifftnniial  of  f  at  a  jwint  r.  ^  X  in  the  fubnci  of  X  defined  ax 


(5.9)  d 


'/(*)={< 


e  X:  lini  inf 
2/-* 


/(y)-/(*)-(C.y-iF)' 


(tii)  Tht  Clarke  generalized  gradient  of  f  at  a  point  x  €  X  is  the  subset  of 
X  defined  as 

(5.10)  ^/(*)  =  {C€A’;/‘’(*;r)>(C,«),  VrCX], 

where  ffx-.xi]  denotes  the  directional  deriraf/vt. 

(s.M)  /V„)=iini,»p  tSli^llrW. 

lioy— *  t 

Proposition  -5  2.  :  Let  f  .  X  —  R  be  a  laralUj  Lipsrhtiz  furtCtiOn, 
Then  for  any  point  x  €  X. 

(i)  the  sets  d^f{x).  0~f{x}  and  df[r)  are.  closed  eeinvei, 

(5  12)  (ii)  -  ^' (-/)(*)  =  ('*'/(*), 

(5.13)  ^l^l)  -  d{-f)(,x]  =  df(x). 


(5.14)  and  (ii)  <:i‘/(®)(Jr.+  /(*)  C  ^/(j-)  C  X 

We  now  reiuri;  to  tlie  Hariilton-Jarohi-Rel'm.an  equalioT!  (5.1)  and 
define  generalized  solutions. 

Definition  o.2.  (  Viscosity  solutions  )  let  V  ;  [0,7]  /  X  Jl  be 
a  locally  Lipschiiz  function.  Ihen  V  is  called  a  risrositij  siibsobition  to  the 
equation  (1.1)  if  for  tneh  (t.y)  £  (0.7)  x  Xi. 

(5.1.5)  -<4  Wlf.y.-MSO.  V(C.C)«:0+V«,y) 

and  viscrisily  .siipecsoiuiion  if  for  each  {i,y]  £  (0.7)  x  JCj, 

(5  16)  -C+««,y,-O>0.  V(C,{j€rv;f,y). 
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IfV  (S.t5)  Mi  f%16)  Iheu  it  is  catlfi  a  viscostly  solvlmn. 

Definition  5.3.  (  Clarke  generalized  Kolutions  )  ie<  V  :  [0.7j  x 
X  R  bt  a  locally  Lipsehilz  function.  Thtn  V  n  called  a  Clarke  gt rural- 
tstJ  solution  to  the  equation  (5.1)  if  for  tack  (/,!/}  G  (0.  T)  x  Xj. 

(5.17)  max{-<T  (C-O  ^  c?V((.  y))  -  0. 

l.'sing  the  rontinnity  properties  of  t.hc  cost  functional  ajid  continuous 
dependence  theorems  for  the  stale  with  respect  to  the  data  t.(  and  control 
U,  the  following  ihnorem  is  proved  in  ,’30.20,16]  for  the  control  jiroblcm 
(1.1),  {1.2),  (1.3)  and  (1.5)  with  quadratic  «/»(•)  :  X  ~  R  and  quadratic 
Lagraiigian  £(  ,  ) :  Xj/j  x  F  ~  R. 

rHEOREM  .5,1.  Voriiication  Theorem  Tin  value  function  V(-.  )  £ 
tTlfO,?"]  X  X).  For  each  t  €  [",21.  V(f,  )  is  toiatlq  Lipchil:  m  X  and 
for  each  (  g  Xj.  V(-.C)  is  absohleig  continuous  in  I  6  (r.T).  Moreover, 
V(-.  ■)  :  [t.  'J''.  X  X  —  R  is  a  viscosity  solution  of  tin  Hamilton- Jacobi- 
Bellman  eguatton  and  Vy  g  Xj. 

-C  +  7f(t,y,-4)  =  0.  for  some  (C.C)  g  0*Vit.y). 
fort  it.t  in  [0, T]. 

.'1  major  open  problem  in  feedback  control  theory  of  S’a’ier-<(okt  -•  equa¬ 
tions  IS  the  uniqueness  of  viscosity  solution. 

for  the  above  class  of  flow  control  problem',  we  h.we  the  following 
connection  between  ihc  two  typo?  of  generalized  solutions.  A  ssniilat  r'.'.'ult 
for  the  finite  dimensional  ra.se  wa.s  proven  bv  Frankowska  [20].  Our  erne, 
however,  is  considerably  more  involved  because  of  the  infinite  iimenlion* 
ality  and  the  unboundtdntss  of  The  Hamiltonian.  The  follwving  hypethesiis 
is  motivated  by  ,a  weaker  result  of  Preiss  (27]. 

DlFFERENTiAitir.iTY  IlrpOTHtsis  .5.2.  Let  OVit.y)  he  the  Clarkt 
derivative  tifV  at  .some  arbitrary  point  (t.y)  g  [0,7]  x  Xi.  Thtn 

dV(t.y)  --  Pi  cd{VV(r,x)g  H  X  X:  (r.xl  fc  ((<,}/):<)} 

irhtre  the.  closure  here  is  in  the  weak  topology. 

Theorem  .5.3.  Let  V  •.  [O.T]  >.  X  —  R  be  locally  Ltpschift. 

(I)  Suppose  that  V  IS  a  rtsrosrty  solution,  salisfir.s  Y{f,y)  g  f0,7‘i  x  X;, 

(5.1P)  -<-7f(t,y,-$)  =0,  for  some  «;,{)€  dVf t.y) 

and  satisfies  the  differentiabilitq  hypothesis  I.  Jhtn  V  is  also  a  Clarke  yen- 
traliied  solution  end  Vft.y)  €  (O.T)  x  Xj. 

(.j.lD)  W(f.y,-4)  =  0,  V'C.fif  ^~V((.y). 

On  the  other  hand. 

(II)  ifV  IS  a  Clarke  yrntrahstd  solution  and  saitsfttH  (5.19)  thev  V  !.•  sho 
a  ti.sr.ysily  .solslton. 
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II  is  of  ini' rest  in  tmpror.r  Ihis  ihrorfm  in  ihr  iitreriinn  nf  nmovinq 
ihn  ahovi  diffi  rnilinhiliiq  hyjioihrjiis. 

Lfl  Ui  now  consider  the  coidrol  problem  (1.1),  (l.'i),  (1.1)  and  (1.5) 
and  fiive  specific  forms  of  ilie  llaiiiiltoiiian  when  the  Lajiraiigiari  is  of  the 
form, 


£(t../.-)=0(t.)+irii-. 

CASE  1-  //  -  .V  :  I'n  rn’i^tratrif  C(i<r).  WV  then  writ*'- 


VVe  get 


•  ■■  -  0(0"  "inx 

nX 


'i2 

'( 


^  opt  =  P 
and 

w(£.p)  =  -(.4{  +  f?f4),p)  -  e(o  4  ^  ;p:;v 
111  (Ids  ciise  the  formula  for  the  feedback  i.s 
!  V20}  f'(t)  T,  V{/.  J>(t)) . 

When  the  value  function  is  not  c;f!'erer.tiable  then  the  above  formula  hr 
comes 


f'(i)  e  -f<,  v>:m>(?)), 

wiicrc  the  deriva’iv-  is  now  the  in  the  sens'.'  of  ('lark'- 

CASE  2:  If  =  {('  r  X'. (.'j:  <  H)  iConslrajnt  Cast)  We  now  define 


/i(p)  =  ma.x 

{’c;i 


1.  ,'  ■> 
(p  f  1  -  r  f'  ' 


Iheii  il  i.s  easy  !u  .show  llnit 


f  ^||p;l'  {’jT  p  .<ll 

[  Kllpii  -  4-  for  Up  >  H 


Thus  the  llaiTiiUcnian  is 

HiC-p}  =  — t^s  b  f’i.s)  )*}  ~  0(s)  w  ^'(p) 

The  ff'trib.ack  fornin'a  in  I'lis  ens',--  is 


(5.21) 


/ 'l  (i  ;=  cr  (  — V,  ViT. 
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f  i>  inipi:</? 

trip)  =  Vph[p)  =  <  „  , 

1  iipiT  ^ 

When  the  value  function  is  nondifferentiable  we  have  as  before. 


t'(<)  =  ff(p) 

with  pt  -SiV{i,vi1))  will]  derivative  interpreted  in  the  bense  of  Clarke. 

6.  Stochastic  dynnmie  prograininiug:  Preliminary  results.  We 
will  consider  the  stochastic  control  problem  (1.7), (1,2)  with  cost  given  by 
(1.9)  i.ef  us  define  tlie  value  function, 

W.C)  :=  min  |/r  |<^(t.('/')))  +  J‘  C{f.Mf),rit))dt  :  u(:)  s  r;r;)| . 

(0.1) 

We  can  then  establish  the  Bclltnan  principle  of  optimality. 

Vir.C)  =  inf  y'  C(>  ,v{r),U(r))dr+V(t,v[1))  ;  /.'(,)  G  U^;f  . 

(6.2) 

where  (U.r:t/)  C  /’tl/)  is  the  cla.ss  of  feedback  confroh  which 

are  progressively  inensurahV  with  respect  to  the  .sigma  algebra  generated 
by  the  process  vf  ).  For  the  infinite  lioriron  case  (r.ost  functional  (1.10)) 
this  principle  lake  the  form. 

t-^^C0-,r(r).f.'(r))dr4V(/,t.(t))  ;  Cf  )  e 

{M) 

If  the  value  function  is  differentiable  then  from  (6.2)  and  the  iafimte  di¬ 
mensional  l(o  forinula  '2'f.  15].  we  get  the  second  order,  infinite  dimensional 
Hamilton  .1  acoln-Bellman  equation , 

(6.-1)  V  -  nir, <.  -d-V)  +  =  0. 


V[T.C)  =  d>(C).  VC  ex. 

For  the  infinite  Horiz-jii  ea.se  we  get 

(fi.-a)  -  AV  -  7f(C.  -ifeV)  ~  ^  rr(Qo?V)  r  ft. 

fi  i.s  knowji  ill  the  context  of  finite  dirtiensioiial  control  theory  [2, .5].  that 
the  j  rge<dic  control  proldem  (cost  functional  ti  ll))  is  related  to  the  limit 
problem  A  ••  •  0  in  ( 1 . 10)  and  (6.5 1  also  to  the  problem  of  invariant  measures 
for  the  .‘-tcirhri.sf.ir  Navier-Slokes  eiinationsfH.fl. 
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NONSMOOTH  ANALYSIS  AND  FREE  BOUNDARY 
PROBLEMS  FOR  POTENTIAL  FLOW 

SRDJAN  STOJANOVIC* 

Abstract.  New  approach  to  some  Free  boundary  problems,  is  intnxluccd.  Those 
problem:;  arc  studied  first  by  Alt  and  C&lTarcUi  (2*  in  the  case  of  a  potential  flow.  Their 
approach  sectn  nut  tu  be  possible  to  extend  to  the  ease  of  a  Stokes  Dow.  In  this  paper, 
the  variable  domain  problem  is  rcla.\cd  so  that  It  becomes  a  nonsmooth  optimization 
problem  on  the  fixed  domain  for  the  somewhat  singular  state  equation.  State  c^qualion 
is  considered,  and  the  iiiuitivalucd  generalized  gradient  of  tlie  voriutionul  fujictional  is 
studied.  Here,  we  considered  Potential  How. 

1,  Statement  of  the  problem.  In  this  paper  we  introduce  a  .new 
approach  to  some  free  boundary  p'roblems  in  fluid  mechanics.  Here,  we 
shall  consider  only  the  case  of  a  Potential  flow,  but  the  same  method  can 
be  adopted  for  the  Stokes  flow,  which  will  be  the  subject  of  the  fortcoming 
paper. 

Consider  the  set  of  admiswiblft  shapc.s,  i.o.,  the  control 

(1.1)  U  =  u(x)<  <  1)  . 

Denote 

(1.2)  r„  =  {(x,u(ir)):-l  <r  <  1}. 

and  extend  «  €  V  as  zero  outside  of  (  —  1. 1)  Deline  the  domain 

(1.3)  ilu  =  {(.c,  j/l;  uj  <  (/,  «(r)  <  y  <  2}. 

Also,  let  il  D  Ilu  be  a  domain  defined  by 

(1.4)  fl  =  {(r,  y):  Ixj  <  tt,  0  <  ,v  <  2}. 

Now,  consider  invi.-cid,  incompressible,  irrct-atioria!  flow  in  a  finite  channel 
n  with  an  immersed  nhsfaele  f,,  with  shape  «  £  So.  the  flow  actually 
takes  place  in  Du. 

It  is  well  known  that  such  a  flow  e.an  be  described  by  the  stream  func¬ 
tion  tc  =  k’‘ ,  which  is  a  scilution  of  (to  fix  ide.ns,  wr  take  flux  to  hr  ccjual 
to  one) 

Air  =  0  in  n.j 

w  -  0  in  liz.f]);  -a  <  x  <  ~\  oi  }  <  t  <  a} 

w  =  0  in  Fj 
HI  =  2  in  {(r,2);  -  o  <  i  <  a) 

(1.5)  u'x  =  0  in  {(±o  y)  0  <  y  <  1). 

•  Supported ir.  part  by  ihe  NSF  Grant  DM5-91-HT9-J. 

Deportment  of  Mathcmalka!  Scicnrcis.  Universiry  .^f  0I» 

002o. 
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We  could  also  take  o  =  oc  in  (1,5),  i.e.,  consider  a  flow  in  an  infinite 
channel.  Then  the  last  condition  in  (l.-i)  is  substituted  by  the  requirement 
that  w  is  bounded. 

If  ihft  stream  function  u'  is  known  then,  of  course,  the  velocity  vector 
field  V  can  be  compnlcd  easily  as  v  =<  u'y,— u',  >, 

The  problem  we  propose  is  the  following: 

For  gh-en  g  =  g(r,t/)  €  ij  >  2,  (occasionally  wc  will  net  have 

to  as.sunie  that  much)  and  such  that 

(l.fi)  g>(i. 

il.Tl  j  -  0  in  no  {|i|  >  1}. 

find  (if  passible)  u  €  V  (the  shape  of  the  immersed  obstacle)  such  that,  if 
u  "  is  the  ro’r(,spondinE  solution  of  (1.5),  then  als.T 

(1.8)  |v|=|V«.'‘'-.=  jinr,. 

By  nernoulli's  la« 

(19)  y'  +  i|V’u“|^  =  co»).st. 

tlironghoiit  the  fluid  (here  P  denotes  tiie  pres-siirc).  Hence,  we  see  that  the 
requesting  specific  velocity  profile  on  tlie  immersed  obstacle  is  equivalent 
to  requesting  the  specific  pressure  profile.  Obviously,  this  is  a  problem  with 
wide  possibilitif-s  for  applications. 

We  note  th.at  this  problem  is  closely  related  to  rhe  fcllowing,  by  now, 
well  knov^n  variational  problem  (see  [2,3.C';  .see  also  [1 1]  for  numisrical  con¬ 
siderations): 

Find  II'  (=  //’(H)  satisfying  the  bounilary  conditions 


«'  ■-  0  in  {(i  ,  0);  -a  <  i  <  a} 

(I  10)  u’ =  2  in  {(^,2); -u  <  r  <  a} 

and  such  that  the  variaticnal  functional 

(I  lit  j(«o=  I  iiv«.p+s%..>r.); 

Jii 

is  miniinircd.  Here  Ip  is  a  charackristic  function  of  the  set  D.  i  e  , 


(1  12) 


if  X  f  D 
if  r  iJt  ■ 


The  reason  to  develop  the  method  introduced  tiere  is  that  it  extends 
to  other  equati'u.s  for  which  there  i.s  no  known  aaakig  of  J  (fur  exitniplr. 
.Stokes  prohlem,  !<>  be  di.s”  ;ssrd  in  Part  2l. 


ADA294785 


.NONSMOOTH  ANALYSIS  AND  I HCL^  BOUNDARY  rROBi.EMS  ‘217 
2.  A  relaxation  of  the  problem.  In  flii«  section  we  ftssiime  that 
(2.1)  g  €  HHQ). 

Siipposfi  flint  flicro  exists  an  «  €  U  such  that  corresponding  selves 
Wo  shall  say  then  that  u  is  an  exact  control.  Kow.  extend  u  “ 
from  Qu  to  0  as  i": 


(2.2) 


f  ui“  on  ftu 
\  0  on  ■ 


It  follows 

Lemma  2.1.  If  u  €  C  is  an  (met  control,  then  *■' 

a  solution  of  tin  folloutng  tlltytic  boumljig  lalut  prohltvi  (u'lth  singuUtr 
right  hand  side) 


in  Q 

=  0  in  {(x.  0):  -a  <  x  s'  o} 

=  2  in  {(x,2);-(J  <  r  <  <i} 

(2..3)  (i“ir  =  0  in  {(ia.  j/):0  <  y  <  1} 

where  is  a  measure  given  bg 

(2.4)  ggjJer. 

Proof;  Obviously,  since  by  elliptic  tstiiiiates  zr’'  is  rvuular  in  Q,,, 
.u  £  (regarding  rcgul-’rity  near  corners  sw  the  begiiiing  of  the 

proof  of  the  Theorem  3.1).  and  in  particular  r'"  f  f/-(Q). 

By  the  Trace  Theorem, 

l^v(Y')l  =  I  /  SV^dfrl  < 

Ur.  I 

(2.5)  <  '’ullfld/f'inilMI/fi'ni 

So.  in  particuiar.  c  Also,  since  g  >  0.  is  a  measure 

Now,  more  explicitly.  (2.3)  can  be  written  as:  Find  c  ^  ll'dl)  such 

that 

x'‘  =  0  ill  {(x, 0);  — «  <  X  <  n) 

(2.6)  i“  =  2  in  {(x.2); -a  <  X  <  a) 


and 
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for  all  f  €  H-(il)  such  that 

(2.1*)  ^  =  0  in  {(a-,0):  -«  <  x  <  n}  U  {(a‘,2);  -  o  <  r  <  a}. 

To  check  (2.7),  we  note  that  hy  the  mnximuni  principle,  a  solution  of 
(!..'»)  is  positive.  Hence  (l.S)  and  the  hoiindary  condition  in  (1.5)  imply 
that 

t2  9)  ^^  =  -9inr„, 

%vlierc  r^u  le  the  exfurior  unit  norma!  to  ctihj.  Hence. 

-  /  •  VvP  =  -  /  Vtf--'  tv,.*  ■ 

J:^  Jn. 

(2.10)  =  /  (Aii")^-'-  /  f  g'fdn. 

v'fi.  Jon.  <>>\  ir, 

which  fomplet-  s  the  proof  of  the  Lemma  U 

Lemm.a  2.2.  Ill  bt  a  iohtwn  of  (i  (u2  fii.  If  ti  happeni  thni 
=0,  /Adi  t*  1  .'o/M/ien  of  (l.S.l.b),  t.e.,  «  is  mi  irarl  ronlrnl. 

Proof;  ill  the  ne.x*  section  wo  sh.all  prove  that  o'*  is  regular  eiiougli 
.so  that  calculations  perforiiiod  here  nre  logiti/nate.  More  preci.scly.  by  (3.0) 
below,  it  suHices  to  assume  that  We  have 

f  g^ih  =  -  /  r;*-  'v  ve  -  f  V:’- 
Jr.  Jii.  2ri\n.. 

/  iSz'^Yr-^  I 

Jn.  Jn',p.. 

f  d:'-  f  <9." 

(2.11)  -  /  rr-’fdc  -  / 

Jm.  di'  J:<n\n 

Let  1/  be  exterior  to  Du.  ami  let 


.IJ.!-.*  'IS.f  .U| 
,-j  ..t 


Then  (2.11)  iniplic:  that 


jf  I  mt  \ 
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We  observe  that  (2.14)  always  holds  for  the  solution  of  (2.3). 

Now.  if  =  0,  then  =  0.  so  that  -  0.  and  then 


S  “  ““a - 

oil 


(2.16)  I  on  Fu; 

i.e..  (1.8)  holds.  n 

Lemma  2.2  motivates  the  followint; 

DM'INI  I  lo.v  2  1 .  w’  U  IS  said  to  voirt  thi  relaxed  shape  optimization 
problem  if  the,  corresponding  defintd  bg  (d.3):  is  sncb  that 


is  minimised,  i.t..  l/iit/  (litre  exists  an  '.•*  £  V  su  Ch  ibst 
(2.18)  <!'(«“)  =  nyn<^(u). 


Of  r.ruiise.  nn  exact  control  is  a  miiiimizer.  i.e..  a  solution  of  (2.18).  On 
the  other  hand,  a  solution  of  (2.18)  is  an  exact  control  provided  an  exact 
control  exists. 

We  do  not  consider  the  e.xacf  controllability.  Rather,  we  shall  study 
the  relaxed  problem  introduced  in  Definition  2.1. 

3.  The  state:  equation.  It  will  be  convenient  to  stale  the  reRularity 
theorem  for  the  general  boundary  value.  So  let  y  be  a  given  function  on 
51  such  that  r'-'  =  v  on  ctcfl  C  Wo  :i,s,sunie  that  the  boundary  and  K 
are  sufficiently  regular  (see  12]  for  details;  also  we  shall  give  some  details 
in  the  case  of  the  boundary  and  bound.ary  values  in  our  case).  For  any 
i  £  we  define  |ir|  i-v.fjfj,  as 

(3.1)  ini’ {m  >  0;-ni  <  i  <  m  on  OU  in  H  (51)}, 
where  inequalities  in  //'(fl)  are  defined  in  e.g.  [1^].  .Al.so.  ;v.-  .-i.-fr;' 

(3.2)  ,^,(51)  1='  r.<>ulv2-'(0 n  {.,  >  r)  I. 

We  have 

1  HEORFA!  3  1.  Fni  am]  u  £  f'  1h(  state  equation  (!  it  has  a  nmqnr 
wtal  svtutinn  /,<  t  q  he  such  that  2  <  q  <  X.  If  g  £  It  ’  -{f?}  tin  n 

(3  3)  r‘ £  iF--'fa)'  r^'=(n\r..), 
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and  the  apriori  tsttmale 

C3.-I)  <  <’(1  -f  i|u|lc’  i(-i,i,i)  (lisliiv  HO)  +  iiHi»v'  ■?(«))  • 

holds.  If  tn  addiUon  q>1  thfo  also 

(3.5)  Il-s";  iw(n)  ^  f  liuilc’  i(  1,1))  (iifliin'i.nnj  Ih'  t-icin))  • 

Monor.rr,  if  g  B  and  (1.1)  holds,  then  (see  (2.12)) 

(3.0)  G  6 

and  the  apruiri  rstimaiis 

(3.7)  Ii^“  ‘  ‘S:  f  (!•“  I-  ll.vlllVw.MfD-lh^ln  '  Kn;)  > 


11^'*  "”1111  5.(ri\r!,-r'(s,>:) )  £ 


Proof:  Siiiff-  {u  G  /(“’(fi)  cxisipnce  and  uiiiqurn-'vi  of  n  wrak  solu¬ 
tion  of  (2.3)  i»  trivial.  .Also,  since  c“  is  harmonic  in  ft  \  F,,,  it  follows 
that  r“  6  C’’'^(ft  \  fu).  Few  words  are  needed  here  due  to  the  po'snnc/'  of 
corners  in  ft.  lo  prove  regularity  of  r"  in  the  neighborhood  of  corners,  say 
in  the  neighborhood  of  (--n.O).  one  can  extend  c'-'  in  {jt  <  -o,0  <  y  <  2} 
as  by  the  fonniila 


-'‘{r.y) 


def  j"  i“(-2n  —  r. y]  if  j:  < -a 


I  --“(^..v) 


if  r  >  -0. 


Then  since  j'**  is  rontinuous  on  {/  =  —a}  and  =  0  on  {f  =  -  n).  it 
is  elementary  n?  slmw  that  i"  is  harmonic  acro»  {r  =  -o).  Indeed,  let 

DfliA)  =  Uj  U  (i#,.(.4)  n  {r  ■  ■  -nj)  u  D2  C  {0  <  .V  <  2)  be  a  hall  centered 

at  .4  €  =  — ff|  with  radius  p.  Here,  Bi  =  !"  {r  >  -n}  and 

Bo  =  Bf,{A)  n  {j-  <  -ej.  Then. 

/  f  I 

Juy.A)  Jll.  Jli, 

(3.10)  /  <!y  -  0, 

for  all  p  c  ('^(Df{.A)).  so  that  a**  is  harmonic  across  {,i  =  -ti)  as  rlamrd. 
Henceforth  is  as  regular  in  the  neighborhood  of  { -a.  0)  a.s  the  (extended) 
Inmndary  d.atn  is  In  particular,  in  oiir  ense  C  ~  0  there,  so  that  (3  3) 
follows 
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^  =  t>  -  c" 


in  (2.7).  It  easily  follows 


J  IVz'-p  =  g«'  - 

(3.12)  -Vt-  . 

Now  since  ?“  =  (r“  -  c)  +  y-,  u.‘;ing  Poinrarr  inequality,  we  have 

l|i“jlH'(nt  <  e  (||V(f“  -  v')|ii»in)  -i-  !i<;^^ii;/i.n)) 

(3.13)  <c(||Vi‘'|li..,n)-l!v.|iH.,n)) 

(Combining  (3. 12, .'3  13)  we  get 

(3.14)  •3  e||i“|i/fi(n;,||i.'i|tfi(fi) -1 

In  (3.14)  the  inequality  follows  from  the  proof  of  the  Trace  Tlieorerti  (see 
e.g.  [lO].  or  [5j).  Indeed,  one  can  see  ([5],  p.  132)  that  for  1  <  y  <  oc>  one 
lias 


‘  lw.>(r.i 


S  <’  "t"  q_|  )  ,)  II- 


'II? 

liH'i  »;nr 


which  implies 


(3.1fi)  <  c(l  *l!u'C-^>.-i  i.-)’  •  v;ii. 

,'.frorn  (3  l-l)  we  easily  roncliide  that  (.3.4)  holds  for  <j  -  2- 
Proceeding,  (we  aasiime  ^  ^  =  1) 

<  e (1  4-  ',\u'  c-‘  '.-I,; i) “  Wg  iv  «..r».  1.1  4-  !|ni!t''"- *'  !!y’:'ii-:  .'if.: 

(3.17)  =  c(l-r  ||U|';C' 'i-i  ii)  lls  "i»''ig!,||v'’!‘H''.,'^ni 

So.  C  (tr'  ?'(n)]’  (here  A"  r^prC£*?!!!5  dui*)  '-‘f  Y\ 


''su  nv'  '.'  nit" 


<  e  (1  —  iiiii’c''  >;-i  ’ .)  1*3 


(3. IS) 
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We  know  (see  e.g.  [1])  that  ^  has  a  rejireseiitatioH 

(3.19)  4(^)  =  /  I/o^  +  /l^r  +  I’l-r  A  . 

Jet 

for  swime  /<  £  =  0. 1.2,  and 

2 

(3.20)  ~ 

Now  from  elliptic  regularity  (w.-e  [1'/,  p  179)  wc  have 

(3.21)  ^.n,  <  ll/.ili*.-.:.  t  IK  tv  -,m  + 

gFrotn  (3.18,3  29.3  21)  arid  since  wo  already  proved  (3  11  in  tlie  ea.M-  q  =  2, 
rve  conclude  that  (3.41  In 'Ms. 

To  pror’f  wc  recall  (see  e.g.  [12]  p  193)  that  if  ?  >  2  and  if 
c'-  <  0  on  flcfl  in  tl>o  acn  ;e  of  fi '(fJ),  then 


(3.22) 
Hence, 

(3.23) 


es.ssup:''  <  c  [  ^  Ij/i 

"  \i-p 


I  '  j 


es=sup(V‘-l|r-‘iir.-;«„)  < 


and  siiiiilarly  for  -z’‘  +  •  This  oaMly  implies  (3.5). 

Now,  we  shall  consider  f  irtlirr  rogularily  of  and  Since 

the  singular  set  is  on  1\j.  wo  expert  higher  regularity  in  the  truigeutial 
direction.  To  prove  that  fhi.s  is  the  c.n.sc  we  flatten  the  1  „  first,  since  ihon 
it  is  easi»rr  to  dilTproiiriato. 

Define  v,  q  and  J  hy 


(3.21) 

(3.2.9) 


tlf.y)  s:  r’-‘(x..y  +  ?j(f)). 
jlr.y)  =  pfx.y+  i:(x)).^_/l  -  ti'-V). 

=  v'(j-.y-t-  u(j  )) 


and  operator  L  by 

(3.27)  Ji  ■  S>  —  2t>j«.  -  i,,Ujr 
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in  the  sens*’  of  Jistribiitions.  Since  the  singular  set  is  now  on  =  fl). 
we  expect  liiglier  regularity  in  r  direction.  To  prove  tliar,  %vc  want  to 
differentiate  (or  more  precisely,  difference}  equation  (3.37)  with  respect  to 
j*.  Somewliat  more  precisely,  define  the  standard  difference  operateir  (in 
the  T  direction)  6^  as 

(;i.3S)  (fh>)  (-f )  -  r  h.  v)  -  u(x,  v)'' .  A  ■/  0. 

h 

1  hen  from  (3.,17)  tve  get 

(3  31))  (/.'((c'.,;-)  = 

We  shall  discuss  in  sorv.;  dct.iils  only  tiie  riglit-liand  side.  We  have 

--  I 

./{ir  ) 

(3.40)  =-[  (fy{i)  ^dr - / 

as  h  —  0  We  coiiclii  le  fli.ii 

(3.4!)  lit  );tyi)  =:  ^rit  h 

and  hence 

(3.42;  Li!~  =  i'j-  -  I  j,/2n,!t-.  +  tvt.-rx, 

where 

(3.43)  Li’.i  =  Af  -►  -  2i<xU  jy  - 

and  v.here 

(3  4-tl  fxt-r;  ~  f  Orydx 

.'•i" .; 

Wi- ol,>s-n<‘'  •;ia’  the  differcncint  prifiurr.' H  ahrae  it  lecilmiat-  iiie  - 

(3.43|  ir  -  t4-,2u,Uj.  *  '.■■j'Jt;,  (  s'.''  »  J  . 

rndred.  ij  €  8;.d  als.-i  ^•.S^,.•rve  :!  .as  a^rr  ?  i'  •»s;d  .!r.’  ■ 

.  Also,  since  I;  llH■^  th(  sar  e  prir.citia!  [(art  a- 1  L  i' i.-i  '•’•nily 
elhjiltc.  ns  tvc!'. 

Now  we  r.in  cccrlud-:  I.-  .i:i  t3  42.3  ri!  th.'s* 
t3  Vn  tx  -  H  N 
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Tills  itnphrs,  hy  the  Trarc  Thcorrm,  that  (1)  €  so  that 

13.17)  <-!(y=ul 

We  observe  llint  I.-ecause  of  (1.1. l.T),  the  preceding  analysis  is  true  also 
ii;  the  {(/  >  Oj-iieii^liliorhood  of  (the  prc-image  of)  (—1.0).  so  that  (3. 47) 
holds  up  ’.o  lli'  iiiilial  and  tcnninal  points  of  (the  pre-image  of)  P,..  Elliptic 
regularity  (hen  yields 

(3  48)  fli,>(,3  e  ir-  ’. 

I  nfortimati  ly,  \vr  can  not  cl, aim  (ho  same  glob.al  result  for  t|{y<o)  because 
of  the  iionsT)oc'»!mess  of  (‘1(0  \  fl..).  i.e.,  we  have  to  localize  in  {y  <  0}. 
l  lus  concludes  the  pr.aof  of  1.3. 6).  Now.  reg.ardiiig  estimates  (.3. 7, 3. 8}  we 
have 


!(-"  "‘i|iv-M(iu ;  <  <■  i.i))  il^iu>r|ilivJ.i(s:nn.)) 

(3  4ii)  <:  c  (liullws,.!  i;.||g|;w-  ,(n:..il0|itv--.»;n;) . 

and  ‘iinilMrly  (afti  r  Icic.'.iizaMon  in  fj/'  <  0})  for  which  ccmpkle;.  the 
proof  of  .lie  Theoren.  D 

CoROLl..\RY  ;■!  1  If  3  C  'V’^(Q)  for  some  q  >  2.  and  tf  (1-7/  holda. 
1h>n  nnd  1h'  foUnmnq  aprwri  esUmaie  holds 


(3. .50)  ||:"iic' ' '  Of  lvi-.j;  i.n- 11?  ws  i(n;.i’iv  iiH'J.<(:n:)  •, 


for  any  c  >  0. 

Proof:  ^Proiv.  (3.7,3  8)  and  by  (be  Imbedding  theorem  (.see  e.g.  [;Jl, 
we  h.ave 


•  |U'<  ■e.'  l  -  < 


(3..5i ;  £<■(<•  |ju|i/f^  -l  .l  i>  I  .v||n  1  >.;wV  |l’-i!lV5  ;.n.)  . 

This  implies  (3. .50).  C 

COROM.ARY  3  2.  If  y  &  51'^  '(fl)  for  .some  q  >  2.  and  if  (1.7)  holds. 

then 


(3  52)  cr- (r„). 

and  lilt  foltoinnj  aprwri  (shmntc 

(3  .53)  ilcj’i  <  c  i  „||.^||n  5.7.;in.livl!«->  khi) 


hold^. 

ll'.i'  inTcrest  in  this  (iorollary  is  due  to  the  lack  of  (n\ftu)-globa! 
regularity  of 
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Proof:  Let  r  and  be  unit  langent  and  unit  normal  to  1'^.  Mote 
precisely,  set 


r  - 


(3.56) 


\/iTu'2 
1 


'  v^l  +  u'2 
It  is  elementary  to  compute  that  then 


(y.-i). 


(3.56) 


*9 


v^u'5' 


_  j _ 

vtTiF^ 


^u.rnt 


But  since,  by  Theorem  31 and  (also,  by  Lemma2,2)  = 
y  T  on  I'u,  we  have 


(3.57) 


1 

y/TTlP^ 


1j+ 


The  Corollary  follows  due  to  the  flu  j/eia/ regularity  of  i“  and  by  lie' 
Imbedding  theorem.  Inde-  d. 


1  w'  -s.erf,.  1  j.  .'i.'Ctl  11 

lvT+t?2-^ 

. . .  .  . . i(n)j 

<  f||“ll;th-!,l)  111-''  "‘l|lV’.*(0.)  -e'VIlw  •tin.)] 

2  e  ll«?!livs.»(ne  Pt'ilw' ’ini) 

(3.58) 

□ 

4.  Existnncfi  of  a  miiuiiiiser.  In  order  to  clann  existence  of  a  inin- 
iniizer,  i.e.,  existence  of  a  solution  of  the  relaxed  problem,  one  needs  com¬ 
pactness.  One  way  of  introducing  '•nmpncines.s  would  be  to  bound  the  set 
of  admissible  controls  to 

(4.1)  f<i  =  {ii€  f';|Mlw»i-i.s)  ^ 

where  4  is  some  pre.sctibe.;|  (large)  positive  constant , 

Protosition  4,1.  /.ft  y  €  /ye  .reroc  q  >  2  Tlttn,  there 

an  u"  €  (•{  f«rh  that 


C4.2) 


4(t(*)  =  min  <I>(u) 

tlft'H 
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Proof:  Lei  {tin)n=!.2,..,  C  Vh  be  a  minimizing  sequence.  By  Tlit'orein 
1.  we  know  that 


(4.3) 


By  faking  siihscqiirnces,  if  neces.'aTv,  we  can  assume  without  loss  of  gener¬ 
ality  that  there  exist  u*  S  Ih  and  c'  €  ff ’(fl)  such  that 


(4.4) 

(4.5) 

(4.6) 

Recall  that. 

(4.7) 


u"  -u*  in.y’(-l.l) 
2“"  —  z”  weakly  in 

-  I*  in  C"(n). 


for  all  v5  €  /f’(ll)  such  that  'r'{y-o'.  =  r  {>=1}  =  0.  If,  in  addition, 
€  C'ff})  then  it  is  easy  tci  see  tliat 

(4.8)  lim  /  q'-pdff  -r  /  g^fidff. 

Ji\. 

Hetice,  for  such  we  can  pa.s«  n  —  oc*  in  (4.7)  to  conclude 


(4.9) 


-  /  Vi- .  V^'  --  /  gf^ 

All  Ar.. 


gfdtr 


for  any  i?  C  such  that  =  0.  But  then,  by  the 

density,  (4.9)  holds  for  all  se  €  f/Mfi)  such  that  =  rl{.v=3|  =  9. 

We  conclude,  by  uniquenc-ss,  that 


(4.10) 

Now  .since 

(4.11) 


r'vf. 


(4. 4,4.0)  imply  tJiaf 

(4.12)  lim  <!'(«„)  = ‘l»(t'‘). 

t,  — OC' 

This  complete.'  the  pnef  of  the  Proposition. 


n 


288 


SRDJAN  SIOJAKOVIC 


5,  Differentiability  properties  of  the  variational  functional 
Out  goal  is  to  derive  information  about  the  mulUralutd  generalifcd  gra¬ 
dient  of  #.  To  make  our  results  more  precise  we  shall  introduce  several 
definitions. 

Let  ♦  he  a  real-valued  function  on  the  subset  U  of  the  Banach  space 

A. 

DEriKiTiON  .5.1.  #  ts  said  to  bt  directionally  differentiable  at  u  C  U 
if  the  limit 

(5.1, 

AiC  A 

emit  for  any  c  €  A  such  that  n  +  Xv  €  U,  for  small  enough  A  >  0.  If  that 
is  the  ease,  then  the  bmit  tn  (■'i.J)  is  cfl//«d  difcctional  derivative  and  il  is 
denoted  by  $'(?<:  v) 

DeriKlTiON  5.2.  ^  is  said  to  be  subdilferenliable  at  v.  if  there  ezisis 
an  f  ^  A*  such  Ihnl 

(5.2)  *'(«;«■)  >/(^) 

for  every  f  fc  A  such  that  u  -1  Av  £  I',  for  small  rnniigh  A  >  0.  Set  of  all 
such  f's  is  called  subdifferemial.  and  H  ts  devoted  hu 

DEriNtTION  5.3.  is  said  to  be  superdifferentiable  ot  u.  tf  there  ezisis 
an  f  6  .A"  such  that 

(5.3)  't'(u:.i-)< /(«  ) 

for  every  r  €  A  such  that  ti  -t-  A»>  £  f.'.  for  small  enough  A  >  0.  fiet  of  all 
such  f's  is  raffed  superdifrer"ntial,  and  it  is  denoted  ly 

If  4  U  both  suU  and  superdifferentiable  at  v  £  ivf(f'),  and  moreover 
9.$(u)nd*4'{u)  ^jO,  then  o.4>(«)nd*4'(u)  is  a  siiiglrton  and  4>  is  Gatea«i.\ 
differentiable.’ 

\Vc  go  back  now  to  our  problem.  Of  course.  A  ~  /fol~l.l)!  f-'  is 
defined  in  (1.1). 

Ptorceding.  define  the  adjoint  variable  p“,  as  ?.  tclution  of  fhc  (adjoi.'i!) 
equation 

Ap"  =  »(u  in  n 

p“  =  0  in  ((r,  0);  -a  <  z  <  a]  U  {(r.  2);  -a  <  r  <  a) 

(.5.4)  p"  =  Oin  ((±a.p);0  <  y  <  2} 

wliere  is  a  (signet!)  tne.a<mrc  given  by 

(5.5)  tlu(f)  =  /  i'‘'pd<t. 

Jr. 

Obviously,  (.5.4)  is  the  same  type  of  equation  as  (2.3). 
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In  this  section,  as  before,  ***  =  i“|n,  and  aisf. 

below  wc  shall  use  the  notation  p"  *’'*  =  p"ln,  and  p*'-'"*  =  p“ln\n.-  That 
is  essentia]  in  this  calculation,  since  ?**  and  p*‘  arc  noi  differentiable  across 
the  Fu- 

Lemma  5.1.  Let  g  €  for  some  q  Then 

(5.6)  p"'*'  e  ir'^.tffij.  p“  \  fi„). 

and  the  aprion  (stimoirs 

(5.7)  Up''  '*‘lliv3  <  c(l!u!!.>j'(-i,'.v!!3l!;v3.»!n;-!!t'i!wi.»;n)) . 
and 

(5.8)  <  c(c,  'h1!//5(_i 
hoU. 

Proof:  Comp.ariiic.  (2.3)  and  (5.1)  we  see  (hat  the  only  difference  is 
ill  right-hand  sides.  Namely,  in  (.5.5),  i"  C  U'''’(t}).  N'everihtii-ss.  for 
e.vainple.  r”"''  €  ^(fi-.,),  and  since  r/u  depends  on  only  through  the 

trace  on  Fu,  and  since  i“  and  r** have  same  tr.aces  on  Fu  we  easily 
conclude  the  proof  of  the  Lemma. 

We  shall  use  the  •isiinl  notation:  i  '  =‘  tT{t>o‘..  and  “  f-  -rIp,<o}. 
So,  i’  =  !:■*■  -  c" . 

Now  we  are  ready  to  state  t  he  followiiift 

Theorem  5.1.  Let  g  G  IF''  *(ii).  for  somt  q  >  2.  Then  ^  is  direc¬ 
tionally  diffireriliabU  at  any  ii  G  V  such  thal  u(f)  >  0  for  -1  <  r  <  1. 
and 


4>'(u  .  i  )  = 

=  /  ,  "  -r'"'*  ■* )  V^l  +  dr 

(0.9)  i  f  Ugp'"'  -{gv"  ''"\’')dc  >r  f  gp-'—^jh. 
Jr.  y  I  vl  +  M - 

Moriovcr,  if 

(O.iO)  +  (gp'‘  ■■'■"ly  <  -t  igp"  fl.c.  1). 

then  $  IS  stih  iffcnntiable  at  «  and 

d.''b{n)  ■ 

=  +  (.7p’-’'"‘)j)  \/l  +  u'*..  (i" +(sp'"”)j)  y/TT^] 

'=  [/5.<Hi/).  r^.d>!ii)J  C  I'”(-l,  1). 


(5.11) 
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On  the  other  hand,  if 

(3.12)  ^•‘2"  •’*•  +  (»/>“••"%  4  «  <'• 

then  #  is  svpirdiffertnitaHe  at  «  and 


e‘^{u)  = 

4  {gp^‘-^%)  x/H^,  (2“|2“''"’  4  {jp"-'”'),)  k/H^J 


{5.13) 


dtf 


Proofs  We  attempt  to  differentiate  To  this,  end,  for  given  u  €  V 
and  a  snitable  direction  r  £  1)  (suitable  in  a  sense  that  u  -*  Ar  €  I’ 

for  small  enough  A  >  0)  we  try  to  compute  the  (one  sided)  directional 
derivative  $'(w;  *■),  tVmg  the  regularity  result  (Theorem  .3.1,  and  (Corollary 
3.2),  wo  compute 


.  .•  d>(u  (  As)  -  u) 

9  <u:  I )  =  lim - : - 

Ate  A 


n'!ss/.('= . 


(.5.14) 


Before  pryceediijR  with  th(‘  pro.af,  we  sh*l!  iKff!  the  fc.llr/.ving  I.rmr.'.a  InCTf 
precisely,  its  Corollary). 

LEMM.S  5  2  f.’ndtr  ptrtteii.r  a.sstiniptmns  nn  u,  and  and  for  any 
a  <  1  iht  fiillovtng  fxtifiiate  holdf 


(5.15) 


£  fAff 


Proof:  We  need  to  compare  and  r**.  This  is  dillicull  to  do  in 
the  original  domain  il  since  (siagulat  )  right  hand  sides  of  the  equations  th.vf 
they  eotisfy  act  on  disjoint  sets,  so  that  there  is  no  obvious  esncelat  jon.  So, 
the  idea  of  the  proof  is  to  map  the  original  dcunaiii  into  different  domains 
in  such  a  way  that  the  cancelation  does  lake  place. 

liCt,  ns  before,  H„  be  the  map  with  the  image  fl  given  by  the  foriitulH 


(.0.16) 

Sufj’.y)  =  (r.y-i-  u(r)). 

Then 

(.0.17) 

St'(2,.v)=  (r.jr-  u(i)) 
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and  (set  A  =  (x,  y)) 

(5.18)  <cA. 

Now  rcnsider  j“+^”  and  i’'  defined  as 

(5.19)  r  =  j"oHu. 
and  operators  iu  am!  /<„+>..  defined  by 

(5.20)  /-jU‘=  Atl’d-  U'.,y(Ur)’ —  2lt>i«r  -  U'jliix. 

=  Am  +  1/  +  Ai,)-  -  2mvj,(Wj-  d  Ai’r)  -  +  Ar,)  - 

(5.21)  =  f.jU  I  A  (u’j,y(2llr(r  +  Al.^)  itOfjVr  —  tl’ytVrj 

Then  _  f  J  satisfies  the  equation 

-£')=7- 

(5.22)  A  (2n.»v  +  Au? )  -  2i)!+‘''t>  - 
in  H.7|i,,(nj  riS.7'((l),  where 

(5.23)  f 
and  where 

0'i(x,  1/)  g{x.’i+v(x)  +  Ai  (x))^/T+  («'(x!  +  At'(r))2. 

O'iiT.  g)  ='  3(r,!/  t-  u{x)}\/l  +  t’(’U))-'. 


{5.21) 

Observe  that 
(5.25) 

Now  since 
(5.20) 


and  becaii.se  of  the  Holder  continuity  of  r’'"*-'*'  and  i*-,  we  conclude  tliat 

(5.27) 

Then  (.3.22,5.2.5,.5.27)  imply  tliaf 

(r..28t  f - x<cA“. 
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Then  we  have  (set  A  =  (x,y)) 

+|p(E:i„(.4))-r(H:’(^))l< 
n  cA“  +  cr  =  cA" 


In  (5.20)  we  also  used  Holder  continuity  of  ?" .  This  completes  the  prcmf  of 
the  Lemma.  □ 

CoilOI,I.ARV  5.1. 


>4/  (-•“+*" = 

^  Jr, 


Proof:  Take  a  >  j  in  the  LeiniiiH,  Then 


-Al.  _ 

~ - <  a^.  ,■?  -  2o  -  1  >  0. 


Now,  wo  can  proceed  with  the  proof  of  the  Theorem.  We  compute  the 
last  term  in  (5.M). 

'"S'K/r....""''’’'/.”"’"'''') 

=  "  -  lsp“''"')v‘’  ')dff-¥  j  gp'‘  -~^4r 


Now  from  (5,14,5  32)  tve  conclude  that  is  directionally  (lifferentiahle.  .and 
that  (3,0)  holds,  Fiitlhrrrnore.  If  (.5. 10}  holds,  then 

♦'(w;t)  = 
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(5.33)  >  /_'  (r  -  (-^  ((,■)>  +  „■))  j  W. 

for  all 

r  e  v/1  +  t»'2. 

(5.31)  '^%)  VH^J  . 

This  proves  tha(  $  is  subdi/rcrcntiablo  al  u  and  that  (5. 11)  holds  Simi¬ 
larly.  one  can  con.sider  superdifTereritiability  of  d*.  So.  the  Theorem  follows. 
□ 

6.  Rcninrlcs.  The  above  suggests  the  numerical  algorithm  (1/if 
csi  descf  ni  mtihoif)  for  minimization  of  <I>.  i.e.,  for  the  numerical  solution 
of  the  relaxed  .shape  optimization  problem: 

Choose  «c.  €  If  tt.i  €  U  is  already  known,  then  ««+)  is  determined 
by; 

•  compute  r'‘“  a«  a  solution  of  (2.3); 

•  compute  p'“  as  a  solution  of  (5.4); 

•  if  (5.10)  holds,  compute  an  Ur+i  such  that 

(6.1)  «n(  1  €  (un  -  A./r*  (d.^(«,.)))  n  pn  >  0, 

and  if  (6.12)  holds,  comipute  an  Un+i  such  that 

(6  2)  II, M  t  €  («•;  -  Fn.-r*  ((5‘^(?i„)))  n  r,  p„  >  o. 

Here.  .-1  i.s  the  isomorphism  between  //y(- 1. 1)  and  its  dual.  So  we  see  ‘liat 
it  would  be  much  better  to  work  on  —  1)  iimlead.  since  then  .4  would 

be  a  second  order  operator  -  inste.ad  of  the  sixth  order  operator. 

If  neither  (5.10)  nor  (5.12)  holds,  i.e..  if  is  neither  convex  nor  concave 
at  the  point  u„,  then  it  is  more  delirate  to  determine  the  steep(est)  descent 
direction. 

The  actual  cfioice  of  u„  in  (0.1)  or  (6.2)  is  an  interesting  qiie.stion. 
Somewhat  formal  considerations  suggest  that  the  following  rules  .should  be 
adopted: 

•  if  (5  lOj  holds  and  d,df(u,.)  >  0  a.e.  in  (-1,1),  the.n 

(6  3)  «;,+i  =;  Wn  -  PnA~^  ,  Pn  >  0; 

•  if  (5.10)  holds  and  c).$(u.i)  <  0  a  e  in  (-1, 1).  then 

(6.4)  f/,.4j  -  I1-.  -  p„A~'  {rd.fi{u„)) ,  p,-.  >  0; 
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•  if  (5.12)  holds  and  d*#(w„)  >  0  a.e.  in  (—1. 1),  then 

(6.5)  Un^i  =  u„-  PnA~'  (ra*$(M„)) .  >  0; 

•  if  (5.12)  holds  and  d*^(v„)  <  0  a.e.  in  (—1. 1).  then 

f8,6)  «„+t  =«n  -^r..d"‘((a*4'(u„)),  Pr.  >  0. 

One  can  show  that,  if  u  Is  a  local  minimizer  for  d>  then  (.5.10)  does 
hold.  Also,  we  observe  that  in  terms  of  (llarke’s  iionsinooth  analysi.s  (5, .34) 
implies  that  (if  (-5.10)  holds) 

(5  7)  d^(n)DM(u) 

where  at  is  the  generalized  gradient  of  4>  (oliserve  that  is  nonsmooth, 
i.e,,  at  is  multnnluei). 

Finally,  we  note  that  the  method  introduced  here  is  an  unexpected 
follow-up  of  the  research  in  the  completely  differ  mt  context  (electropho¬ 
tography.  see  [4];  .see  also  [5  ).  The  difference  is  (hat  »n  'I],  instead  of  (2.3), 
the  state  equation  it  (up  to  nonr-’.sential  details) 

Jir'*  =5  Ii>.  in  fl 
?'•  =  0  in  {(x.  0);  -n  <  x  <  o} 
r*'  =  Mn  {(x.  1);  —a<x<a) 

(6  8)  c“  =0in  {(=n,i/);0  <  1/ <  1} 

where  D,,  is  the  set  enrlowd  by  Fu.  and  the  functional  to  minimize  is, 
instead  of  (2.17), 


Observe  that  in  (2.3)  the  right  hand  side,  i.e,,  the  measure  fu  is.  cs'f  ntially. 
“derivative''  of  Ip, .  the  right  hand  side  in  (6.8).  On  the  other  hand  in  (6.9). 

is  under  derivative.  So.  in  the  final  balance  those  twc>  problems  have 
the  same  level  of  smoothness  (svhieh  happens  to  be  a  kind  of  f.ipschitz 
continuity),  and  hence,  the  analogous  general  ideas  apply. 
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COMPUTATIONAL  FLUID  DYNAMICS  ANALYSIS  OF  THE 
FLOW  IN  AN  APCVD  APPLICATOR  SYSTEM 

oAnv  s.  sinuMOLo* 

AhmtrHct.  ApplifWion  ef  Aimosphfric  Pr«wiij»  ChemicsJ  Vapor  Drpo»ition 
{APC%'D)  to  ihr  production  of  coated  glass  is  addressed  in  this  study.  Several  lay¬ 
ers  of  thin  films  arc  deposited  on  the  surface  of  the  glass  as  it  moves  underneath  the 
APC%’D  applicator  system  at  hiidv  temperature.  A  memory  effect  in  the  form  of  film 
tlncluie!!.s  streaks,  eurrespoiidiiig  to  the  location  of  the  inlet  holes  located  upstream  in 
the  upper  maiiifut  J  feed  chaimel,  is  evident  on  the  glass.  This  nonuniform  film  across 
the  glass  causes  a  color  variation  of  the  roating.  Effective  mixing  of  the  gas  streams 
Is  re«4tiirfd  to  treat  the  hole  memory  proHetn  Hcwe\-er.  a  premature  reaction  is  to  be 
avoided.  Optimum  design  par.amerers  to  correct  this  problem  include  the  geometry  of 
the  applicator  and  the  sensitivily  of  the  flow  field  to  boundary  conditions  is  of  major 
interest.  The  Compiitalional  Fluid  Dynamics  (CFD)  simulslinn  and  analysis  package 
FITtE  is  tised  to  predict  the  flow.  The  flow  of  gases  involved  is  treated  as  that  of  a 
steady,  viscous,  incr.mpressihle  fluid.  Results  for  hoth  two-  and  three-dimensional  case.s 
demonstrate  that  the  deposition  proress  can  be  improved  by  injecting  the  flow  at  on 
angle  counter  to  the  dire-lton  of  gla's  motion,  and  that  CFD  irehniqui.s  can  be  suc¬ 
cessfully  used  to  predict  the  floiv  behavior  of  att  .APCk’D  applicator  system  and  help 
optimi**  its  design. 
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i.  Introduction.  .Atmospheric  Pressure  Chcrtiical  Vapor  Deposition 
(APCVD)app!icatots  are  used  in  the  production  of  thin  film,  coated  glass 
products  like  architectural  glass  where,  for  example,  low  emis-sivity  thin 
coalings  such  as  tin  oxide  ate  applied  to  the  interior  surface  for  the  purpose 
of  reducing  the  heat  loss  from  buildings.  They  can  also  play  a  significant 
role  ill  the  development  of  automotive  p.arts  such  a.s  c.ar  windshields  (thin 
films  sandwiched  in  l.irninated  glass  to  seve  as  transparent  heaters)  and 
sidelights  (privacy  gln.ss  with  solar  load  reduction  {2C-.‘10'/T,  transmission]). 
The  design  of  applicators  to  deposit  these  films  is  cruci.il  to  the  quality 
of  the  etui  product.  In  addition,  APCVD  appdicator.s  may  be  employed  in 
tandem  to  lay  down  a  sequence  of  coatings.  .An  effective  .APCVD  applicator 
sy.stern  must  keep  the  operation  of  adjacent  ipp’icau.rs  independent  of  each 
other. 

Presently,  many  on-line  glass  coalings  are  performed  using  powder 
spray  applicators.  This  process  is  open  to  the  atmn.sphcrc  and.  therefore, 
susceptible  to  air  currents  leading  to  imperfections  in  the  final  product 
One  of  the  probletiis  associated  with  this  process  is  the  niottle/h.aze  ere 
ated  on  the  tinted  glass  prodnef.  On  the  other  hand.  APCVD  applirators 
arc  placed  inside  the  tin  hath  where  gas  currents  are  minimized.  In  present 
■APCVD  applicators  design,  the  deposition  gases  are,  fed  through  a  narrow 
channel  at  its  lower  exit;  this  is  shown  schemalicttliy  in  Figure  1.1.  The 
glass  ribbon  underneath  is  moving  at  a  speed  of  400  in/min  (0.160  m/s)  at  a 
temperature  of  about  (iU-)''C(l  120’F).  The  gases  are  then  extracted  through 
two  exhaust  manifolds  positioned  at  opposite  tides  of  the  .applicator.  The 
exhaust  design  must,  remove  reaction  by-prodiict.s  without  inhibiting  the 
reaction  or  interfering  with  the  reducing  tin  bath  atmosphere. 

In  the  architectural  glas.s  example,  a  tin  oxide/silicon  dioxide  fcmr-);iyer 
stack  could  be  used  as  an  interference  filter  to  reduce  the  color  from  a  thick 
till  o.xide  film  coated  on  top  of  the  stark.  The  tin  oxide  reflircts  heat,  while 
the  four-layer  stack  underneath  suppresses  the  unwanted  color  of  the  tin 
and  acts  a.s  a  passive  diffusion  barrier  to  in.siilate  and  protect  it  from  the 
sod-a  lime  gla.ss.  Any  non-uniformity  in  the  gas  flow  across  the  glass  ribbon 
would  lead  to  film  thickness  non-uniformiUes  that,  would  become  evidt  iit 
through  a  dramatic  discoloration  on  the  glass  surface.  With  the  APCVD 
applicators  bring  considered  the  velocity  field  retains  a ’‘memory''  of  the 
holes  corresponding  their  locations  upstream  in  the  feed  maiiifuld  The 
effect  of  the  applic.ator  feed  holes  on  the  applied  coatings  is  evident  by 
concentration  ‘‘peak.s".  as  depicted  in  Figure  1.2.  It  is  diflic ult  to  etas.--  this 
hole  memory  effext  if  the  mi.xing  pruci-ss  of  the  gas  streams  is  inefficient. 
However,  maintaining  a  simple  arirl  yet  robust  applicator  system  is  e«jsenti.al 
to  the  manufacturing  process. 

Computet  modelling  and  sirriulatioii  uf  .APCVD  applicators  i.“  attrac¬ 
tive.  since  it  is  cost  effective,  versatile  and  flexible.  The  result  is  an  en¬ 
hanced  aliiiiry  to  visualize  the  flow  and  monitor  gas  mixing  within  the 
applicator  environment,  as  functions  of  the  geometry  and  boundary  rondi- 


moving  glass  surface 


Fiti  1.1.  vf  <j  *i,pn:u*  AFC*'JJ  u^}iUrii'jr  systirrt 


thm.  through  a  variety  of  flow  parameters  sudi  as  velocities,  temperatures, 
etc.  The  primary  objective  of  the  p<rewut  study  is  to  model  and  simulate 
the  steady,  viscous,  incompressible  gas  How  in  a  APCVLi  applicator  sys¬ 
tem.  The  Computational  Fluid  Dynamics  (CFD)  package  MRK  is  used  for 
this  purpose.  Two  and  three-dimensional  models  are  invc.siigaled. 

Knowledge  of  the  flow  held  within  the  applicator  is  necessary  to  allet  i- 
afe  the  problems  outlined  earlier  and  suggest  po-ssible  design  modification; 
mainly  to  eliminate  any  deposition  hole  memory  effect,  improve  the  film 
thickness  uniformity  acro^.s  the  ribbon  width,  reduce  haze  due  to  ga^  pha.se 
nucleating  particulates,  and  generally  improve  filtij  deposition  elliciency 

2,  Process  aud  apparatus  description.  APCVD  is  a  process  that 
combines  Chemical  Vapor  l>epositk.>;i  (C\'D)  wiMi  a  conveyor  operated  fur¬ 
nace  at  atmospheric  pressure.  It  ririgin.nfctl  in  the  microric, -ironies  indii.stry 
as  a  way  to  manufacture  printed  circuit  boards.  Today,  it  is  principally  used 
to  produce  thin  filnw  for  diffrront  coating  pracensrs  withoui  the,  use  of  a 
v^uuiu.  It  is  considered  to  he  n  produrtion-oriented.  cost-effective  means 
for  providing  high  quality  coatings  (Gralenski.  ISS  t).  CVD  usually  involves 
the  delis'pry  of  more  than  one  g.^scous  chemical  to  a  heated  surface  where  a 
reaction  occurs.  The  re.acfion  can  also  happen  befr re  the  chcniicais  reach 
(lie  surface,  alihough  this  is  not  often  desirable.  Reaction  hy  prodiicls  are 
vented  out  through  eKhaiists  chimneys.  Multiph:  coatings  are  also  possilile 

*  The  thickne*.  nt  these  films  is  tm  the  erder  few  hundred  .Ansalroms  (J  Aii^Mioiri 
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Velocity  fieid  retains  "memory”  cf  hole  locations 


i'lO  1,2.  r,pr's':i  Kilin  rf  nivatv*  t)  ht<lr  m>r>i'iry 

ihronali  furiiarrs  supplied  with  iiiullistagc  APCVD  system!-. 

Each  APCVD  applicator  system  consists  of  a  gas  feed  and  Uvo  e\-hni)st 
chimrieyt  ;  a  two-dimensional  representation  of  one  being  stiidied  is  given 
in  Figure  2  1  It.  is  designed  to  distribute  the  mixed  gases  across  a  5-ft 
wide  gla;:.*-  rilihoii  pa.ssing  under  the  i.-oatiiig  api>lirator  systeni.  The  gas 
fn  d  side  C011SI5I.S  of  ai.  upper  matii.'old  in  the  form  of  a  0.5  in.-vvide  and  2  -5 
in.  loiig  cliaiiiiel  that  eontains  the  gas  inlets,  and  a  narrower  lower  rhannrd 
0  125  in  in  wnith  and  3.0  in.  in  lengtli  that  operates  as  an  injei-tor  with 
an  exit  in  the  dcjirisition  area  facing  the  gla.ss  top  surface.  The  function 
of  the  injector  is  <  >  effn-iivtly  deliver  the  gasc-euis  chemicals  to  the  li<’ated 
g'a^s 

I  her-"  are  t».t  .srp.i-.ifr  streani.s  of  gasr  s  which  are  introdueed  up.streanv 
from  opposite  side-  of  ti  e  upper  channel  through  two  arrays  of  O.OOT-in.- 
di.airctrr  di^l:lhution  holes  (see  Figure  1.1  h  The  holes  ate  distrihuted  0.-5 
in  apart  an  d  positioned  tt.2"i  in.  below  the  top  of  the  channel  in  the  2f>-in. 
middie  p.-gn'ient  of  lie  60  in.  applicator  span  Tlio  two  fluids  flow  through 
the  side  hol'-s  in  parallel  srreams  at  30''  angh-  with  the  normal  to  eacli  siir- 
fnc'-.  creating  twostrr.im.s  counter  to  one  another.  The  gas*'s  are  siipipiied 
f the  holes  from  C'ne  end  of  the  0.5- in. -diameter  horizontal  luhe  of  the  feed 
chamber.  Th."-  total  flow  rate  is  200  hler/itiin  over  a  2  ft  width.  There  is  a 
split*  -r  jilate  separating  the  two  gas  streams  as  they  enter  the  upper  mnn- 
if  'hi  hnniiel.  this  plate  extend.s  along  half  the  length  of  the  channel.  The 
function  of  the  spiittri  plaf  ’  is  to  delay  the  mixing  proces.s  in  order  to  p>re- 
vrn'  .I'ly  possilde  i  rei  ipira'ion  resulting  frotii  premature  reaction  lu'twcm 
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moving  glass  (673  oeg  K) 


Flo.  i.1.  ef  en  AFC'I'D  afp<Ka?s/»' 

she  two  gas  stmams;  spontaneous  lo'.v-tenjperatuff  'factio'i  iTiSy  occur  in 
some  eases. 

The  two  gases  are  ihcii  passed  tlirongh  to  the  second  narrow-  r  channel 
to  eventually  I  the  surface  of  the  moving  glass  ribbon.  This  injector 
channel  exit  is  0.5  in  above  the  glass  top  surface.  The  lr\v>  ■■  channel  of 
the  applicator  is  iiitenially  cooled  with  water.  However,  th,"'  -'mperature 
of  the  flowing  gas  is  maintained  around  or  over  150'’(‘  in  tn  case  of  tin 
oxide  reactor.  Most  of  the  mixing  between  the  two  streaniJ  o  .nr  prior  to 
the  entry  to  the  narrow  channel  As  staled  earlier,  the  glas.s  substrate  is 
movingiirideriKat.il  the  applicators  at  an  a|>pr')xiinale  speed  o*'  100  in/min 
(0.169  m/s).  The  coating  gas  is  applied  to  the  glass  while  it  is  moving  inside 
the  molten  tin  hath.  At  this  point  the  gla.‘s  siirfitce  is  at  an  approximate 
temperature  of  60.5’f'  ( 1 120'!'^.  The  upper  .airfare  i.f  the  appdi'.ator  sysferii 
facing  the  gla.'s  is  maintained  at  a  cfintrollt-d  temperature. 

In  the  silico  reactors,  the  silicon  dioxide  (SiOv)  layer.*  are  formed  from 
the  reaction  of  silane  (hiIl4)(0.-VI  ^e)  vvith  oxygen  {>  50  05)  The  ri  actants 
are  pre-mixed  (i-2%  silane)  in  the  applicator  manifold  and  m.aintainrd  at, 
room  temperature  (20'C).  Premature  reaction  may  ocrur  if  the  reactant 
teiiiperalure  and  flow  are  not  kept  under  control.  In  the  tin  oxide  reactor 
the  till  oxide  (SiiOj)  layers  are  firmed  from  the  reaction  of  tin  tetrachlo¬ 
ride  (SiiCU)(2-3  %)  and  w.ater  vapor  (29?  11  jO)  in  nitrogen  at  about  1  lO’C. 
These  reactaniB  can  be  pre-mixed  before  entry  to  the  feed  m.anifold  if  de¬ 
sired. 

The  two  exhai.’st  chirnneys  are  in  the  fcrni  of  iwe,  v«  rtiial  tiCtiiiigiMar 
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cilonnfis  O.n  in.  in  width  and  located  at  a  distance  of  6.0  in.  from  either 
side  of  the  injector  channel.  Their  task  i«  to  remove  ihe  by-product..':  of  the 
reaction  without  inhibiting  it.  The  exit  ports  of  the  e.'chaust  manifolds  are 
maintained  at  a  controlled  temperature  and  pressure  near  vacuum.  This 
ensures  that  tlie  flow  from  two  adjacent  applicator  systems  stays  separated. 
Makeup  air,  if  needed  for  the  chemical  reaction  and/or  to  prevent  the 
reaction  deposits  from  fouling  the  exhaust  manifold.^,  is  supplied  from  ports 
located  between  the  adjacent  applicators.  The  ambient  air  is  nitrogen  wivh 
3-.j  %  hydrogen.  Tlecause  of  the  motion  of  the  glass,  there  is  a  strong  flow 
of  gas  along  the  ribbon  towards  the  sling-out  (at  the  end  of  the  tin  bath). 
The  e.\ces.s  gas  flow  rate  due  to  entraininenl  is  igne.red  since  it  docs  not 
substantially  contribute  the  main  How. 

There  are  sev’ral  problems  associated  witli  this  proee<w.  Foremost  is 
the  dc-velopment  of  non-uniformity  on  the  glass  surface  in  the  form  of  streak 
lines,  due  to  the  lioli-  memory  effect  that  is  created  as  the  flow  propagates 
downstream  from  the  holes.  .4ny  non-uniformity  or  streaking  due  to  the 
gas  flow  shows  up  as  a  discoloration  of  the  coating  on  the  gla.ss  surface,  it 
is  important  to  note,  that  in  thin  film  technology,  thickness  variation.'  often 
produce  apprecial-le  variations  in  physical,  ciiemical,  electrical,  or  optical 
properties  (Grelcnski.  lf)84). 

3.  Flow  cliaraeferistics.  It  is  helpful  to  have  an  idea  of  the  ha.sic 
features  of  (he  flow  so  that  we  can  evaluate  our  numerical  predictions  for 
reasonableness.  'I'lie  velocity  distribution  of  the  flow  at.  the  inlet  to  the 
feed  manifold  is  considered  uniform  Fxamining  the  Reynolds  uuinber  of 
the  flow  based  on  average  velocity  and  channel  width,  we  glitain 


Hr 


in  the  upper  channel',  riioin  conditions  arc  assumed  for  the  fluid,  i.e..  roojn 
temperature  of  20"C'  and  armoepheric  pressure.  Jii  flie  above  (irfinition. 
V  is  the  average  velocity,  11  is  the  channel  width,  and  v  is  the  kinematic 
vi.scosity. 

The  low  Reynold,'  number  suggest*  that  the  flow  is  well  into  the  laniinar 
range  For  steady,  twodimensional  incomi>tessible.  isothermal  flow  uf  a 
bewtoninn,  isotropic.  homogriicf.'uy,  viscoits  fluid  between  twofi.xed  (Mrslle) 
flat  plates  the  critical  Reynolds  nuinlier  at  which  tr.'insilion  from  lainiiiar 
to  turbuleiir  flow  occurs  is  approximately  l-jOO  (Potter  .ant!  Foss,  19S2).  At 
the  end  of  the  narrow  injector  channel,  the  fi'.>w  oxcerds  its  laminar  entry 
length  L,  given  by  the  relationship  (Sclilicliliiig.  U'79) 


and  is  fully -developo'l  with  Poiseuille's  parabolic  velocity  prefile;  L,  =:  1.!‘4 
in.  wlierea'  the  length  of  the  ntirrc'w  injecior  rhanurl  is  .1  in. 
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In  thr  ahsencfi  of  tiirbiilenee,  thrrc  is  no  effective  mechanism  for  mixing 
between  the  two  gas  streams.  It  is  clear  that  the  laminar  mixing  (primar¬ 
ily  due  to  molecular  diffusion)  between  the  two  streams  occur  in  the  upper 
manifold  channel,  after  the  splitter  plate  prohibits  any  mixing  that  may 
otherwise  take  place.  Further  downstream,  we  would  expect  two  small  sep¬ 
arated  regions  to  exist  on  both  sides  of  the  upper  channel  in  the  region  of 
contact  with  the  lower  narrow  channel,  where  the  area  is  reduced  signif¬ 
icantly.  Massive  separation  is  not  expected  in  this  region  due  to  the  low 
Reynold.s  number.  However,  we  expect  to  sec  a  more  pronounced  sepa¬ 
ration  occurs  in  the  vicinity  of  the  exit  of  the  injector  channel  where  the 
flow  meets  the  moving  glass.  There  should  also  be  recirculating  regions  on 
cither  side  of  the  exiting  jet,  with  different  pattern  of  recirculating  fluid 
due  to  the  motiem  of  the  glass  ribbon  underneath. 

A  vortex  stnicfiire  tan  be  identified  near  where  the  deposition  occur*. 
As  the  exiting  jet  approaches  the  moving  glass,  a.  vortex  Ictop  forms  from 
the  action  of  the  jet  velfifity  piofllr.  This  loop  moves  toward  the  .stagnation 
streamline,  and  reorients  its  path  to  diffuse  into  the  boundary-layer  fluid. 
Inside  the  bcumdary  layer  the  loop  is  stretched  and  its  vorticity  is  increased 
as  the  flow  spreads  along  the  glass. 

Away  from  the  separated  flow  zone,  the  velocity  profile  above  the  mov¬ 
ing  glass  surface  woitld  be  that  of  general  Couette  flow  between  two  parallel 
flat  walls  (Schlichtiiig,  197S*).  with  decreased  pre.ssure  in  (he  direction  of 
wall  motion  (i.e..  negative  pressure  gradient ,  <  0).  From  the  no-slip 

boundary  condition,  the  velocity  on  the  lower  wall  is  identical  to  that  of 
the  moving  glass  and  becomes  zero  at  the  upper  fixed  wall;  a  simple  Tou- 
ette  flow  with  linear  distribution  will  result  in  the  rase-  of  zero  pressure 
gradient.  Actually,  the  velocity  distribution  should  be  a  superposition  of 
ib.e  simple  Couette  flow  and  the  parabolic  profile  of  a  .steady  parallel  ficiw 
in  a  straight  channel  with  two  parallel  fixed  walls.  The  flow  should  not  be 
evenly  split  between  the  two  sides  of  the  chamber  due  to  the  motion  of  the 
glass  Tlii.s  wonid  rc.si)lt  in  a  lower  velocity  in  the  region  where  the  flow  is 
moving  in  the  direction  opposite  to  the  motion  of  the  glass.  Moreover,  the 
buoyancy  effect  due  to  the  temperature  differential  between  the  lower  and 
upper  walls  should  play  a  role  in  the  dynamics  of  the  flow  here. 

At  the  far  ends  of  the  moving  gla,s.s,  both  upstream  and  diAviisIream. 
the  velocity  profile  woiihl  be  tlw  .•atiie  that  dcscrih'-tl  above.  However, 
an  assuiniption  of  simple  Couette  flow  is  used  in  the  romputer  jiKidel  due 
to  the  negligible  eff.  ct  of  theiie  |»rofiles  on  the  computation.  A  repeated 
boundary  rondiiioii,  which  is  presently  not  an  available  feature  in  FlTtF., 
would  have  been  more  appropriate.  The  outflow  conditions  at  ,he  exit 
plane  of  both  exhaust  manifolds  ate  assumed  to  resemble  fully-developed 
channel  Row.  ivitii  a  near  parabolic  velocity  di.stribution. 

It  IS  certain  that  the  vrlorify  field  within  the  applicator  system  de¬ 
scribed  above  will  be  influenced  by  boundary  conditions.  I'hcse  include 
the  velocity  profiles  at  the  inlets  and  outlets,  speed  of  the  moving  gla,ss. 
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pressure  considerations  at  the  exhaust  ports,  as  well  as  the  temperature 
distributions  within  the  flow  and  among  the  boundaries..  The  velocity  field 
does  not  change  significantly  as  the  fluid  enters  the  narrow  injector  channel, 
and  retains  memory  of  the  holes  corresponding  the  their  upstream  locations 
in  the  feed  manifold.  Additionally,  it  i.s  interesting  to  note  that  we  observe 
hole  memory  effects  even  when  the  glass  is  moving  slowly  or  at  a  standstill. 
These  streaks  are  more  pronounced  in  the  case  of  tin  oxide  rather  than  the 
silica. 

Regarding  the  fluid  properties,  the  gases  involved  are  essentially  pres¬ 
surized  nitrogen  (>  <)o%)  which  is  passed  through  liquid  chemicals  to  create 
the  desired  gaseous  .solution.  Practically,  the  fluid  flow  is  considered  as  that 
of  an  incompressible  air,  and  the  fluid  density  and  viscosity  .ire  the  same 
as  that  of  air  at  altnospheric  pressure. 

4.  Project  goal.  Our  goal  is  the  design  of  an  APCVD  applicator 
that  exhibits  optimum  coating  performance.  This  implies  creating  a  film 
thickness  acro.ss  the  entire  ribbon  widt  h  flmt  is  uniform  and  devoid  of  any 
deposition  hole  memory.  Additionally,  adjacent  applicator  systems  must 
operate  independently.  The  geometry  and  dimensions  of  the  applirntor 
are  of  particular  interest.  These  include  lengths  and  widths  of  the  upper 
manifold  channel  .and  lower  injector  channel  of  the  feed  system,  height  of 
injector  channel  above  the  glass  surface,  position  of  both  upstream  and 
downstream  exhaust  manifolds,  location  of  makeup  air  inlets.  «»  well  as 
the  separating  distance  between  adjacent  applicators.  Also,  the  influence 
of  various  hole  shapes,  sizes,  spacing,  distribution  patterns,  and  (he  angle 
of  the  flow  through  the  holes  into  the  feed  manifold.  While  these  are 
important  parameters,  they  will  not  be  the  subject  of  analysis  in  this  paper. 

In  deferenep  then  to  the  above  geoinetrieal  parameters,  we  are  con¬ 
cerned  with  investigating  the  effect  of  the  following  on  the  ga.s  flow  pattern 
and  mixing  efficiency: 

n  G»«  flow  r.afrs  and  velocities,  including  the  inflow  and  llie  outflow 
ports  {which  are  affected  by  the  speed  of  the  glass  ribbon  creating 
an  unbalanced  exhaust  flow). 

nJ  Entrainment  air  flow  above  ilie  glass  ribbon  (which  is  drafti-il  from 
the  surroundings  at  the  edge  of  the  applicator) 

O  Temperature  gradients  and  buoyancy  effects. 

O  Boundary  layer  flow  kefiaration,  and  stagnation  region  formation 
in  the  near  vicinity  of  the  exit  of  the  narrow  injector  channel  (as 
the  flow  hits  the  moving  gla.ss);  these  phenomena  may  enhance  the 
formation  of  undesirable  particul.ates. 

Q  Manner  of  gas  introdur.tinn  (c.g,.  through  holes,  slits)  and  the  angle 
of  the  injector  cIiHrinel. 

Another  motivation  for  our  effort  is  the  devckipriient  nf  a  clear  under¬ 
standing  of  the  kinetics  of  the  chemical  reaction,  primarily  to  identify  the 
reaction  time  and  reaction  zone  length.  This  is  also  related  to  the  available 
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flow  ratfs  and  exhaust  manifolds  design,  which  must  allow  the  removal  of 
maction  by-producta  without  inhibiting  film  deposition.  The  chemical  re- 
aftion.s  involved  in  The  APCVD  process  take  place  on  an  atomic  scale  are 
by  no  means  trivial  to  assess.  We  will  not  address  these  is,sijes,  however,  in 
this  study. 

5.  Simulation  software.  Solutions  to  extremely  large  and/or  com¬ 
plex  flow  problems  arc  increasingly  more  feasible  due  to  continuing  ad¬ 
vancements  in  computing  power.  The  CFD  code  FIRE,  developed  by  AVL, 
Austria,  is  used  to  solve  this  flow  problem.  FIRE  (Bacbler  et  a1.,  1992)  is 
a  general  purpose  finite  volume  based  computational  fluid  dynamics  anal¬ 
ysis  package,  used  to  solve  incompressible  and  compressible,  viscous  fluid 
flow  problems.  It  is  a  menu-driven,  fully  interactive  (with  built-in  graph¬ 
ics  capahilifiesj,  multidimensional  software  that  can  simulat*-  steady  and 
unsteady  flows  that  contain  fixed  or  moving  boundaries,  ft  can  handle 
both  laminar  or  turbulent  flows,  Newtonian  or  non-Newtonian  fluids,  and 
non-isotherinaJ  flows  as  well. 

We  performed  calculations  on  both  the  .4po!lo  DNTOOOO  and  nP730 
wc>rkstations.  Hun  times  varied  according  to  the  number  of  volume  grids, 
time  step  size,  and  convergence  criterion.  As  one  might  expect,  the  choiee 
of  8  suitable  lime  step  was  critical  to  the  convergence  characteri.stics  and 
and  validity  of  the  eml  reiults. 

6.  Restiltsandl  fliscMssinn.  Wecalculateii  velocity  components,  pres¬ 
sures.  and  temperature.^  ami  present  plots  of  these  variables  along  with 
contours  of  a  qii-mfity  called  ’"pa-itive  scalar.’'  The  f>»ssive  scalar  represent 
a  trace  of  fluid  particles  as  the  calculation  aiivanees  in  lime.  Think  of  it  as 
injecting  colored  dye  into  the  flow.  Expressed  as  a  number  between  0  and 
1,  it  represents  the  fraction  of  new  fluid  present  in  a  computational  cel), 
The  results  can  be  divided  as  two-iliineiiaioriMl  or  thrw-diinensional.  The 
latter  is  critical  to  understanding  the  hole  nienior>  effect  while  the  former 
beconie.s  relevant  once  this  effect,  is  minimized 

8.1.  Two-dimensional  flow  test  cases.  The  .st.irlirg  point  for  mir 
analysis  is  the  consideration  of  the  tvvo-dimenstonal  flow  proTiUrn.  It  is 
important  to  thoroughly  analyze  this  case  hrcatise  oncf  the  hole  memory 
effect  is  eliminated  the  flow  will  indeed  become  twodimensional 

We  a.sstime  the  flow  to  enter  the  lop  of  the  upper  manifold  channel  at 
ft  uniform  velocity  of  0  -131  iii/s  per  unit  depth.  The  two  gases  in  the  upper 
channel  start  to  form  a  parabcdic  velocity  profile  after  they  pas»  tin-  splitter 
plate.  Two  small  recirculation  regions  form  in  the  bottom  corners  prior  to 
entering  the  narrow  Injector  channel,  ns  rxpeeted.  T»f»  dialmct  separated 
regions  with  recirculating  flow  are  present  below  the  exit  of  the  injector. 
The  sire  of  these  srpar.Si.ed  regions  depends  on  the  velocity,  inclination, 
and  height  above  t.h«-  glass  surface  of  the  jet  issuing  from  the  exit  of  the 
injector,  as  well  a*  the  speed  of  the  glass  surface  and  any  thermal  gtadirnts 
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present.  In  general,  the  separated  region  upstream  is  smaller  than  that  aft 
of  the  jet.  The  diiTetcnt  cases  used  to  investigate  the  influence  these  factors 
on  the  flow  field  are  presented  below. 

6.1.1.  Injector  flow  normal  to  the  glass  motion.  This  section 
considers  the  geometry  where  the  injector  channel  meets  the  deposition 
chamber  at  a  right  angle,  as  shown  in  Figure  2.1.  The  velocity  profiles, 
passive  scalar  contoiir.s,  and  temperature  distribution  arc  given,  respec¬ 
tively,  in  Figures  6.1,  6.2  and  6.3  at  time  t  =  0.61  sec.  There  is  a  large 
separated  region  just  down.strcam  of  (he  jet  near  the  upper  surface  of  the 
deposition  chamber,  a.s  well  .-w  a  smaller,  hut  still  significant,  recirculation 
region  just  upstream.  A  large  downstream  separated  region  aids  in  inrrea.s- 
ing  the  gas  velocity  neat  the  glass  surface  by  effectively  acting  as  a  harrier 
.around  which  the  ga.«  jet  must  go  However,  the  upstream  separation  cotm- 
icracfs  this  effect  aomcwh.at  since  it  is  located  near  the  glass  surface  and 
r.austs  the  fluid  to  lift  up.  The  passive  .scalar  indicates  that,  as  one  might 
expect,  the  fluid  has  a  strong  tendency  to  move  in  the  direction  of  glass 
motion.  Although  the  gla.ss  surface  is  ikcated.  we  initially  maintained  hoih 
llie  injected  g;is  and  the  remaining  applicator  walls  at  room  temperature. 
From  the  temperature  distribution  in  Figure  6.3.  it  b  evident  that  the  jet, 
due  to  its  high  velocity,  causes  a  local  cooling  in  the  deposition  *onr,  and 
that  the  tenipersrure  gr.adient  in  the  upstream  segment  of  Uie  depovitiort 
chamber  is  almost  uniform.  The  same  flow  pattern  described  above  is  also 
demonstrated  at  t  =  3.0  see  in  Hie  plots  of  the  veiocity  profiles  (Figure 
6.'1)  and  passive  scalar  (Figure  O.o).  The  latter  shows  a  near  total  flu.sh  of 
the  old  fluid  inside  the  applicator  system  by  this  time.  The  total  prc.ssure 
distribution,  exhibited  in  Figure  0  6  at  t  s=  2.98  sec,  indicates  a  pressure 
loss  as  the  flow  moves  down  the  injector  channel,  as  well  as  h  relatively  high 
pressure  in  the  deposition  zone  located  ne.xt  tr  the  low  pressure  .separated 
flow. 


im 
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Fic,  6.1.  %‘tlKity  /■>!•  i?.f  I'le-i'.mr.sii’izl p.ii  iifi  •rj''?'”';  f  = 

0.61  str. 


FlO.  6.1.  Fa.'*!??  ttilet  /■Dtiir.Hrt  Jer  tht  fit«.ir.%cr.»iemi’ (Im  tot  w.tt  notmsl  tn}ie 
1(,t;  t  =  061  $tt. 
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Fkj,  ft. 6.  Total  press^n  distributiou  for  iht  fi:  *:  Hirn^nA^-i-^cl  floL’  cosr  unth  Aorr^al 
inje^lov  t  ^  2.08  5rf. 


To  examine  the  influence  that  the  efficiency  of  the  exhaust  manifold 
of  an  upstream  applicator  has  on  llie  flow  field  of  the  next  applicator, 
we  imposed  the  outlet  velocity  on  the  left,  ns  a  boundary  condition  on  the 
upstream  (right)  end  of  the  deposition  chamber.  This  would  model  the  case 
where  the  previous  applicator  was  allowed  to  flow  freely  into  the  next  one. 
The  velocity  profiles  and  passive  scalar  are  pre.senfcd  in  Figures  6.7  and  6.8 
respectively,  at  t  =  0.37  sec.  It  is  clear  that  the  jet  flow  is  dominated  by 
the  high  velocity  upstream  incoming  flow,  producing  low  velocities  and  a 
lift  up  of  the  jet  from  the  class  surface  in  the  deposition  zone.  This  results 
in  low  applicator  elhciency.  and  implies  that  \vc  have  to  insulate  adjacent 
applicators  from  each  other. 
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Fig.  6,T.  Wl'fcili  p-)fiUs  /»r  fe*  fi't'ji  «*r  vu(.  lorr.i/  inictl'.r  r.iA 

fsn:i  lijsirccia  ft?!:':  t  =0.3“  S'r. 


Fra.  6.8.  Pttsjnt  tttUr  tenltn-s  for  SD  i-ax  I’ilA  acTnai  in,'a‘!c»-  cni  J-trtti 
Vfltrcsii,  I  =  0.3T  i  tc 
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Figure  6.9  depicts  the  velocity  profiles  of  the  flow  at  /  -  0.127  sec 
when  the  glass  ribbon  is  slowly  moving  at  12  in/min  {0.00.olm/.s)®.  It 
shows  a  considerably  larger  upstream  separated  region,  more  flow  moving 
upstream,  and  lower  velocity  by  the  glass  surface. 


Fig.  6.9.  lV/<vcify  p7zjylts  Jor  iht  ^.D  fc.tf  jjn/f  phis 

moiinp  ct  12  \r./*:\in;  t  =  0.127  ac. 


6.1.2.  Effect  of  temperature  gradient.  VVe  next  reduced  the  tem¬ 
perature  difference  across  the  height  of  the  deposition  chamber  by  >nrTea.v 
ing  the  up'per  surface  from  room  temuerature  to  d.W''  C.  TW  vehicity  pro¬ 
files  ate  presented  in  Figure  6. 10  at  i  =  8.5  sec.  It  shows  a  ralhei  diminished 
upstream  recirculation  as  the  flow  becomes  less  buoyant.  Ihe  velocity  near 
the  glass  in  the  deposition  zone  is  decreased  with  decreased  temperature 
differential;  ius  tna.ximum  value  is  1.21  in/s  compared  u»  1.47  m/s  for  the 
case  of  high  tliernial  gradient.  This  poses  a  delicate  problem.  On  the  one 
hand,  too  much  recirculation  created  by  a  high  th<’rma)  gradient  roiild  pro¬ 
hibit  the  chemical  reactioii  and/or  rau.se  unwanted  paiticiilafes  to  depo.sit 
on  the  glass  surface.  On  the  ether,  elevating  the  temperatuie  along  the 
upper  walls  could  promote  a  premature  reaction. 

6.1.3.  Effect  of  iiijcctioii  angle:  flow  at  30“.  -15"  and  -45".  To 

Study  the  effect  of  injection  angle  on  the  jet  impact  on  the  gla.ss  and  the  size 
of  the  separated  regions,  we  modeled  the  jet  with  Jiffeienl  injection  anglr-s. 


*  WV  /illos«3  (he  glass  ribbon  to  move  at  SpiX’il  tir  nit'xii.!  CvIIiIItCrCaM  ly 
devices 
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FlO.  6.10.  %wcilf  f‘jr  Iht  CD  Jim  Cist  itKtk  nfirr.^<  ir>)tcttr  oni  upper  jtpi 

mtisn  chscr.her  surjin  p,  si-itiiucJ  at  35<Y'C';  I  =:  S  ISl  sr;. 


The  injection  angle  S  is  ineasured  fcom  the  vertical  axis  porpendiculat  to 
the  glass  surface,  and  defined  to  he  positive  in  the  clockwise  direction. 
Thus  positive  aneh-s  have  the  injection  channel  pointing  in  the  direction 
of  flaw  motion,  while  negative  angles  have  the  channel  pointing  counter 
to  gJa.ss  motion.  The  velocity  profile  for  these  flow  ate  displayed  in  Figure 
6.11  for  9  —  30’  and  t  -■  4.0  sec,  Figure  6.12  for  9  =  —15“'  and  t  =  8.47  sec, 
and  Figure  6.13  for  5  =  -15‘  and  <  =  0.127  sec.  ANi»  the  total  pres.surc 
distribution  for  the  case  with  &  =  —Jh"  Is  shown  m  Figure  6.14  at  t  =  4.i 
see.  For  all  of  these  cases,  the  temperature  of  the  upper  surface  of  the 
deposition  chamber  is  niaiiitaiiied  at  350''C. 
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Fig.  C.I^.  Yttocitj  for  thr  two  jhu>  ffiir  k’itK  inj^ctivn  S  » 

-45^-  f-0127*tA'. 


Fig,  6.14.  Tits/  iK^  f  /ft'Or  ?e*t  with  in^c?f*’:»n 

sn^h  0  =■  — IS^**  t  =  S.4T  .'ri". 
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ri<t.  fi.lS.  Afixijr;k‘i  dtfcri'ian  n^lteiti/  st  tjuntlu^i  (fyl  <>n<)U. 


In  tbff  case  of  0  =  30'’.  wo  clearly  observe  a  reduced  dow’nsireaiii  sepa- 
rated  region  ami  an  incrotised  upstream  reeirctilation.  This  upstrsam  rone 
'lifts'  the  jet  upward  and  away  from  the  glass  surface,  causing  I  la  veloci¬ 
ties  by  the  glass  surface  to  he  smaller  in  magnitude  For  9  with  the 

jet  direction  counter  to  the  glas«  motion,  there  is  a  larger  downstream  sep- 
aratioti  comp.ared  to  the  standard  rase  of  injection  at  a  right  angle  {0  =  O’, 
see  Figure  6.10).  The  reduction  in  flow  area  due  the  presence  of  the  larger 
downstream  separ<ated  region  pushe.s  the  jet  further  <1  ’.vn  toward  the  glass 
surface,  and  also  accelerates  the  flow  in  the  proxinn'  v  of  the  glass  surface. 
Tlii.s  rffert  is  accentuated  in  the  case  of  9  =s  —40"  in  that  it  forcca  the  jet 
even  further  down.  Tlie  recircul.ation  upstream  almost  disappears  and  the 
incoming  flow  near  th''  upper  surface  is  slowed  down;  but  there  is  a  bigger 
separated  region  downstream.  Ftoiti  tlie  preceding  observations,  it  is  evi¬ 
dent  that  the  deposition  velocity^  decteasis  as  a  function  of  the  jet  angle 
ft,  as  shown  in  Figure  6.15.  The  asymptotic  v.alue  depicts  the  limiting  case 
of  a  jet  moving  p.iralle]  to  the  glass  (fi  -  DO’). 

It  thus  appears  that  by  .mgling  the  injection  channel  in  a  direction 
opposite  to  the  glaKs  luoticm  we  can  suppress  the  up.stream  separated  region 
and  move  it  further  upstream.  This  causes  the  maximum  velocity  and 
the  total  pressure  near  the  gla.ss  surface  in  the  iimnedi.atf  vicinity  of  the 
deposition  rone  to  increase,  which  is  desirable  for  higher  quality  deposition, 

’  DefUicU  as  the  mavininm  sclociiy  among  the  row  of  grid  t:*.!!  j(i»|  jhr.ve  thr 
surfac*.' 
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and  keei»  the  jet  on  or  near  the  flaps  surface  for  a  longer  distance.  This 
is  an  interesting  upshot  and  rather  counterintuitive,  since  present  APCV'^D 
systems  have  injector  devices  jetting  the  fluid  either  normally  or  at  an  angle 
In  the  direction  of  glass  motion.  We  are  currently  developing  an  invention 
disclosure  on  this  new  approach. 

6.2.  Three-Dimensional  flow  test  case. 

6.2.1.  Irrjcction  via  side  holes.  We  need  three-dimensional  mod¬ 
elling  to  both  detect  and  correct  for  the  effect  of  hole  memory  on  the  flow 
field.  This  test  case  corresponds  to  the  original  design  of  the  actual  experi¬ 
mental  model.  Since  the  number  of  volume  grids  reqtiired  is  large  resulting 
in  extensive  computation,  only  a  section  i>f  the  applicator  is  selected.  This 
section  contains  two  holes,  one  on  each  side,  feeding  the  ga.ses  at  30*  angles 
normal  to  the  channel  sides  (vee  diagram  below).  The  area  of  each  hole  is 
0.002811  in*  (dictated  by  the  computational  grid)  and  the  magnitude  of  the 
gas  velocity  through  the  holes  is  1.8,95  m/s  (resulting  in  an  .x-componeni 
velocity  of  1.3.813  m/s  and  a  y-romponant  velocity  of  7.975  m/s).  Although 
the  two  flows  are  in  opposite  directions,  symmetry  planes  were  assumed  to 
exist  midway  between  adjacent  holes.  In  the  absence  of  a  repeated  bound¬ 
ary  condition  feature  in  KIKE,  this  choice  saves  eon.sidcrahlc  computation 
time  since  the  next  option  is  to  consider  a  model  with  few  rows  of  holes 
(possible  three),  which  can  make  the  number  of  volume  grids  prohibitive 
for  practical  computation  on  a  workstation. 


Plots  of  the  pa.«ive  smlar  are  shown  in  Figures-  6  Iti  atid  0.17  -sf  dif¬ 
ferent  cross  .sections  are  in  the  flow,  for  1=0.11  m-c  and  t=U.lC2  sec.  re- 
speri.ivcly.  Th»;  velocity  field  ref  aims  memory  of  ilie  hole-«  corresponding  to 
their  locations  upstream  in  the  feed  manifold,  which  pitsiats  ,as  the  flow 
propagates  downstream.  This  is  evident  by  the  clnstrring  at  the  center  to 
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Fig.  G  JT.  Jipruonia!  ff,r  ih^  'AD  Mi<  v  s^$  inhi  through 

$tds  ki/hs:  t  ii  0.102  9fC- 


0.2.2,  Injnrtion  vin  the  top:  boles  Sc  slits.  Out  first  apfiroach 
iras  to  modify  the  eh.onnci  by  replacing  the  hole  gas  inlets  with  »liu.  This 
configuration  resembles  the  laboratory  model  without  the  splitter  plst*  ami 
the  side  holes  replaced  by  slits  on  top  of  the  feed  manifold  (see  diagram  on 
next  page).  As  before,  we  simplified  this  model  to  that  of  three-dimensional 
channel  flow  with  0.5  in.  x  0.5  iu.  atiunre  as-ross  section  and  symmetry 
planes,  first,  the  How  from  two  slits  with  no  overlap  is  simulated.  The  ,stit 
dimensions  arc  0.0.1125x0.5  in  with  a  flow  velocity  of  5.904  tn/s. 
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Fn  Figure  6.18  the  pa.'^ive  scalar  at  various  cross  sections  for  the  flow  at 
t  =  0.25  sec  .shows  that  the  flow  from  the  two  slit-s,  separated  at  a  dislaiice 
of  0.0625  in.,  interacts  and  twisr.s  with  a  high  concentration  region  at  the 
center,  and  lower  concentration  on  the  skies  of  the  channel.  As  the  sepa¬ 
rating  distance  between  the  slits  is  increased  to  0.1875  in.,  a  more  uniform 
distribution  of  the  flow  across  (he  cro.ss-sectional  area  of  Urn  channel  is  ob¬ 
served.  as  demonstrated  in  f  igure  6.19  for  the  passive  scalar  at  /  =  0.2'M 
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Fig.  6,18.  P(U*ivi  nffhr-  rji  f‘>T  fh»  TO  ff*v  ea»t  fna  inUl 

ihf^vsh  0.031*25  ^  0.5  »».  $hu  $taAr&ff4  0.0625  *n.r  i  =  0.25  »tr. 


Fig.  6.i0.  i-'chr  eonU^tra  fvr  *h'  SD  agmn  f«#f  wifh  ^ai  inUt 

tKr&ugh  0  03125  X  0.5  in,  tfita  ji^argfri  liy  0.1ST5  i^i.;  t  0.2-14  *tc. 
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Additional  calculations  are  planned  using  different  arrangements  of 
slits  and  holes  to  obtain  a  more  homogeneous  distribution  of  gases. 

7.  Concluding  remai'ks.  We  have  observed  a  number  of  problems 
in  applying  APCVD  technology  successfully  to  produce  high  quality  coated 
glass.  Some  of  t  he  these  relate  to  the  memory  of  the  gas  feeds,  the  shape 
of  the  deposition  jet.  separation  and  recirculation  zones,  stagnation  region 
where  particulates  can  form,  and  exhaust  efficiency.  To  predict  the  flow  and 
design  improved  APCVD  applicators  to  help  alleviate  the  aforementioned 
problems,  the  gas  feed  system  and  in.iec,tioii  angle  must  be  modified  based 
on  the  observation  of  their  effect,  on  the  flow  in  the  deposition  rone  near  the 
glass  surface.  Parameters  affecting  the  deposition  process  include:  injection 
velocity  and  angle,  height  of  injection  jet  exit  above  the  gla.ss  surface,  and 
speed  of  the  moving  gla.ss.  The  preceding  variables,  except  for  the  glass 
speed,  can  be  individually  altered  for  each  a)>plicatoT  in  order  to  achieve 
the  desired  performance. 

The  results  of  t.his  study  show  that  the  velocity  field  does  not  change 
significantly  as  the  laminar  flow  moves  info  the  narrow  injector  channel, 
and  r<>tains  memory  of  the  hole  locations  iip.stream  in  the  feed  manifold, 
I  he  memory  problem  is  a  result  of  the  manner  of  injection  and  i.s  created 
due  to  insufficient  mixing  in  the  upper  manifold  channel.  Therefore,  a 
mechanism  is  neces.«ary  to  force  the  gases  to  turn  and  mix  after  flowing 
through  the  holes  into  the  feed  manifold,  and  before  entering  the  injector. 
Turbulence  can  >or\e  as  a  vehicle  for  that  purpose.  However,  perturbations 
created  to  trigger  turbulence  will  be  dampened  due  to  the  low  llrynolds 
number  of  the  flow. 

From  experimental  observations  high  velocity  in  the  vicinity  of  the 
deposition  zone  is  required  for  belter  coating.  This  translates  into  a  higher 
total  prc.csure  on  the  surface  of  the  glass.  In  the  case  of  low  velocities, 
the  deposition  film  is  vulnerable  to  outside  disturbances.  The  effect  of  the 
injector  channel  angle  is  to  aeceleratc  the  gas  in  the  direction  of  the  drawn 
gla.<ts.  This  results  in  a  stronger  impact  for  the  gases  with  tlie  gtas.s  in  the 
proximity  of  the  deposition  zone.  It  is  interesting  im  observe  flint  due  to 
the  temperature  differential  between  the  lower  and  upper  surfaces  of  the 
deposition  chamber,  the  buoyancy  elTeci  is  responsible  for  reducing  the  size 
of  (lie  upstream  separated  region  The  role  of  temperature  in  etiliaitcing 
any  buoyancy  effect  will  become  insiirnifirant  if  the  upstream  flow  rate  is 
increased,  as  it  would  then  be  dominated  by  the  inertia  of  the  flow. 


AUAi94Y8S 


TOMPUIATIONAL  FLUID  DYNAMICS  ANALYSIS  323 


REFERENCES 

JlJ  BasWCT,  <5.  *1  III.,  FIRE  IrntruetinttManua].  Venion  3.3.  AVL  LIST  Gnibh.  Craz. 
/InrtTia,  I9!I2. 

[2j  Gr»l»n»lEi.  N.M,.  Thin  Filmt  /wm  a  Tkhh  Fihn  Firinf  f  jmaft.  Hybrid  Circuit 
T«cteo!ofy.  May  19M. 

|3j  Poller,  M.C.,  and  Foss,  J.F..  Fi*H  .h/tchsnifs.  Great  Lakee  frees,  Okemes,  Ml, 

1SS2. 

[4|  ScMuhiing, H.,  Ltytr  Thicrf,  ?th  Edn  ,  McGraw  Hill,  New  York,  IS79. 


nunz.  I 


SHAPE  OPTIMIZATION  AND  CONTROL  OF  SEPAR  ATING 
FLOW  IN  HYDRODYNAMICS 

THOMAS  SVOBODNY* 

Abstract.  A  model  for  computing  flown  with  npecified  «eparalion  characteriiiticii 
is  presented.  Tills  is  bnsed  on  B  shape  optimization  method  for  constructing  a  surface 
with  B  given  tangential  vurticiiy  field. 


1.  Introduction.  The  Dirichlet  problem  for  the  Stokes  operator  is 
well-posed.  That  is,  if  we  specify  precisely  the  velocity  on  the  hmindary, 
then  there  exists  a  unique  solution  to  the  boiitidary  value  prohlem.  Since 
the  Stokes  operator  is  the  principal  operator  for  the  equations  of  viscous 
flow,  the  same  considerations  apply  vis-a-vis  the  boundary  conditions.  The 
specification  of  velocity  on  the  boundary  is  the  relation  that  expresses  the 
phenomenon  of  the  fluid's  adherence  to  a  solid  surface  due  to  intermolecular 
forces.  In  some  situations,  one  would  perhaps  want  to  model  a  boundary 
interaction  by  giving  some  other  quantity  on  the  surface,  such  as  .surface 
stress,  or  pressure,  or  vorticity  ([1].[6]).  In  the  present  arficlc  we  present 
a  situation  where  one  would  like  to  specify  both  a  surface  vorticity  while- 
adhering  to  the  requirement  that  the  velocity  be  zero  on  the  l.vouiidary. 
Clearly,  something  must  give;  what  gives  is  the  houndary:  we  sjiecify  \or- 
ticity  and  then  the  houndary  velocity  is  a  ce.tt  that  vve  wish  to  drive  to  zero 
by  finding  the  right  surface.  F-ven  in  the  case  where  zero  is  unattainable, 
we  ran  interpret  the  solution  to  this  minimization  problem  in  a  physical 
way.  The  method  described  in  this  article  can  be  u.vd  not  only  to  construct 
surfaces  with  pre.scribed  flow  properties  but  also  to  compute  flows  with  free 
surfaces. 

In  the  next  section  the  model  of  How  separation  that  motivates  the  use 
of  the  vorticity  boundary  condition  is  explained.  In  §3  we  put  everything  in 
the  context  of  shape  optimization  and  compute  the  gradient  of  the  relevant 
functional.  In  Jd  we  show  that  the  optimization  problem  has  n  solution 
and  ho-w  to  define  the  gradient  in  a  variational  manner.  In  the  concluding 
section,  we  discuss  briefly  the  numerical  compulation. 

2.  Flow  separation.  The  stall  of  an  airplane  wing  is  a  familiar  phe 
nomenon:  as  the  angle  cf  attack  is  slowly  increased,  the  form  of  the  wing 
relative  to  the  mean  stream  is  no  longer  such  that  a  streamwise  pressure 
gradient  on  the  lee-side  of  tlie  wing  invokes  a  favorable  circulation  over  the 
wing  to  ensure  l!ie  required  lift.  At  a  sufTicieiitly  high  angle  of  attack  this 
pressure  is  so  reduced  that  there  is  a  region  on  the  lee-side  where  the  flow  is 
reversed  near  the  surface;  tlie  streamwise  velocity  turns  away  from  the  sur¬ 
face  and  circuiiinavigates  a  ‘  bubble'’  of  the  reversed  flow  or  joins  in  a  wake 

'  Supported  in  part  by  the  Office  of  Nav.J  H<-searcli  Grant  N000J4-91-1 13 1. 
Dep/irrmenr  of  M)ithem.vir«  and  Srat.istif  Wright  Sl.a;e  pniversity,  Dayton,  OH  It  13j. 
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behind  the  wing.  In  either  case  we  say  that  the  flow  has  separated  from  the 
Burface.  Thus,  separation  is  typically  defined  ([3];[2J)  as  the  departure  of 
a  streamline  from  the  surface  or  as  the  occurence  of  a  singularity  so  as  to 
render  invalid  the  boundary  layer  approximation.  We  make  no  direct  use  of 
this  definition  in  the  present  work,  nor  do  we  consider  the  boundary  layer 
approximation  except  to  make  some  intuitive  remarks  to  motivate  interest 
in  the  role  of  the  surface  vorticity  field  in  the  separation  phenomenon. 

The  separation  at  the  surface  plays  a  major  part  in  the  development 
of  the  global  flow  picture.  Particularly,  when  separation  occurs,  there  is 
usually  formed  a  vortex-like  structure  or  structures.  In  typical  examples, 
we  have  the  large  vortical  rolls  that  develop  at  the  ends  of  wings  of  large 
transport  planes:  here  there  is  no  separation  until  close  to  the  trailing  edge 
of  the  wine:  on  the  other  hand,  in  swept-wiug  fighters  separation  occurs 
on  the  forebody  and  vortices  form  which  can  effect  the  flow  over  the  aft 
portion  of  the  wing  as  well  as  serve  a.s  dynamic.-al  drivers  for  structures  such 
as  vertical  stabilizers.  Worthy  of  mention  in  this  context  is  the  concept 
of  vortex-lifl..  whereby  the  vortical  strticftire  over  a  delta  wing  induces 
favorable-to-lift  pressure  field.  Actually,  the  story  of  lift  for  separated  flow 
is  not  in  good  theoretical  voice  and  is  presently  being  told  mainly  through 
experimental  and  observational  studies. 

We  should  also  make  reference  to  the  significance  of  separation  to  other 
engineering  problems  such  a.s  drag,  pressure  recovery,  and  ne^ise  generation. 
When  one  consider.'  the  wide  range  of  flows  that  can  occur  in  nature  and 
indeed  of  wliicli  man  could  make  use.  one  sues  tliat  attached  flows  with 
stable  boundary  layers  form  a  very  restricted  clns«  (  this  is  analogous  to 
the  situation  in  systems  theory  vis  a  vis  linear  sy.steins);  yet.  these  flows 
are  the  only  ones  understood. 

To  observe  separated  flows  and  the  attendant  surface  action,  experi¬ 
mentalists  can  coal  the  surface  of  a  wing  or  hydrodynamic  surface  with  a 
viscous  inatmal  such  as  paint,  «lye.  or  oil  [S.'S).  In  the  observed  flow,  the 
coating  forms  streaks  along  the  surface:  these  follow  the  field  line  of  the 
tangential  surface  shear.  This  vector  field  is  known  as  the  skin-friction ,  and 
it  is  observed  that  separation  is  characterized  by  the  appearance  of  critical 
conditions  in  this  vector  field.  (Hirsute  individuals  can  do  this  very  cheaply 
in  the  bath  tub.)  Mathematically,  it  is  more  convenient  to  work  with  the 
tangential  vortieity.  to  which  the  skin-friction  is  closely  related.  Let  ii.s  con¬ 
sider  coordinates  (4i,{s,9)  in  a  region  of  the  flow  domain  near  a  portion 
of  the  (smooth)  boundary.  The  coordinates  (st.sil  *0  the  bounding 
surface  and  to  the  normal  (into  the  flow  dumain).  which  latter  w**  take 
to  be  euclidean  distance  from  the  boundary,  so  that  every  point  near  the 
boundary  has  the  repirnsentation  R  =  tjn.  where  r  is  the  aurfnee 

parametriratioii  and  n  is  the  unit  noriiial.  We  u.tf  an  orthononiial  frame  in 
a  iieighborbrMv.!  of  the  boundary:  tj  =  ,  ts  =  .  n  =  ti  x  tj,  where  s*. 

la  arrlength  in  the  direetiem  of  increasing  d.**  -  htrf?*.  As.«uniiiig  ilie 
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linear  constitutive  law  of  Uie  Navier-Stcikes  equations,  the  surface  stress  is 
T  =  +  (pT®®  —  p)n,  where  (i  is  viscosity  and  */’>  arc  shear 

strain  rate  components.  The  skin>friction  is  the  tangential  component,  r, , 


(2  1) 


T, 


,  dw  ,  8v ,  fill; 


da. 


8v. 


Here,  i he  flow  velocity  is  u  :•  nt ;  f  tt;  +  u  n  and  we  have  used  (he  cundition 
u  =  0  for  adlierence  to  the  boundary.  The  expression  for  the  vorticity. 
U  =  curlu.  is.  in  these  coordinate?. 


u={ 


on 


1  .,lt)(/i.u) 

hi  d» 


dw  .1  d[h->v) 
- --= — 

os  I  ftj  dsx 


1  d{hxu}^ 


and  so 


n  X  w  -  ( 


dw 


I  dhiV.  ffw  1  dhx'j 
hi  dll  ^  Si;  hi  tin 


which  on  the  surface  reduces  to 

(2.2) 


()M  dv , 


whirl)  is  just  (2.1).  (Notice  that  this  is  still  the  correct  expression 

even  if  ulr  i  0.  The  tangential  vorticity  field,  w  x  n.  (actually  this  is 
vorticity  rotated  a  right-angle  about  n),  will  be  the  surface  vector  field  of 
interest  to  u.s  throiightout  the  work.  From  2.2  ,  we  see  (hat  u  =  (w  x  n)i]  t 
c(ij).  and  so,  for  small  tj,  the  velocity  field  is  ta.ngent  to  the  surface,  except 
at  critical  points  of  w  x  n.  To  see  what  the  noriiial  coriiponent  is  wc  can 
integrate  the  incomprossihilitv  condition,  divu  =  0:  again,  assuming  that, 
T/  is  small,  we  have 


du: 

()n 


-div,,..,(u,a„) 
-div,„,.fw  X  n)r]. 


or.  upon  integral  nil, 

•>  •> 

n*  fv 

U-  =  -div,a„(ui  X  Ii)--  =  -(eiirlw  •  nly. 

The  tangential  divergence,  div,j„,  can  be  defined  without  reference  to  co¬ 
ordinates  in  the  fullov.ing  way.  Let  \  denote  a  small  surface  palrii  centered 
at  S:  with  area  '.dj.  then 


div.vr,ii(.‘o) 


lim  h4(  ‘  i(n  x  u)  t/I. 
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)=  lim  W'"*  ®W‘rfl  =  fcurlw  n). 
i4|-o'  ■  / 


VisniU  X  n 


The  vector  field,  nirlw  =  curl  curl  u,  which  can  be  seen  to  be  of  major 
importance  near  critical  pointe  of  w  y  n,  and  which  appears  as  a  term 
in  the  Kavier  Stokes  equations  and  is  seen  ro  measure  the  rotation  and 
stretching  of  vortex  lines,  is  known  as  the  flexion-field  {22] . 

In  summary,  then,  streamlines  will  he  expected  to  be  parallel  to  the 
surface  for  su,  II  q.  as  long  as  iv  n  ^  0.  When  «  v  n  —  0  which  generally 
happens  ftt  isol<ated  points  (one  laeeds  special  symmetry  for  w  x  n  —  0  to 
hold  on  a  curve),  we  have  [II]  (i)  a  point  of  separation  if  curlw  ■  n  <  0,  or 
(h)  a  point  of  attachment  if  curlw  n  >  0.  If  separation  happens  then  the 
streamlines  will  tend  away  from  the  surface;  following  Liglithill  [12],  we  can 
see  that  this  is  charaetcrired  by  the  convergenrr  of  near-surface  streamlines 
toward  a  wparatiiig  .surface  determined  by  r.  w  '  n  field  line.  Look  at  the 
volume  flf>w  through  a  strc.vmtube  E.  wliose  ba.se  is  on  tlie  surface  between 
two  skin  friction  lines  and  the  height  of  the  tube  is  t;; 

volume  flow  zzJJ\dS  =  Jj  jwx  n\:dzJt  =  i|w  a  nlij^h 

If  h  —  0,  then  i?**'  gets  big,  i.e..  .strearnline.s  diverge  from  (he  surface.  ]  hus, 
a  necc.ssary  condition  for  s<.'paration  is  that  skin-friction  lines  converge  on 
a  limiting  line.  What  role,  then,  do  the  .surace  vorticity  and  flexion  fields 
fulfill  in  forming  the  character  of  the  mean  outer  flow?  In  particular,  how- 
are  vortices'  generated  at  the  surface,  and  how  are  their  characteris¬ 
tics  determined  by  what  happens  at  the  surface?  Engineers  are  particu¬ 
larly  interested  in  how  lo  control  foreluKly  vorticc-s  on  swept- wing  planes 
{I18]).These  questions  will  he  dealt  with  in  a  future  work;  what  is  clear, 
from  the  above  analysis  is  that  the  surface  vorticity  field  plays  an  important 
part  in  any  Bow  field  and  particularly  in  those  flows  which  are  said  lo  be 
separating.  Thus  an  important  first  step  in  tiie  control  theory  of  vortical 
and/or  separnti-’g  flow.s  is  to  be  able  to  have  some  control  over  thi.®  surface 
vorticity.  In  this  work  we  are  Interested  in  the  problem  of  lictw  to  achieve 
a  prescribed  tangential  vorticity  field  by  use  of  either  a  geomrtrir.  cont  rol 
(shape  of  bounding  surface)  or  boundary  control  (tangential  blowing).  In 
the  next  section,  we  discuss  this  in  the  context  of  shape  oplimixaiioii. 

3.  Shape  optiiiiization  with  a  prescribed  surface  vorticity.  We 
consider  a  body  B  in  a  viscous  incompressible  fluid  moving  w  ith  respect  to 
the  far  fluid  at  a  unifonii  velocity  h.  The  flow  is  'onsidered  in  a  houndesl 
region  A  containing  B.  The  boundary  of  the  region  A  will  be  denoted  an 
i)h.  The  boundary  of  the  body  dB  includes  a  connected  coinponvnt  F.  that 
we  will  consider  lo  l>e  nrtMv  or  subject  to  design.  Since  the  body  can  be 
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paramotrizod  by  the  variable  part  of  the  boundary  F,  we  shall  write  also 
B  =  Br,  and  we  denote  by  (he  actual  flow  region 

(3.1)  n=^\\Br. 

iliaf  we  siippre.ss  the  use  of  the  parameter  F  for  f?. 

The  flow  velocity  ii  and  the  pressure  field  p,  are  assumed  to  satisfy  the 
Navier-Stokes  equation  in  the  flow  domain: 

(.“l.Q)  p(Uf  +  u  •  Vu)  =  -grad  (p  +  v)  -  curl  (pcurl  u). 

where  the  mass  density,  p.  and  the  viscosity,  fi,  are  both  constant  param¬ 
eters.  The  m.athematical  problem  that  we  wish  to  consider  is  :  Given  a 
smooth  vector  field  f  (given  parametrically  on  the  unknown  surface),  find 
the  surface  F  that  minimizes 

(3  3)  ^(1)=  ^^luxiil'dtT, 

where  u  satisfies  llie  Navic r-Stokc.'?  equations  3.2,  with  the  boundary  r.on- 
difions 

(3.4)  iiian\r  -  h. 

(3.f»)  unir  =  0, 

(3.G)  (V  X  u)  X  n!r  =  f  x  n. 

The  first  condition  gives  (hr  motion  with  respect  to  the  far-fluid,  llie  second 
condition  implies  that  the  surface  is  not  to  be  penetrated  by  tin'  fluid:  the 
third  condition  fixes  the  tangential  vorticity.  tn  this  work,  we  will  only 
consider  the  case  that  none  of  the  boundary  surfaces  are  deformed  in  time 
and  that  the  vector  fields  h  and  f  are  not  time  varying.  The  outer  flow  of 
a  separated  flow  is  typically  non-stationary  and  we  will  eventually  consider 
this  possibility;  moreover,  we  will  have  to  allow  for  this  possibility  that 
II  X  n  may  not  be  constant  on  the  boundary.  For  (he  time  being  however, 
our  main  goal  is  to  study  the  shape  deriv.ative  of  (his  optimization  problem 
and  it  will  be  convenient  to  first  couch  this  study  in  the  context  of  a  steady 
flow.  Notice  that  (he  condition  (3.D)  impdicsthat  the  functional 

j(l)= 

rould  be  used.  The  optimality  systems  for  these  two  functionals  are  the 
same.  An  equivalent,  weak  fcirmnlation  of  the  governing  equations  can  be 
found  by  partial  integration.  Defining 

A'  =  {ueH’(n}:V  u  =  0.  iibn-r^O.  u  n|,  =l)}. 
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the  equivalent  problem  is  to  find  u  so  that  u  -  h  6  and  satisfies 

(3  ?)  /  *»( V  x  u)  •  (^  X  r)  +  (V  X  ii)  X  u  ■  r  dr 

Jn 

=  y  i/(f  xn)-rdr,  VreA', 

Here,  u  —  /«/>”*,  is  the  kinematic  viscosity  or  niornentum  diflTusion  coeffi¬ 
cient,  Now  wc  have  a  framework  for  oiir  problem ,  We  want  to  minimize  the 
functional  ^  where  the  u  in  the  integrand  is  constrained  by  (3.7).  These 
state  equations  are  well-posed:  we  will  delineate  suitable  hypotheses  under 
which  there  exists  a  minimum  to  the  functional.  Tor  mininirnizatiem  in 
this  context  one  naturally  considers  an  invesigation  of  the  gradient.  We 
will  show  that  such  an  object  exists.  Moreover,  it  is  straightforward  to 
see  that  the  solution  to  tlie  optimization  problem  gives  tis  some  kind  of  a 
solution  to  our  original  problem:  we  are  given  a  surface  f*  upon  which  the 
adherence  condition  does  not  necessarily  hold;  thus  u*  x  n|r  =  g  x  n  where 
one  now  considers  g  to  be  the  (Dirichlet)  control  (tangential  blowing  or 
suction)  (7).  This  is  one  method  of  hybrid-control. 

We  want  to  compute  an  expression  for  the  shape  derivative  of  the 
fiinctional  J  with  respect  to  variations  of  the  surface  1'.  For  this  purpose 
let  us  gather  together  a  few  facts  from  the  theory  of  shape  optimization 
((I7j.[19).i8].[15]).  I/Ct  V  denote  a  vector  field  (in  /?')  defineil  in  a  normal- 
neighborhood  of  r.  and  vanishing  on  dfl\  T.  Tor  example.  V  can  be  given 
on  r  as  V  =  V'*ti  -(- and  then  extended  inloO  in  some  way;  i.e., 
if  X  =  f  -f  ijn,  then  V  can  he  extended  in  a  constant  way,  V(x)  =  V(r), 
or  perhaps  as  V(x)  =:  V(r)h{i;),  where  A  is  a  cutoff  function,  etc.,  .  A 
deformation  of  the  boundary  and  thus  the  domain  will  be  given  by 

F'‘(x)  =  x-f- AV(x) 

The  deformed  control  surface  is  =  ^*(1)  We  will  now  define  the 
material  derivative  of  a  functional  defined  on  t  he  domain  or  boundary  Lei 
C)k)  be  afunction  defined  on  F^{Q){ot  on  /'’*(!  ]).  Standard  notanon 
in  shape  opl.irnizatkm  ([fil.flDj)  for  the  pullback  to  a  function  defined  on 
fi(or  r)  is 

=  (r*)*0;^  =  o 

(and,  tif  course.  ^)'ss  ^  s*  °  /'*) 

The  viah'nat  dcnvalirt  is 

®  =  jj6^U=o  =  ~  I?). 
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we  pull  back  to  form  the  difference  quotient  in  (he  fixed  domain.  The 
material  derivative  of  a  function  on  F  is  defined  in  an  analogous  way.  Now 
suppose  that  x  6  fT  11^,  for  some  A,  then 

<j(x)  -  =  ^Oa(F'(x)) 

(3.8)  =  |irn  A'^((<4x)(x)  -  d(x))  +  V(x)  •  Vci. 

The  first  term  on  the  right  side  of  the  last  equation  is  known  as  the  shape 
derivaln  c.  it  i.s  denoted  by  6'  and  can  be  shown  to  depend  only  on  V|,=o. 
and  thus  we  can  analogously  define  the  shape  derivative  of  a  function  de¬ 
fined  on  r : 

<'(•■)  =<(r)-^!asC{»')  V, 

where  =  V  -  =  V  -  ii^-.  The  shape  derivative  measures  the 

change  in  a  function  on  a  domain  due  to  changes  in  the  domain.  For 
example,  the  function  could  be  the  solutiejn  to  a  differential  equation  to  he 
solved  on  a  domain  whose  shape  may  be  siihjeet.  to  ehange.  It  is  clear  that 
the  shape  derivative  is  the  objetl  that  appears  to  first  order  in  an  expansion 
of  the  solution  in  powers  of  A.  Notice  that  if  /  is  defined  everywhere  on 
ff-’,  independently  of  F  or  JJ,  then  its  shape  derivative,  /'  =  0,  since,  in 
that  case,  for  A  small  enough,  /a;*)  =  /(r).  The  shape  derivative  can  be 
shown  to  depend  only  on  the  component  of  V  normal  to  the  boundary. 

To  ealciilate  the  derivative  of  J,  we  will  change  variables  to  write  ./(F'^ ) 
as  an  integral  over  the  fixed  F;  for  this  we  will  need  to  calculate  the  Jaco¬ 
bian  of  the  re.siilting  change  of  variables,  at  kast  to  first  order  in  A.  This 
Jacobian  is  defined  as 


(3.9)  Jac{X)dX  r-.  (r^)*dr\ 

I'sing  the  notationof  the  previous  section,  w.e  let  sub.'eript.s  denote  deriva¬ 
tives  of  the  vectors  r  and  v,  i.e., 


Then 


(F*)-</r\ri,ri)  - 


dr^(F,\i.  F>J) 
rfT^(ri-+AV,.r5-hAV?) 
I(r,+AVj)x(ri  +  AV2)|Cd<2 


|ri  X  r-i'^ 
|ri  X  rjl*t/Ci(/6 

Jae{A)iri  x 
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snd  we  have  the  change  of  variables  formula; 

i*  o  F*)/ac(A)<fr. 

An  expression  for  the  derivative  of  the  Jacobian  can  be  found  as  follows:  ^ 

d  ,  (ri  xr2)  {V,  xrj  +  n  X  Vj) 

5jioc{A)U=o  -  - - 

=  {Mar*  lVi-(r2xn)  +  (Vj.(uxri): 

^  ArHV+f.2H?4(/.,h2r‘(V®|^  +  V'’|2) 

-V"’0>  (Pii+rj2)) 

=  div,B..V*“''  +  2/fV'" 

=  div,„„V. 


ill  this  expression.  H  denotes  the  mean  curvature  of  the  surface.  Notice 
that  we  can  theu  use  Stokwi  fhoerem  and  the  conditions  on  V  to  write 

(3.10)  jT  divMnFdr  ss  j  w(V  ■  n)rfr. 

VVe  can  now  proceed  to  calculate  the  derivative  of  the  functional.  Before 
we  consider  the  form  of  our  specific  functional  '’.3.  let  us  compute  J'  for 

f  J{n)dr\ 

M 

where  J  is  defined  on  and  u  =  ;=  ii|l  >.  Pulling  back  to  1', 

;/-(r*)  =  J{u}dl  ^  =  0  F^)Jac{X)dl\ 

llirn 

=  lmiA-»(J(r^)- ^(D) 

SA  A-«0 

=  jin,  A-M  / {.nu^)~J(u)}  +  Jin^){Jnri.\)  -  DdF) 

A— 0  Jr 

•  or  coarK,  it  1»  ^my  tn  net  n'hat  il  i>  wc  an*  ralciilafinj  h»rp  fr»ini  tlie  fullowint 
slijiple  considcMtirm,  As  indicatv'J  ty  3.9. 

2acCA)^  dst(F*)=  d«i(/ +  AV,„rV). 

mA  thus, 

^  J«d.t)|A=o  =  =  «v,.,V. 

and  the  ealctilatlon  in  the  text  gives  this  tunrttrvn  in  terms  of  the  components  of  V. 
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y(u)V  +  7(u)div,a„V(ir 

y'(u)v  +  v^^-Jiu) + V  •  v,anJ(n)  -  y(ii)div„„  V  <fr 

on 

y'(u)vyr  +  J  (2//j(u)  +  dr. 

having  used  (3,10).  By  use  of  the  chain  rule,  the  first  integral  can  be  seen 
to  measure  the  way  that  the  solution  to  (3.2,3.'l  3.6)  changes  with  respect 
to  the  boundary:  we  will  deal  with  that  term  later.  Our  interest  for  the 
moment  is  on  the  second  integral  (we'll  refer  to  the  term  in  the  integrand 
multiplying  I'”  as  boundary  flur).  which  for  the  functional  (3  3  )  takes  the 
form; 

(3.12)  X  n|^  ^  dr 

Because  of  the  non-penetrability  condition,  the  first  term  is  mean  curvature 
times  the  square  speed  on  the  boundary  which  of  course  is  zero  if  the  fluid 
adheres  to  the  boundary  and  there  is  no  forcing.  Doth  terms  can  be  linked 
with  the  rate  of  vorticity  generation  at  the  bounding  surface  ([12]),  but  this 
doesn’t  seem  to  very  useful  in  terms  of  a  design  sensitivity  analysis,  which 
is  our  concern  here.  lu.stead  we  will  re-write  the  second  term  in  terms  of 
the  square  speed  and  the  flux  of  the  square  speed  and  a  third  term  which 
can  be  related  to  “effective"  curvature. 

If  we  compute  the  normal  derivative  in  the  expression  (3.12), 


u  •  ((u  X  u)  •  'r(ii  X  u))  -f-  n  (n  x  u)  x  (V  x  (n  x  ii)) 

we  see  that  the  first  term  on  the  right  hand  side  simplifies  ureati.sr  iif  tile 
boundary  condition  of  no-penetration: 

n  •  ((n  X  ii)  -VCii  X  u)) 

=  -(ii  X  u)  •  ((n  X  ii)  Vn ) 

(3.13)  -  -(.‘?(u  X  n),n  X  u). 

This  condition  also  simplifies  the  the  second  term  : 
n  •  (ii  X  u)  x(V  X  (n  X  ii)) 

(3.14) 

here  S  is  the  shape  operator  from  surface,  theory  [14].  If  u  were  a  unit  vector 
on  the  surface  then  (Su,  ii)  would  be  normal  ciirvatiiro  of  the  surface  in  the 


n  X  (n  X  ii)  (V  X  (n  x  ii)) 

[(n  •  u)n  -  (n  •  n)u)  •  (V  x  (n  x  u)] 
-11  •  (u  Vn  -  n  •  TTn  -  2/fu) 
2//|ur‘'-|-V„(:u|*)  -  (Su.u); 


d  |u  X  n|~ 
^  2 


-i 

-I 

-L 
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direction  of  u.  Thus  In  the  case  that  u  does  not  vanish  on  the  surface,  we 
can  consider  this  tangential  blowing  as  an  enhancement  to  the  curvature 
(rf the  surfwe;  the  complete  flux  term  for  the  boundary  variation  is  then 

tfM*+^(^)  +  «/n-S)u.u)  +  ((//I-S)(u  X  n),(u  a  n)) 

If  the  surface  streamlines  are  regular,  it  is  seen  that  the,  last  two  terms 
cancel;  however,  we  will  keep  them  because  they  may  he  of  some  use  in 
certain  numerical  inaneovres. 

The  first  integral  in  describes  the  variation  of  the  integral  due  to  the 
change  of  the  solution  on  the  changing  domain.  By  the  chain  rule  [21]  we 
(again  %ve  use  to  simplify) 

y /'(u)Vdr  =  jf{n  X  n,w  X  n)  +  (u  X  n,u  X 

(3.15)  =  J  u  V/. 

The  variable  w  =  ii'  is  the  shape  derivative  of  u  af  A  =  0;  it  .satisfie.>  the 
system  of  differential  equations  and  boundary  conditions 

(3.16)  U(  +  ti  Tw  fw  Vtt  sj  -grad  (p)  -  curl  (curl  w), 

divw  =  0, 

wlAftvr  = 

(3.17)  w  n|r  =  -div,sr.(u)(V -n), 

(3.18)  V  X  w  X  n!i'  =  il(u). 

where  Elu)  =  -^u  >■  n!,,ro  =  +  ^*2).  (‘f.  2  2).  This  then  is  the 

description  of  the  directional  gradient  of  our  functional.  For  computational 
purposes  it  is  desirable  to  put  this  derivative  in  a  variational  framework. 
We  will  introduce  this  u-eat derivative  later  in  the  article.  For  the  moment, 
we  will  discuss  some  technical  matters. 

■4.  Sxlstence,  uniqueness,  and  difforentiahility.  We  will  gather 
here  just  a  few  fact.*  regarding  the  well-posednrsw  of  our  state  equations. 
As  our  intent  is  to  present  a  method  by  which  we  can  construct  a  surface, 
we  are  interested  in  the  conditions  under  which  a  minimum  exists  to  our 
optimiaation  and  when  we  can  define  a  gradient  The  variational  system 
of  equations  (3.7)  has  a  solution  if  the  aurface  Ar  id  f  is  in  This 

can  be  sho%vn  as  in  (I  -,  as  our  system  of  equations  falls  into  the  class  of 
equations  studied  there.  Purthcrinore,  one  can  show  regularity  results  of 
the  following  form  [20];  the  solution  map 

(r.f)-u 

is  continuous  on 


Lip  X  —  H‘(fi)  n  C'' "(«) 
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We  will  always  assume  at  least  this  much  regularity  with  regard  to  the  data 
(that  is,  the  boundary  and  objects  defined  on  the  boundary). 

It  turns  out  that  uniqueness  of  the  state  equation  is  necessary  for  the 
e.xislence  of  a  minimum;  for  this  purpose,  one  can  define  a  generalized 
Heynold’s  number  Tt.  so  that  if  <  oo  then  the  solution  to  (3.7)  is  unique. 
This  number  depends  on  the  geometry,  boundary  data,  and  viscosity,  being 
large  for  a  large  domain,  large  data,  and  small  viscosity.  For  details  on  this 
construction,  consult  ([10].|1].[2U]).  Furthermore,  we  need  a  compactnes.« 
condition  in  order  to  establish  existence  of  a  niinimuin:  essentially  what  is 
need  is  some  uniform  control  over  the  Lipshitzness  of  the  boundary.  The 
easiest  way  to  see  how  to  do  this  is  to  assume  that  F  is  given  by  a  Monge 
patch  [20]: 

=  {(fi.G.t:)  :  C  =  €  D) 

Of  course,  we  generalize  to  the  case  where  F  is  given  by  .a  finite  number  of 
Monge  patches.  Now  define 

=  {r*  :  ||d|  „s(o)  < 

Proposition  4.1.  1hai  h  and  f  are  in  H-;  fitppoxf  that 

<  1.  I'Ikix  (itsii  a  d’  »ticA  ihai 

=  min  Jim 

Proof:  Let  {d„)  C  Trf  be  a  minimizing  sequence,  and  let  {u„}  be  the 
corresponding  solutions  to  the  state  equation.  The  assumptions  are  iTir>rf 
than  enough  to  guarantee  that 

I!t»nl|w  + 

And  so  (pfis.sing  to  subsequences): 

o„  -  d*  in  //^{D). 

Un  —  u*  in  //'(12). 
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If  r  e  then  dearly 

/  Cfxn)  .rrfr~.  f  (t  xn)  Tdr. 
Jr*»  Jr*‘ 


and  so. 


/  I'C^x  u.)  X  r)  +  X  u.)  X  u,  •  ff/x 

Jn. 

=  j  v{{xn)- rdV,  Vt  e  A  n C’; 

but  f.'*  is  dense.  Since,  “R  <  I,  the  stilutions  to  this  system  arc  unique  and 
we  conclude  that  u,  =  u(^*)-  Fitmlly,  we  can  pass  to  the  limit 


lim  J(r*-)  =  jr(r’). 

We  proceed  to  establish  a  variational  form  for  the  direct ionnl  derivative 
of  the  functional.  The  gradient  in  this  weak  form  will  he  of  interest  in 
devi.sir.g  a  computational  method  for  computing  F.  The  gradient  of  J  at 

ri# 

H.i)  jfu.w  +  {/fi«p.f-|^{.^)}i-dr 

and  the  equation  for  w  is  (3.16),  which  was  derived  by  applying  the  chain 
rule  whereby  u  =  u'  is  the  shape  derivative  of  u  with  respect  to  bound¬ 
ary  variatioas.  To  make  this  exprrs.sion  for  the  gradient  well-defined,  one 
must  show  that  this  shape  derivative  exists.  One  would  like  to  do  this  by 
computing  the  material  derivative  of  the  solution  and  applying  (3.8).  for 
example,  as  explained  in  [IT)  for  the  fn.se  of  a  linear  equation;  one  pulls 
back  to  the  A  =  0  domain  and  constructs  the  equation  that  the  pull-back 
u'*  satisfies  on  il.  This  will  be  an  equation 

C;(AV.n^)  =  0 

of  the  form  of  the  Navier  Stokes  equations  but  with  continously  varying 
coefficients  (assuming  V  £  C^),  One  can  get  that  it  exisf.s  by  applying  the 
iniplich function  theorem  at  the  point  (0.  u),  i.e.,  G(0,  ii)  arc  the  equations 
(3.2).  In  oar  ca.se,  however,  we  cannot  express  directly  u'  in  powers  of 
A  because  the  map  D2O(0.  u)  is  not  bijective  This  operator  is  similar  to 
that  given  by  the  left-hand  side  of  (3.16).  As  pointed  out  in  (;5],53)  this 
operator  is  semi-Fredholm  and  onto  and  thus  one  can  apply  the  surjective 
versioii  of  the  implicit  function  theorem  [24]  to  eonclndc  that  the  material 
Jerivaiive  and  thus  the  shape  derivative  is  well-defined.  Thus  the  gradient 
(4.1)  is  wrif-defined. 

In  fonnulstiBg  the  weak  version  of  this  gradient  by  intrcduciiig  an 
adjoint  variable,  the  essential  non-homogencous  boundary  condition  (3.17) 


ADA294785 


CONTROL  OP  SEPARATING  FLOW  337 

presents  us  with  a  difficulty.  One  possibility  for  dealing  with  this  is  to 
first  enforce  this  condition  by  introducing  a  multiplier  as  in  [5]  and  then 
dualizing.  However,  since  here  it  is  only  the  normal  component  that  is 
involved,  it  seems  easiest  to  introduce  into  the  derivative  J*  a  potential 
term  u  •  that  will  take  care  of  the  condition.  More  precisely,  let  w  = 
w  +  .  where 


AeJ  =  0.  in  fl 

(4.2)  ~  =  -divjar.uV”*.  on  r 
on 

That  this  Neuman  problem  is  sc-lvable  follows  from  the  fact  that  w  is 
solenoidal.  It  is  clear  that  w  solves  the  same  system  as  w,  hut  now  with 
homogeneous  boundary  condition  (3.17).  At  this  point  we  introduce  the 
adjoint  variable  ^  (=  A'  that  satisfies 

(4.3)  /(V  X  f)  •  (r  X  r)  -(r  X  u)  X  ^  •  rdr 

Jn 

-Vx(ux$)t  =  J  n  rdr,  VreA'. 

Thi.s  is  in  fact  dual  to  (3.16)  as  can  be  verified  by  an  integration  by  parts, 
noting  that 

/(Vx{)  -(t7xw)*=  f  Vx(uxO  wrfjr. 

Jfi  J(i 


since  II  X  {  is  a  vector  normal  to  F.  Now  choose,  in  the  equation  (4. .3). 
T=  w.  Then,  by  an  integration  by  parts. 

/  u  ■  wdF  /  (^  X  ?)  ■  (V  X  w)  -(V  X  u)  X  w  f  (It 

Jr  Jn 

-V'xwxu  ^  =  yr(u)  {dr. 

where  we  have  used  the  weak  formulation  of  (3.16).  Then  we  have  the 
following 

PlioposiTION  4.2.  The  hewdary  funciional  J  ha»  a  dernalivr  at  any 
r  £  /('’  in  any  dtrtctwn  V  £  C*  and 


J'(r)V  = 

(4.4)  jf  S(u)  ■  4  +  u .  V<i  -^  { // luf-'  +  V'"  dr 

where  4  and  <i>  an  defined  es  above. 
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5.  Ck»nnliision.  Onrf  oni*  has  an  expression  sueh  as  (4  .4),  the  real 
work  can  begin.  One  would  like  a  discrete  version  of  the  gradient  to  be 
able  to  use  a  gradient-like  tdgorilhm  for  minimizing  the  functional.  We  have 
in  mind  here  what  i$  apparently  known  in  the  trade  as  a  de.sign  .sensitivity 
anal^is  ([8],|13j,(16].[19]).  Simply,  this  name  is  de.scriptive  of  its  origins 
in  design.  Subsequent  to  discretization,  a  direction  in  the  approximation 
space  is  typically  a.ssociat.ed  with  the  node  of  a  triangiilation  of  the  design 
surface  and  a  variation  in  that  direction  (in  approximation  space)  is  associ¬ 
ated  with  the  movement  of  that  node  in  a  particular  direction  (in  physical 
space).  Thus,  with  the  idea  that  we  associate  minima  with  stationarity  of 
the  functional  (local  extrema  are  always  a  problem),  we  can  push  the  phys¬ 
ical  nodes  in  different  directions  to  see  how  ‘•sensitive’'  the  functional  i.s  to 
such  movement.  Of  course,  by  the  time  one  gets  around  to  constructing  an 
algorithm  for  this  it  resembles  a  gradient-type  programming  algorithm. 

From  the  expression  for  the  gradient  of  J  it  is  seen  that  the  it  needs 
to  have  at  each  step  current  values  for  the  state  variable  ii  as  well  as  the 
auxiliary  variables  f  and  o.  A  steady  flow  is  found  by  computing  the  slate 
equation  in  time  until  a  suitable  mean  flow  is  achieved  which  is  then  fed 
to  the  adjoint  eqn  which  is  integrated  backward  in  time  until  steady.  The 
initial  condition  is  always  the  steady  condition  from  the  previous  optimiza¬ 
tion  step.  Thus  the  flow  takes  some  time  to  settle  down  adjusting  to  the 
new  boundary  at  each  step  in  the  optimization.  The  spati.nl  discretization 
is  donw  through  a  finite  element  approximation.  The  finite-element  grid 
is  dictated  by  the  discretization  of  the  surface.  For  example,  if  T  is  given 
by  a  superposition  of  height  functions,  then  it  is  easy  enough  to  align  the 
grid  with  the  outer  glow;  however  if  the  surface  is  given  by  an  orthogonal 
mesh  of  curvature  lines,  then  clearly  one  wants  to  move  out  normally  in 
the  mesh.  Although  the  computational  requirements  of  this  problem  seem 
enormous,  it  does  provide  a  one  shot  method  for  constructing  surfaces  that 
do  not  allow  separation. 


REFERENCES 


{ij  C.Bcgji^.C.rnnca.F.Miirst.xnitO.Piri'Hincsu, !/«  Aqii ationx  de  StiiWxef  de  N’Avicr- 
Sfnlew  a*cc  mndition*  xiix  limit**  xiir  la  |ire«ion,  Xonl’nti"  PDF.  «ni< 
tppKiaHong;  Callipt  if  Franff  Sfmiiter,  IX,  I'JHS 
[Zj  P.K.Ciisng,  Cairtrsl  sf  Fh%-  .Sfptfitwn,  H*mi*ph*r*.  1S7S 
(3)  M.  (J»d-*1-Hals  and  D.  Biuhnell.  SrparaiioTi  Control:  Review.  Jutimsl  of  Fluid* 
Engineering.  113(1),  19i*l 

(■(J  M.  Gunzburger,  Finite  Elemrn*  Mtihoit  fsr  Vi'jifiw  hojr.f'tSii'U  Aca- 

demie  Pr*«»,  Boston,  latiS 

($J  M.Gunrburger.  L.Hou.  T.Siobodny,  Analysis  and  Finite  Element  Approximation 
ofOptinul  Control  FioUoms  tor  the  Slatiuiiiir.v  Nat  ier-Slolies  Ht|uatiuns  with 
Dirielilvt  Cunirule.  MstL  .Viitl.  Sum.  Anal.,  25l6), 

PJ  Al.Onnxbtjrger,  L.Hou.  T.Svobodny,  Analysis  and  Finite  Element  .Approximation 
trf  Control  I'robiVm*  for  the  Stafion.xry  Navier-  Stokes  Equations  with 

Distributed  and  Neumann  ConireJs,  .Vtfh.  F'emy.,S7(l9S).  1991 


MU/\ZV4  /Ot> 


CONTROL  OV  SEPARATING  FLOW  339 


(7]  M.GuniKiirg^r,  T.SvoLodny,  Bovmdary  V^Iority  Control  of  bicompressible 

Plow  with  an  Application  to  Viscous  Drag  Reduction,  SIAM  J.  Cc-iilrol  k. 
Optim.,  30(1).  1092 

(8]  J.Haslinger and  P-NeittaaiunSki,  FirMe  EUmint  Apjnrimalien  )ot  Opu-rial  Shaft 

Petijin,  Wiley,  Cliichesler.  19R8 

(9]  G.  R.  Hou!^.  (Editor),  V'wron  Finn*  Orc}  Rdaciivn.  AIAA,  New  York,  1980 
[lOj  O.  I  adyzhenskuya.  Tht  Maihtrralieat  Tkitrp  of  I'isccu  Inrompnttihle  Ficv, 

Gordon  and  Breach,  New  York,  1983 

|n]  R.r.egendrc.  Separation  de  IFrniilement  luminaire  tridimensinnnel.  Rtek.  A  ho., 
•M.  1938 

[12]  M.J.Litilithill,  Theory  of  Boundary  Layers  in  laminar  Bitdniiri  Ldpcrj,  (Rosen- 

head,  Ed.),  Dover,  19tKl 

[13]  J.  Nefas,  Its  Mtthedts  Dincfrj  in  Thorit  itt  Egatiiont  EUipligats.  .Masson, 

Paris,  1987. 

[14]  B.O'.Neill,  Eltmrnttrp  Difftnniiol  Gtcrttfry,  Academic  Press,  New  York,  1966 

[15]  O.Pironneati,  Shept  Desijr.  for  Elliptie  Syhtrr.t,  Springer,  New  York.  198-1 

[16;  H.Habitz,  Sensitivity  Analysis  of  ComSustion  Systems,  in  Tht  Miihrmaiics  of 
C’ontujfior.,  SLAM,  Pliiladelphia.  198.5 

[17]  J.Simon,  nifferenlialion  with  respect  to  the  domain  in  boundary  value  problems. 

.Vamtr.  Fin.  Anti.  Optim.  .  2  1981 

[18]  A.Skow  and  D.  Peake.  Control  of  the  forcboJy  vortex  orientation  by  asvnunetrie 

air  kiJcctK  ii.  in  .ACj^RD  I.S-121.  1082 

ll9]  J..5okolowski  and  J-P.  Uolesio.  Intr  oductioii  to  Shape  Optimization,  .Springer.  1992 

[20]  S.Stojanovic  and  T  .  Svobodny.  A  Variational  Approach  to  Shape  Ootiniiration  for 

the  Navier-Stokes  Equations,  to  appear 

[21]  S.StojanovIc  and  T.  Svohodny,  Computation  of  the  Surface  of  .a  Yiscout  Fluid,  to 

appear 

22]  C.Trucsdell.  Kmcmtitiei  of  VoriioHy,  Indian  .  195-1 
2.3]  O.Werlii,  Flow  Visualization,  in  .ACARD  LS-121,  1982 

24)  F.Zeidler.  A’oo.’i-iMr  Fvactione/  Anjiyjii  and  tu  Applirjfioni,  Springer,  198C 


nur%4.  tt  t 


RECENT  ADVANCES  IN  STEADY  COMPRESSIBLE 
AERODYNAMIC  SENSITIVITY  ANALYSIS 

AKTHim  C.  TAYLOR  HI*.  PERKY  A.  NEWMAX’,  GENE  J.-W.  HOU%  AND 
HENRY  E.  JONES* 

1.  lutroducfion.  An  overview  is  given  of  some  recent  accomplish¬ 
ments  by  different,  researchers  in  r.alcnlating  gradient  information  of  inter¬ 
est  from  modern  flow-analysis  codes.  Of  particular  interest  here  is  adtaucti 
computational  fluid  dynamics  (CFD)  software,  which  solves  the  nonhntar 
multidimensional  Euler  and/or  Navier-Stokos  equations.  The  accurate,  ef¬ 
ficient  calculation  of  aerodynamic  sensitivity  derivatives  is  very  iniportant 
in  design-oriented  applications  of  these  CFD  codes  to  single  discipline  and 
multidisciplinary  problems  (1,2]. 

Sensitivity  analysis  methods  are  riasaified  in  this  Study  as  belonging  to 
either  of  two  categories:  the  discrete  (quasjanalytical)  approach  or  the  con¬ 
tinuous  approach  This  roughly  follows  the  classification  presented  in  Ref. 
(3j,  where  the  two  methods  are  referred  tt>  as  the  implieit  gradient  approach 
and  the  variational  approach,  respectively.  These  two  broad  categories  in 
essence  differ  by  the  order  in  which  discretization  and  differentiation  of  the 
governing  equations  and  boundary  conditions  is  undertaken;  for  the  former 
approach,  the  discretization  precedes  differentiation.  In  *lie  final  analysis 
of  «  ithf  r  case,  a  large  discrete  system  of  linear  equations  must  he  solved 
when  calo’lating  the  sensitivity  derivatives. 

The  principal  focus  of  the  present  discus.sion  is  the  discrete  approach, 
for  which  the  basic  equations  are  presented;  the  major  difficulties,  together 
with  proposed  solutions,  are  reviewed  in  some  detail.  However,  advant.-tges 
and  disadvantage-s  are  associated  with  each  of  the  two  categories  of  meth¬ 
ods.  Thus,  a  brief  discussion  of  some  recent  research  activity  that  involves 
the  continuoii.s  approach  is  also  included. 

2.  The  discrete  approach. 

2,1.  Summary  of  ba.sic  eqiiation.s.  After  discretization,  the  non¬ 
linear.  mult  idimentional  steady-state  governing  equations  of  fluid  flow  and 
the  boundary  conditions  are  approximated  as  a  large  system  of  coupled 
nonlinear  algebraic  equations  as 

(2.1)  R(Q(D),X(D),D}  =  0 

•  Anislunt  ProfesMir,  Department  of  Me.-henic»1  Fn5"nei*ring,  Old  Domimoii  Univtr- 
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where  Q  is  the  vector  of  field  variables,  X  is  the  computational  grid,  and 
I>  is  a  vector  of  independent  input  (design)  variables.  Differentiation  of 
Eq.  (2.1)  yields  the  matrix  equation 

(2.2)  fl__Q+_A  +__0 

where  R’  =  Q'  =  (the  sensitivity  of  the  fieid  variables);  and 
A'  =  (the  “grid  sensitivity'').  This  latter  sensitivity  will  be  discuss<'d 
subsequently  in  greater  detail.  The  linear  Eq.  (2.2)  is  first  solved  for  Q',  in 
order  that  the  sensitivity  derivatives  of  aerodynamic  output  functions,  F, 
can  be  calculated  subsequently.  That  is, 

(2.3)  F(Q(D).XiD},D) 
and  differentiation  of  E<|.  (2.3)  yields 

t9  4t  F' O' 4.^^  X‘ 

where  f  ~  which  are  sensitivity  derivatives  of  intcrc.st.  Alternatively, 
the  ner.essity  of  solving  Eq.  (2.2)  for  Q'  is  eliminated  by  first  solving  the 
linear  equation 


where  A  is  a  discrete  adjoint  variable  mairi.'t  associated  with  the  functions 
F.  Then  F'  is  com.puted  as 

(2  6)  r  -  ^  r  +  ^  V'  + 

^  -clA'''  ^  OD  ^  dX’^  ^  dD 

For  ma.viinum  compufational  efficiency,  Eq.  (2.2)  is  solved  for  Q'  if  the 
dimension  of  F  is  greater  than  that  of  D-,  otherwise.  Eq  (2.5)  is  solved  for 
A  if  the  dimension  of  D  is  greater  than  that  of  t . 

A  number  of  researchers  havosucce.ssfully  pursued  llie  preceding  quasi- 
analytical  approach  to  calculate  sensitivity  derivatives  from  iionlinear  flow- 
analysis  codes  of  varying  degrees  of  complexity.  For  example.  Eilianna  and 
Carlson  (Hef.  [4])  have  computed  sensitivity  derivative.s  for  vnrioiix  airfoil 
flows  from  the  trajisonic  .email-disturbance  equation,  and,  more  recently,  for 
three-dimensional  (3D)  flerw  over  a  wing  from  the  full  potential  flow  f:qua- 
tion  (Ref  [,5]).  Drela  (Ref  [6])  has  computed  derivatives  for  airfoil  flows 
from  a  streamline  coordinate  formulation  of  the  two-dimensional  (2D)  Eu¬ 
ler  equations,  coupled  with  the  boundary  layer  equations,  to  account  for 
viscous  effects. 

The  calculation  of  (ii)n.'i analytical  sensitivity  derivatives  is  rejiorted  by- 
Taylor  et  al.  (Ref.  [7.8]),  Hcui  ct  al.  (Ref.  [9]),  and  Baysal  et  al  (Ref. 
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[10, IJ])  for  interior  channel  flows  from  a  conventional  upwind  finite- volume 
liolulinn  Rtrategy  applied  to  the  2D  Euler  equations  in  body  oriented  co¬ 
ordinates.  These  researchers  have  subsequently  extended  this  work  to 
calculate  sensitivity  derivatives  for  2D  laminar  flows  from  the  thin-layer 
Kavicr-Stokes  (TLKS)  equations,  including  external  flows  over  isolated  air¬ 
foils  (Refs.  [12.13]).  Calculation  of  qnasianalytlcal  aerodynamic  sensitivity 
derivatives  with  an  upwind  finite-voliime  solution  of  the  Euler  equations 
liar,  also  been  reported  by  Beux  and  Dervirux  (Ref.  (1-1];  for  a  2D  channel 
flow.  In  many  of  the  references  cited  thus  far,  the  quasianalytical  sensitiv¬ 
ity  derivatives  were  not  only  shown  tn  agree  very  well  (as  expected)  with 
derivatives  computed  by  the  method  of  finite  diflT.'renres,  but  were  obtained 
with  signifleamly  1e.es  computational  effort 

Despite  the  success  reported  in  these  works,  however,  severe  dilficulties 
teniaiii,  and  tlie.ee  must  be  overcome,  sso  that  efficient,  .accurate  calculation 
of  gradient  information  from  large-scale  modern  CFf)  software  can  become 
routine,  particularly  for  t  urbulenl  31.>  flews  -  vet  complex  geometries.  '1  hree 
such  major  difficulties  irienlilled  liere  arc 

1.  Solution  of  the  extremely  large  system  of  linear  equations  (eilhtT 
Eq.  (2.2)  for  Q'  or  Eq.  (2.5)  for  A) 

2.  Accur-ite  differentiation  of  all  terms  in  the  flow- analysis  code  (which 
can  become  an  extremely  complex  fa.sk)  to  be  used  in  computing 
the:  sensitivity  derivatives 

3.  Evalu.ation  of  the  "grid  sensitivity’'  term  A'',  in  Eqs.  (2.2;  and 
(2.4),  or  in  Eq.  (2.6) 

Thc.se  three  problems  will  be  discussc'd  subsequently  in  greater  detail; 
inchided  in  this  discussion  will  be  some  reennr  research  efforts  that  have 
been  undertaken  to  overcome  these  ol>Btacles  Further  discus.sion  of  these 
and  other  difficulties  is  also  found  in  Ref.  [15]. 

2.2.  Methods  fur  equation  solutie'n.  If  a  strict  application  of  New- 
ron  ireration  is  pos.sible  and  applied  in  solving  the  nonlinear  flow  Eq.  (2.1) 
for  Q,  then  clearly  the  solutbn  of  the  linear  Eq.  (2.2)  for  Q'  (or  Eep  (2.5) 
for  A]  b.^comes  simply  an  efficient  back-substitution  procedure.  This  prr>- 
cednre  has  been  demonstrated  in  the  references  cited  thus  far.  Hciwevcr, 
the  formal  implementation  of  Newton  iteration  is  not  feasible  for  advanced 
CFD  codes  on  current  supercomputers  because  available  memory  »loes  nor 
permit  direct  LU  fartoriration  of  the  coefficient  matrix  when  solving  the 
Euler  or  ^avier-Stokes  equations  for  large  2D  or  practical  30  problems. 

As  an  alternative  to  pure  Newton  iteration,  typical  rFD  codes  employ 
what  is  sometimes  called  “qu.’^i-Newlon'’  Herat  ion  which  c.an  be  expressed 
as 
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(2.7) 


/?" 


<3->+'  =  Q”  + 
n= 


Thr  Irft- hand-side  coefficient  matrix  operator  of  Eq.  (2.7)  is,  in  many 
Cf  D  codes,  at  best  only  a  very  rougli  approximation  to  t.hn  exact  Jaco¬ 
bian  matrix  operator  that  is  associated  will'  true  Newton  iteration.  Thus, 
Eqs.  (2.7)  and  (2.S)  are  intended  to  represent  a  broad  spectrum  of  implicit 
and  e;.plirit  iterative  algorithms  that  are  common  to  CFD  software. 

Some  important  c.omputfitional  difficulties  are  associated  with  the  lin¬ 
ear  sensitivity  equations  when  they  are  iteratively  solved  in  the  standard 
form  given  by  Eqs.  (2  2)  and  (2  o).  Most  importantly,  the  coefficient  ma- 
trix.  (  and  also(|^)^)is  characterized  by  .a  lack  of  diagonal  dominance 
(for  spatially  higher  order  accurate,  standard  CFD  methods)  and  perhaps 
by  poor  overall  eondiiioniiig.  The  result  is  poor  performance,  or  even  foil- 
tire  (divergence),  of  conventional  iterative  methods,  when  applied  to  the 
sensitivity  equations  in  standard  form  (Kefs,  [o]  and  [12]).  Fnrthnrmorc, 
appraximatinns  of  computational  convenience  cannot  be  introduced  into 
any  of  the  terms  of  these  equations  without  afTeciiiig  the  accuracy  of  the 
sensitivity  derivatives  that  are  computed  at  convergence. 

One  approach  that  addresses  these  dillicultiee  is  given  by  Fteshaky  .and 
Baysal  {Ref.  [16]).  In  this  work,  a  domain  decoiiijiosition  strategy,  together 
with  a  preconditioned  conjugate-gradient  (CC)  algorithm,  is  successfully 
applied  to  ite  ratively  solve  the  sensiiivily  equations  in  .standard  form  for  an 
airfoil  flow  from  the  TLNS  equations.  An  iiiif  in!  indicatioii  of  the  feasibility 
of  this  approach  m  UD  was  recently  demonstrated  on  an  axisymmeiric 
n.acelle  configuration  (Ref.  [17]).  A  CG  technique  was  also  introduced 
in  Ref.  |,a]  for  obtaining  sensitivity  derivatives  from  the  .ID  full  jiotential 
equation  for  a  wing. 

Another  strategy  has  been  developed  by  Korivi  et  al.  (Ref.  [Iftl)  and 
Newman  et  al.  (Ref.  (19j),  where  tlie  sensitivity  equations  are  recast  and 
solved  in  tncremenitl  Heroin  f  Jornv,  for  L'q  (2.2),  this  form  i.s 


(2.9) 


on 

SD 


(2.10) 


=  Q'"'  t 

m  =  1,2,1,... 


In  Eq.  (2  9).  the  left-ll'^nfl-side  coefficient  matrix.  rcpresei)l.«  any  con¬ 
vergent,  eompiitatioiudly  convenient  approximation  of  the  exact  Jacobian 
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matrix.  In  particular,  the  identical  approximate  left-hand-side  operator 
and  algorithm  that  are  used  to  solve  the  nonlinear  flow  equations  can  also 
he  used  to  solve  the  linear  .sensitivity  equations.  Comparisons  of  Eqs.  (2.7) 
and  (2.8)  with  Eqs.  (2.9)  and  (2.10)  reveal  that  the  linear  sensitivity  equa¬ 
tions  (Eq.  (2.2))  arc  solved  by  interchanging  the  right-hand  side  of  Eq,  (2.7) 
with  that  of  Eq.  (2.0)  and  “freezing’  the  left-hand-side  operator.  -At  ron- 
vrrgence,  the  nccurary  of  the  .sensitivity  derivatives  is  not  compromised  if 
the  the  term*  on  the,  right-hand  side  of  Ef),  (2.9)  are  evaluated  consisleiitly. 
The  use  of  the  inrrenienta!  iterative  strategy  is  also  applicable  in  solving 
Eq.  (2.5):  in  this  case,  the  left-hand-side  operator.  must  be  transposed. 

Implementation  of  the  incremental  iterative  strategy  for  solving  Eqs. 
(2.2)  and  (2.5)  has  been  successfully  deinonslraled  in  Ref.  [18].  In  tliis 
work,  two  airfoil  problems  using  llie  TLNS  equat  ions  were  considered:  low 
Reynolds  nuinl’er  laminar  flow  and  liigh  Reynolds  number  turbulent  flow, 
The  well  known,  spatially  split,  approximate  factorization  algorithm  was 
used  to  solve  the  nonlinear  flow  and  the  linear  .sensitivity  equation?  in 
incremental  iteratH-e  form.  Derivatives,  with  respect  to  geometric  shape 
and  nongeomntric  shape  input  variables,  were  accurately  computed;  they 
fompared  well  with  the  rneihori  of  finite  differenres.  but  were  significantly 
less  costly'  to  obtain.  For  thesso  two  airfoil  problems,  att.errpf,s  to  solve  the 
sensitivity  equations  in  standard  form  with  conventional  iterative  methods 
failed  because  of  the  lack  of  diagonal  dominance,  as  discussed  previou.sly. 
Fu’  thermorc.  use  of  an  '■in  core"  direct  solution  of  these  equations  was  not 
feasible;  tiae  large  number  of  points  in  the  computational  grid  exceedc-j  the 
storage  allocation  on  the  standard  Ctay-2  computer  queues.  Burgreen  and 
Bays.al  (Ref.  [20j  h.ivc  rec'-ntly  extended  their  earlier  work  to  combine  the 
efficient  preconditioned  conjugate  gradient  algorithm  with  the  incremental 
iterative  formulation  to  solve  the  sensitivity  equations  for  an  airfoil  flow. 

The  incremental  iterative  formulation  is  very  flexible.  Tliis  formulation 
should  allow  the  future  development  of  algorithms  which  are  specifically 
tailored  for  the  highly  eflicient  solution  of  these  equations  on  advanced 
machines,  including  massively  parallel  architectures.  Most  significantly, 
the  incremental  iterative  formulation  increases  the  feasibility  of  solving  the 
sensitivity  equations  for  advanced  3D  CFD  codes.  Korivi  et  al.  (Ref.  [21]) 
have  demonstrated  the  use  of  this  strategy  to  efficiently  and  accurately 
calculate  quasianalytical  sensitivity  derivatives  for  a  space- marching  3D 
Euler  code  with  supersonic  flow  over  a  blended  wing-body  configuration. 

2.3.  Constructionofcomplicatcd  derivatives.  Application  of  the 
quasianalytical  met  hods  that  have  been  described  requires  the  constraction 
and  evaluation  of  many  derivatives  (e.g.  the  Jacobian  matrices,  and 
1^),  found  in  the  preceding  equations  For  advanced  (TD  codts,  the  task 
of  constructing  exactly  .ill  of  these  required  drriv.itives  'by  hand"  and  then 
building  the  software  for  evaluating  these  terms  is  extremely  complex,  error 
prone,  and  practically  speaking,  impossible.  For  example,  the  inclusion  of 
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even  the  niost  elementary  turbulence  mode!  adds  a  tremendous  level  of 
complexity  to  the  Jarobian  matrices,  and  even  in  '2D.  Reference 
(IS)  shows  that  failure  to  eonsi.stimtly  differentiate  the  turbulence  modeling 
terms  can  result  in  unexpectedly  large  errors  in  the  sensitivity  derivatives 
that  arc  calculated.  Other  common  features  associated  with  advanced  CFD 
software  that  are  expected  to  severely  increase  the  complexity  of  these 
terms  include  the  use  of  inultigrid  for  convergence  acceleration,  and/or 
either  structured  multiblock  or  unstructured  grid  capability  for  application 
to  complex  geometric  configurations. 

\  promising  possible  solution  to  this  problem  may  be  found  in  the 
use  of  a  technique  known  as  automatic  differentiation  (AD),  which  involves 
application  of  a  precompiler  software  fool  that  automatically  differentiafes 
the  application  program  source  code  from  which  sensitivity  derivatives  are 
to  be  obtained.  The  output  of  the  AD  preenmpiler  procedure  is  a  new 
source  code  which,  upon  compilation  and  execution,  will  compute  the  nu¬ 
merical  value.(s)  of  the  derivativefs)  of  any  specified  output  function(s)  with 
respect  to  any  specified  input  paranieter(s).  In  addition,  this  new  program 
will  perforin  the  function  evaluations  of  the  original  code.  Computation  of 
derivatives  via  .AI)  should  not  be  confused  with  the  use  of  a  mathemati¬ 
cal  symbolic  manipulation  software  package  (e.g..  MACSYMA.  Ref.  [22]). 
This  latter  approach  w.rs  employed  extensively  in  Ref.  [5],  for  example. 

An  AD  itrecompilar .software  tool  called  ADIFOR  (Automatic  Differen¬ 
tiation  of  FORtran,  Ref.  [23])  has  recently  been  ttsfed  by  BLschof  et  al. 
(Ref.  [21])  and  Green  et  al.  (Refs.  [2.5.26])  in  applications  to  an  advanced 
cm  flow-analysis  code  called  TLNS3D  (Ref.  [27]).  The  TbNS3D  rode 
solves  the  3D  TLNS  equations  u.sing  central  difl'crence  approximations  of 
all  spatial  derivatives  and  employ;  an  explicit  solution  algorithm  that  in¬ 
cludes  a  highly  efficient ,  state-of-the-art  multigricl  coiivergeiice  ace.elcration 
technique.  In  these  studies,  a  high  Reynolds  number,  turbulent.  3D  tran¬ 
sonic  flow  over  the  O.NERA  M6  wing  was  selected  as  the  example  problem. 

The  ADIFOR  procedure  generated  a  new  version  of  the  TLN'SSD  code 
that  was  augmented  with  the  eapability  to  calculate  the  derivntives  of  lift, 
drag,  and  pitching  moment  with  re.spoct  to  a  variety  of  different  types  of 
input  parameters  (including  parameters  related  to  the  peomet.rir  shape  of 
the  wing).  The  sensitivity  derivatives  that  were  rnlculaud  by  AD  com¬ 
pared  very  well  with  the  same,  derivatives  calculated  by  finite  differences. 
The  computational  cast  of  generating  the  results  was  roughly  the  same 
for  both  methods;  however,  this  cr;st  was  very  high.  Nevertheless,  the  re¬ 
sults  reported  in  Refs.  [24. 2.5, 26]  are  encouraging  in  that  they  ronfirm  the 
feasibility  of  applying  AD  to  advanced  3D  CFD  codes.  In  partienlar,  the 
AD  {.roredtire  was  proven  to  be  capable  of  generating  accurate,  derivative.s. 
even  for  a  complicated  iterative  solution  algorithm  such  as  inuhigrid  and 
with  the  extra  level  of  complexity  due  to  turbulence  modeling. 

When  .AD  is  applied  directly  to  a  typical  iterative  CFD  code,  the  ro 
sulting  .AD-enhanced  CFD  code  inusr  calculate  the  required  S"nsitiviiy 
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derivatives  through  a  similar  iterative  proress.  From  the  discussion  in 
Refs.  [23,24],  the  process  whereby  sensitivity  derivatives  are  iteratively 
calculated  after  the  application  of  AD  can  be  represented  conceptually  by 
combining  Eqs.  (2.7)  and  (2.8)  (i.e.,  the  basic  CFD  solution  procedure)  and 
differentiating  tvith  respect  to  D\  the  result  is 


(2  11) 


Q/r.+l  _  Q/n  _pnfjfn  _  pm  pK 

n=  1.2,3... 


where  P  =  J  . 

References  [2.3,24]  note  that  a.s  an  option  for  improved  overall  com- 
pwtation.al  efficiency,  the  original  CFD  code  can  he  used  to  first  generate 
a  well-converged  numerical  solution  of  the  nonlinear  flow  equations  lr~ 
fort  the  .AD-enhancfd  CFD  code  i.s  executed  to  ca'cuinte  the  sensitivity 
derivatives.  When  implemented  in  this  w.iy,  the  derivative  calculations  via 
Eq.  (2.11)  and  AD  essentially  reduce  to  the  previously  discussed  incremen¬ 
tal  iterative  formulation  of  Eqs.  (2  9)  and  (2.10)  because  li'‘  is  very  small. 
Unfortunately,  differentiation  through  the  complete  iterative  CFD  solution 
algorithm  and  repeated  calculation  of  its  derivatives  (represented  by  P'" 
in  Eq.  (2.11)),  although  unnecessary,  is  not  avoided.  The  coinputationelly 
wasteful,  repeated  calculation  of  P'"  is  probably  a  very  significant  part  of 
the  total  work  represented  by  Eq.  (2.11).  Furthermore,  the  AD-enhaneed 
CFD  code  will  continue  to  iterate  on  the  vvell-ronverged  solution  to  the 
nonlinear  flow  equations.  A  concept  for  deactivation  of  the  AD  for  some 
parts  of  the  code  or  calculations  was  suggested  in  Ref.  [24'. 

-An  alternative  strategy  ha.s  been  proposed  by  Newman  ct  al.  (Ref. 
[19])  for  applying  AU  to  large-scale  CFD  codes.  If  successful,  the  method 
would  circumvent  the  computationally  wasteful  aspects  (prevuuisly  dis¬ 
cussed)  a*sotiated  with  the  conventional  direct  application  of  .AD  to  GFD 
codes.  Reference  [19]  proposes  that  AD  be  judiciously  applied  to  differen¬ 
tiate  only  the  right-hand  side  of  Eq.  (2.7);  the  resulting  terms  would  be 
placed  on  the  riglit-liaiu!  side  of  the  incremental  iterative  formulation  of 
Eq.  (2.9).  'J'lial  is,  AD  would  be  used  to  assist  in  the  accurate  construction 
of  the  terms  required  on  the  right-liand  side  of  Eq.  (2.9);  the  original  CFO 
code  and  solution  algoritlmi  would  be  used  '“as  is”  for  the  lefi  liand  sjde 
of  Eq.  (2.9).  The  restilling  inethrMl  shruild  effectively  conibine  an  existing, 
highly  elBcient,  iterative  Sfffut.ion  algorithm  witli  a  fast,  reliable  procedure 
for  construefing  all  of  the  reqnire.d  derivatives. 

2.4.  Disctission  of  grid  son-sitivity  terms.  Typical  CFD  calcula¬ 
tions  are  peTformed  on  a  compntational  mesh  that  is  ‘■body-oriented." 
Changes  in  the  geometric  shape  result  in  the  movement  of  grid  points 
throughout,  the  entire;  mesh  -  nor  just  on  the  boundaries.  Therefore,  for 
de.sign  v.Triables  thar  are  related  to  geometric  sh.ape,  the  grid  sensitivity 
matrix,  .Y'.  of  Eqs.  (2.2),  (2.4),  and  (2.6)  is  nonzero,  non-sparsc,  and  re 
quires  special  consideration  to  evaluate  computationally. 
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One  method  for  cnleulnring  these  grid  sensitivity  terms  is  by  finite 
differences.  If  forward  finite  difference  approximations  are  selected,  for 
example,  the  mesli  generation  code  is  used  to  produce  one  additional  per¬ 
turbed  grid  for  a  slightly  perturbed  value  of  each  geometric  shape  design 
variable  of  interest.  This  approach  has  been  successfully  u.sed  in  many  of 
the  references  cited  lhu.s  far.  This  procedure  is  generally  expected  to  be 
reliable  in  producing  accurate  grid  sen.sitivity  terms  because  the  relation¬ 
ships  that  are  a.<isociated  with  the  luesh  generation  proces.s  should  be  very 
smooth  by  design. 

An  analytical  method  for  evaluating  the  grid  sensitivity  derivatives 
has  been  proposed  by  Taylor  et  a1.  (Ref.  ;8]),  which  involves  the  chain 
rule  and  direct  differentiation  c-f  the  relationships  that  are  used  by  the 
mesh  generation  code  to  distribute  tlie  grid  points  throughout  the  interior 
of  the  computational  domain.  Computationally,  the  goonetric  shape  of 
the  domain  is  defined  by  the  grid  points  that  lie  on  the  boundaries  (i.e., 
on  the  body  surfaces).  These  boundary  grid  points,  A’b.  can  be  viewed 
as  the  principal  input  variables  of  the  mesh  generation  code,  whereas  the 
complete  set  of  mesh  points,  A',  are  the  output  variables.  Furthermore,  the 
boundary  grid  points  of  interest  are  a  function  of  the  geometric  shape  design 
parameters.  Thus,  the  function  of  the  mesh  generation  code  is  e.xpressed 
as 


(2.12)  .\  =  X(Xb(D}) 


Differentialion  of  Eq.  (2.12)  with  respect  to  D  yields  the  working  relation 
ship  for  A*' 


(2.13) 


„  _  OX  , 

A  -  Tr^Aj7 

f'Afl 


where  the  matrix,  A’{,  =  is  a  very  small  subset  of  A'.  Typically, 
the  derivative  A'^  can  be  evaluated  analytically;  ji  depends  on  the  spe¬ 
cific  shape,  and  particular  parameterization  of  the  body  surface  in  terms 
of  the  design  variables,  D.  Tb<;  matrix  is  unique  to  the  particular 
mesh  generation  program  employed  to  distribute  grid  points  Ibroughoul 
the  domain  and  can  be  evaluated  by  a  one-time  direct  differentiation  of  tlie 
relationships  used.  Smith  and  Sadrehaghighi  (Ref.  [28])  and  Sadrehagliiglii 
et  al.  (Refs.  [29,30])  have  pursued  it;  some  depth  the  analytical  approach 
of  Eq.  (2.13)  to  efficiently  calculate  accurate  grid  sensitivity  derivatives  for 
airfoil  flows.  This  method  is  also  used  by  Burgreen  et  al.  in  Ref.  [31]. 

Another  approach  for  calculating  grid  sensitivity  derivatives  is  pro¬ 
posed  by  Taylor  et  aJ.  (Hef.  [12])  and  is  also  used  by  Korivi  et  nl,  (Ref, 
[IS]).  The  method  einf  loys  an  ela.stic  membrane  analogy  applied  to  the 
computational  domain.  'Dial  is,  to  remesh  after  a  geoiuetric  shape  ch.mge 
and  to  calculate  grid  s<-nsitivity  derivatives,  the  domain  is  assumed  to  obey 
the  laws  of  linear  ela-ticity.  The  procedure  involves  the  use  of  a  finite- 
element  computer  code  for  .structural  analysis  to  coiiquite  the  required 


ADA294785 


STEADY  COMPftESSIBLE  AERODYNAMIC  SENSm%'lTY  ANALYSES  349 

grid  wnsitivUy  infornjation.  A  delailed  expianation  of  this  mrtliod  is  given 

in  Ref.  [12], 

Green  rt  »1,  (Ref  [26])  have  applied  AD  (i.e.,  ADIFOR)  directly  to 
the  grid  generation  program  to  successfully  calculate  the  grid  sensitivity 
terms.  These  grid  derivatives  were  subsequently  coupled  directly  to  the 
AU-enhanced  TLNS3D  flow  code.  As  previously  discussed,  the  final  result 
is  the  successful  calculation  of  aerodynamic  sensitivity  derivative.s  with  re¬ 
spect  to  geometric  design  parameters  for  3D  turbulent  flow  over  the  ON- 
ERA  M6  wing. 

2.5.  Comments  on  simultancniis  anaJy5i.s  and  optimization. 
Gradient  information,  whether  it  be  sensitivity  derivatives  or  adjoint  vari¬ 
able,  is  required  for  design-oriented  applications.  In  the  approach  of  So- 
bieski  (Ref.  [2]),  the  global  optimization,  with  its  multidisciplinary  objec¬ 
tive  function  and  constraints,  is  the  outermost  iteration  loop  and  drives 
the  various  single  discipline  analyses  and  their  corrr.sponding  sensitivity 
codes.  Each  discipline  furnishes  both  functioiia!  and  gradient  information 
at  each  optimization  iteration  .step.  In  the  case  of  iterative  single-discipline 
solution.s.  both  the  functional  and  gradient  information  should  be  well  con¬ 
verged.  Other  formulations  for  the  multidisciplinary  design  optimization 
problem  have  been  proposed  by  Cramer  et  al.  (Ref  {32)1.  These  formula¬ 
tion.®  involve  the  nature  and  extent  of  optimization  and  analysis  partition¬ 
ing  or  mixing. 

When  a  single-discipline  analysis  code  employ.s  an  iterative  solution 
algorithm  (i.e..  CFD),  then  embedding  the  optimization  iteration  within 
the  discipline  .solution  iteration  may  have  significant  computational  advan¬ 
tages,  This  approach,  of  course,  is  po.wible  and  has  been  done  for  singlr- 
disripliue  (optimization)  design  codes  in  both  the  discrete  (discussed  here) 
and  continuous  (discu.ssed  in  the  next  section)  approaches. 

Rizk  (Ref.  [3.1])  proposed  a  siniultancoiis  analy.sis  and  optimization 
technique  called  the  single-cycle  schejiie  and  recently  summarized  several 
CFD  applications  of  this  technique  (Ref.  [34]).  The  design  ver.sioti  of 
TRAN.4IR,  Bs  discus.sed  by  Huffman  et  al.  (Ref.  [35]),  incorfiorate.s  sen¬ 
sitivity  analysis  via  both  direct  (such  as  Eq.  (2.2))  and  adjoint  (such  as 
Bq,  {2..5))  techniques.  For  the  adjoints,  however,  the  output  functions  t 
(such  as  Eq.  (2.3))  are  the  objective  function  and  the  constraints:  these 
adjoint  solutions  are  embedded  In  the  flow-analysis  solutions  (i.e,,  simulta¬ 
neous  analysis  and  optimization). 

Two  other  discrete  approach  techniques  for  8jmuJtnn''ous  analy.sis  and 
optimization  have  been  reported  by  Orozco  and  Ghatta.s  (Ref.  |3C»})  and 
Hou  et  a!,  (Ref.  J37l).  The.se  independent  derivations  easentiaUv  arrive  at 
the  same  set  of  equations  to  sedve  for  the  flow  and  adjoint  variables  and  arc 
also  closely  rel.ated  to  the  variational  or  control  theory  techniques  discussed 
in  the  next  section. 
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3.  The  coutinuouB  approach.  An  important  advantage  is  associ¬ 
ated  with  the  continuous  method  for  computing  gradient  information,  where 
the  governing  equations  and  boundary  conditions,  or  their  corresponding 
weak  variational  form,  are  differentiated  with  respect  to  the  design  variables 
prior  to  the  discretization  and  solution  of  the  resulting  sensitivity  equa¬ 
tions.  The  advantage  is  increased  fltxihiliiy  For  example,  a  completely 
different  strategy  might  be  selected  to  discretize  and  solve  the  sensitivity 
equations  from  the  strategy  used  to  solve  the  flow  equations.  A  simpler 
governing  equation  or  set  of  governing  equations  other  than  those  used  in 
the  flow  analysis  might  be  selected  and  solved  to  estimate  flow  sensitivity 
information  With  this  increased  flexibility  conies  the  possibility  that  some 
of  the  major  difficulties  associated  with  the  discrete  approach  (which  were 
discussed  earlier)  might  be  mitigated,  or  completely  avoided. 

Shubin  and  Flank  (Ref.  (3J)  have  concluded  that  aerodynamic  sensi¬ 
tivity  derivatives  used  with  gradient  based  design  optiniiration  procedures 
should  be  consistently  dificute.  That  is,  they  should  be  essentially  the  ex¬ 
act  derivatives  of  the  discrete  algebraic  system  that  approximately  models 
the  continuous  problem.  Shubin  and  Frank  assert  that  the  use  of  inconsis¬ 
tently  discrete  derivative.^  ran  cause  significant  siowdowii  or  even  complete 
failure  of  optirniration  procedures.  Furthermore,  they  note  that  use  of  a 
continuous  formulation  can  yield  derivatives  that  are  not  consistently  dis¬ 
crete;  according  to  Ref.  [3].  derivative  inconsistency  traced  to  this  source 
can  create  .severe  problems  for  the  optimization  algorithm.  Generally,  the 
continuous  approach  can  yield  consistently  discrete  derivatives  (or  at  least 
very  close  approximations  of  the  same)  when  a  careful  discretization  of  the 
sensitivity  equations  is  .selected  that  is  compatible  with  the  one  used  to 
discretize  the  Dow  equations;  in  addition,  of  course,  the  sensitivity  equa¬ 
tions  must  also  be  derived  from  the  original  flow  equations.  Therefore,  the 
requirement  that  the  sensitivity  derivatives  be  consistently  discrete,  will 
severely  restrict  the  principal  advantage  of  the  continuous  approach  (i.e., 
flexibility).  However,  the  necessity  of  always  using  con.sistontly  discrete 
sensitivity  derivatives  for  gradient-h.ased  optimization  is  refuted  in  part  by 
Bcirggaarcl  (Ref.  [3S]I.  who  e.xainine.s  the  identical  qtiasi-one-dmiensional 
nozzle  flow  problem  wieii  a  normal  shock  (as  investigated  previously  in  Ref. 
[3]).  In  Ref.  [38],  the  judicious  use  of  inconsistently  discrete  derivatives  is 
shown  in  some,  cases  to  be  beneficial,  resulting  in  "successful"  optimization, 
wherea-s  use  of  the  consistently  discrete  derivatives  restilts  in  failure 

A  continuous  formulation  by  Yates  (Ref.  [39])  and  Yate.s  and  Drs- 
marias  (Ref.  [40])  has  successfully  demonstrated  the  accurate  and  effi¬ 
cient  calculation  of  aerodynsinic  sensitivity  derivatives  from  the  iniegral- 
equation  representation  of  the  governing  equations  of  aerodynamics  and 
of  the  resulting  aerodynamic  sensitivity  equations.  Results  to  dale  have 
been  reported  only  for  linear  aerodynamic  theory,  in  which  the  method 
reduces  to  a  conventional  boundary  element  procedure.  In  principle,  how¬ 
ever,  this  stratojy.'  might  I jp  extended  to  efficiently  compute  aerodyiiairilc 
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sensitmty  derivatives  for  3D,  nonlinear,  viscous  flow.  An  integral  equation 
representation  results  in  solution  procedures  that  are  unique  and  that  have 
advantages  over  standard  finife-difl’ercnce  and/or  finite- volume  methods  for 
solving  the  flow  equations;  these  advantages  then  tarry  over  in  .solution  of 
the  resulting  senritivity  equations  (Refs.  (39,40]). 

Continuous  formulations  for  aerodynamic  sensitivity  derivatives  ap¬ 
plied  to  the  2D  Euler  equations  are  reported  in  Refs.  [14]  and  (41).  Recall 
that  Ref.  (14]  also  gave  results  for  the  discrete  approach.  Borggaard  et  al. 
(Itef.  ]41])  successfully  used  the  continuous  approach  to  calculate  sensitiv¬ 
ity  derivatives  by  direct  differentiation  of  the  2D  Euler  equations  together 
with  the  boundary  conditions.  With  the  methods  of  Ref.  [41],  the  existing 
CFD  software  can  be  iiioduied  in  a  relatively  straightforward  manner  to 
aiso  efficiently  solve  the  linear  sensitivity  equations.  In  patticular,  both  the 
nonlinear  flow  and  the  linear  sensitivity  equations  are  solved  in  incremental 
iterative  form  using  tiie  identical  approximate  operator.  The  exten.sion  of 
this  methodologj’  to  3D  viscous  flow  appears  to  be  feasible  in  principle. 

Another  important  ronseqncnrc  of  the  methods  presented  in  Ref.  [41] 
ia  the  apparent.  aVisenee  of  grid  sensitivity  terms  of  the  type  discn3.s(:d  pre¬ 
viously  for  the  discrete  approach.  Of  rourse,  with  the  complete  lack  of  any 
grid  sensitivity  term.«,  the  sensitivity  derivatives  that  are  ealeiilated  cannot 
be  consistently  discrete  (for  design  parameters  that  are  geometric  shape 
related).  In  Ref.  (41].  the  governing  fluid  equations  and  boundary  condi¬ 
tions  are  first  differentiated  in  physical  (Cartesian)  coordinates;  thereaft-r, 
the  resulting  tu.’nsitivity  equations  are  transformed  to  and  then  numericiilly 
solved  in  generalized  roinputational  coordinates  (as  are  the  nonlirear  flow 
equations).  However,  if  t  he  governing  fluid  equations  are  first  transformed 
to  computational  coordinates  and  are  thereafter  differentiated,  then  the 
resulting  sensitivity  equations  are  the  same  as  those  obtained  in  Hef  (11). 
with  one  important  exception.  For  design  variables  related  to  the  geometric 
shape,  some  additional  terms  appear  that  involve  derivatives  of  the  trans¬ 
formation  from  ph.vsicaJ  to  computational  coordinates  The  discretization 
and  subsequent  solution  of  the  sensitivity  equations  would  then  involve 
approximation  of  these  terms  as  “grid  sensitivity'  terms 

Jameson  (Refs.  [42.43])  has  demonstrated  the  use  of  control  theory 
applied  to  aerodynamic  optimization,  wherein  the  2D  Euler  equations  are 
used.  In  this  work,  gradient  information  used  in  the  optimization  is  ob¬ 
tained  through  numerical  solution  of  a  continuous  adjoint  variable  problem. 
A  similar  technique  has  also  been  used  in  Ref.  [44].  Ta’asaii  ei  al.  (Ref. 
[45])  deinoiislrated  the  use  of  a  continuous  adjoint  variable  formulation  for 
the  gradient-based  aerodynamic  design  optimization  of  an  airfoil  from  the 
sniall-disiutbance  equation.  More  recently,  this  work  has  been  extended 
to  the  2D  full  polentml  equation  (Ref.  [4(>]).  Of  particular  interest  in 
Refs.  [45,46]  is  that  tlje  optimization  strategy  feattires  siinnlt  aneons  miiii- 
niization  of  the  object  function  and  solution  of  the  discrete  nonlinear  flow 
equations,  and  includes  a  heavy  tlepeiidence  on  the  careful  use  of  miiltigrid 


ADA294785 


352  A.C.  TAYLOR  IJl,  P.A.  NEWMAN,  G.J.W.  KCU.  AND  H  E.  JONES 

for  efficiency.  In  Refe.  [43.4.5,46],  an  incremental  iterative  formulation  is 
used  to  solve  the  equations  (i.e.,  the  nonlinear  flow  and  the  linear  adjoint 
equations),  after  discretization. 

4.  Summary.  An  overview  has  been  presented  of  some  recent  re¬ 
search  activities  that  have  concentrated  on  the  problem  of  efficient  and 
accurate  calculation  of  gradient  information  from  advanced  CFD  codes. 
Thi.s  review  was  not  intended  to  be  exhaustive  (i.e.,  some  important  re¬ 
cent  advances  have  likely  been  overlooked).  In  particular,  some  studies, 
which  appear  to  be  more  related  to  optimization  procedures,  have  also 
been  omitted.  For  the  discrete  approach,  the  ba-sic  equations  of  awrody- 
namir  sensitivity  analysis  were  outlined,  and  three  of  the  most  important 
computational  difficulties  associated  with  solving  the  sensitivity  equations 
were  di.sciissed.  In  addition  some  potential  remedies  for  these  problems 
were  surveyed.  Although  significant  advances  using  the  discrete  approach 
have  been  made,  many  obstaele.s  remain  that  must  be  overcome  before  the 
calculation  of  quaiiianalytical  sensitivity  derivatives  becomes  routine  for 
turbulent  3D  flows. 

In  principle,  the  flexible  nature  of  the  continuous  approach  might  pos¬ 
sibly  be  exploited  to  overcome  some  of  the  computational  difficulties  tluat 
have  been  discussed  for  the  discrete  approach.  At  the  same  time,  however, 
the  tonsequeneea  of  this  flexibility  are  typically  sensitivity  derivatives  that 
are  different  in  the  sense  that  they  are  not  consistently  discrete.  This  re¬ 
sult  can  have  an  impact  on  the  performance  of  optimization  algorithms; 
whether  the  impact  is  large  or  small,  or  even  good  or  b,ad.  is  not  yet  clear. 
The  continuous  formulation  can  be  applied  in  a  careful  manner  to  pro¬ 
duce  the  consistently  discrete  derivatives  for  very  nearly  these  derivatives). 
However,  then  the  advantage  of  flexibility  for  the  continuous  approach  is 
sacrificed  and  the  difference  between  the  discrete  and  the  continuous  ap¬ 
proaches  become.s  more  an  issue  of  philo.'.jphy  than  of  substance. 
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REMARKS  ON  THE  CONTROL  OF  TURBULENT  FLOWS 


ROCiCn  TEMAM* 


Introduction 

Oiir  aim  in  the  article  is  to  address  some  theoretical  and  computational 
<lurstions  related  to  the  control  of  viscous  incompressible  flows  governed  by 
the  Navier-Stokes  equations  or  related  equations. 

This  article  comprises  three  parts  whore  we  study  three  types  of  prob¬ 
lems  which  correspond  to  different  preoccupations  and  utilize  different  tools 
for  tlir-ir  solution. 

In  Sectifiii  I  we  .study  some  control  problems  where  the  objective  is  to 
minimize,  in  some  sense,  turbulence.  DisTrihufed  control,  boundary  control 
problems  for  thermohydraulicii  and  fur  a  channel  flow  in  spiace  dimension 
two  are  considered.  After  modeling  the  prohlem,  we  show  the  existence 
of  an  optimal  control,  and  derive  the  necessary  conditions  of  optimality 
(NCO)  for  the  proldctn.  using  the  adjoint  state. 

In  Section  2  we  consider  in  space  dimcnsioti  three  one  of  the  problems 
from  .Section  1,  namely  tlie  distributed  control  problem.  The  analysis  t  f 
Section  I  does  not  apply  here  since  the  initial  value  problem  for  the  Navier- 
Stokes  equations  is  not  known  to  be  well  posed  in  dimension  three.  TJie 
existence  of  an  optimal  control  is  adablished  and.  if  the  optimal  state  is 
sufficiently  regular,  we  are  able  with  appropriate  methods,  to  derive  the 
necessary  conditions  of  optimality. 

In  Section  3  we  study  the  optimal  rontrol  of  the  St.ocha.stir  Burgers 
equations.  It  was  shown  that  the  Burgers  cqtiafions  forced  by  a  white 
noise  produce  turbulence  ph-nomena  similar  to  those  observed  for  fluid. 
The  objectives  ainl  ibf  iin  thod,-  are  now  different.  Instead  of  looking  for 
an  optimal  control,  we  only  try  to  derrea.se  the  ro.st  function  by  using  a 
one  step  control  procedure.  Theoretical  questions  are  not  addressed  here 
but  we  report  on  numerical  results  which  show  a  very  significant  drr.rra.se 
of  the  cost  function. 

The  results  in  .Sections  1,  2.  3  are  based  on  references  [1],  [2]  atiu  [7j 
where  further  details  can  be  found. 

1.  Modeling  of  some  control  problems.  We  describe  three  model 
problems  in  control  of  fluids  (control  of  turbulence). 

1.1.  A  model  distributed  control  problem:  control  by  vol¬ 
ume  forces.  VVe  consider  the,  incompressible  Navier-.Slokes  equations  in 
It  smooth  bounded  two  -dimensional  domain  f),  on  an  interval  of  time  [il,  2  ] 


'  Laboratoirc  d'.Analysc  Numerique,  Bill.  425.  UiiivcrfUt  Fiai»  Sud.  Oii.\v  and  In 
ititutf  for  Scientific  Computins  and  Applied  Mntliviiiuticii,  Indiana  I,  luvnsity,  UVm  -ii 
ington,  Indiana. 
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Tln^  problem  is  then 

(Pi )  To  minimKe  J(f  ),  for  f  £  T ;  //). 

Concerning  the  existence  of  an  optimal  control  we  have 

Theorem  1 .1.  For  Vt  given  in  II,  there  exists  »f  h  ast  an  nir  vont  f 
in  L''(0, 1 :  li).  aiid  0  €  C{;Q.  T];  11]  0  1.^(0. 7';  1),  *ucb  that  J{/)  attains 
its  minimum  at  /  amt  ii  =  Vf. 

liemnrk  1.2.  Of  cours',  since  J{f)  is  not  a  convex  function,  we  cannot 
assert  that  /  is  uni<|iie. 

The  necessary  conditions  of  optimality  (N(X)) 

Basically  (sec  e.g.  (lOj)..  they  consist  in  writing  that 

(1.3)  ./'(/) -0. 

or 

(.''(/)./) --O,  V/. 

where  J'  IS  the  Frfrhet  derivative  of  J. 

A  coriv-nient  expression  of  J'  can  be  given  by  ii.>-ing  the  .adjoint  st.nte 
wliich  is  defined  by  the  adjoint  of  the  lincarire  l  <  cpiations. 

Equation  (1.2)  linearized  around  an  orbit  v=  uj  reads 

'^7  ^  ~  *•*  ^  G  '■’)> 

‘  >{I)€V  a.e.. 

^  ) (0;  =  0, 

wiiere  simply  P'ivj)  '  =  n(Uf,v)-i-Biv,uj). 

'The  adjoint  ‘  (piation  of  (1.4)  is 

I- pAu’ +  £t'(u  f  )'u>  = /i,  in  If.  t^(0,T), 
vt 

'  u'{Fi  G  V’  a.e.. 

uiT)  ~  fl 

Here  B'iiif)"  is  the  adjoint  of  Ii‘{uj)  in  H  atnl  we  have  introduced  h  in 
the  tight  hand  side  of  th.c  first  equation  (I..*)).  Note  that  w  depends  on  f 
(through  iij)  and  on  h:  for  completeness  wc  ran  write  w  ~  wt{h)  or 
.Now  the  adjoint  stair  fer  the  present  control  problem  is  n-  =  wj{h)  for 
/(  =  T"  X  V  >•  u.  Introducing  llie  prc-siire  like  functions,  we  can  interpret 
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(1.5)  as  the  following  set  of  partial  differential  equations  and  boandarj' 
conditions; 


(1.6) 


-  vAw  +  (Vuf  ■  ii< -{h-V)w-^Vq  =  V  kV  XV, 
in  QT  =  «x(0.r), 
div  tt>  =  0  in  Qx, 
tf'  =  0  on  6Ux(Q,T), 

,tt.(ar,r)  =  0,  i€ft. 


Using  w  =  v'{V  xVxuf)  one  can  prove  that 
J'(f)  xVxv;). 

(/'{/)./•)  =/'/[/+  ^  ^  X  V/-. 

Jo  Ju 

The  following  theorem  follows  then  promptly  from  (13)  (see  [1,2]). 

Theorem  1.3.  tet{/, u)  he  an  opIhnaJ pair  for  prohhm  (Pi).  Then 
the  following  equality  ho/iM 

(1.7)  /  +  uyfV  X  r  X  6)  =  0 

where  w  is  the  ndjoint  state,  solution  of  the  adjoint  Unearned  problem 
Furthermore,  we.  have  the  following  regularity  properly  for  f; 


f  €  1~(6,  T-,  V)  n  f -(0, 1; 

The  N'CO  for  prohleni  'Pj  consist  of 

-  equation  (1.2)  with  /  ;  f,v—u, 

-  eqiialioti  ( I  Jj)  (or  (1  6)  with  u’  =  u'.  ft  =  V  x  \7  x  it.  f  =  /, 
equation  (1.7). 

Of  cour.se  this  set  of  equations  is  not  easy  to  solve,  however  one  can 
compute  (or  hope  to  compute)  u,f,ii  by  using  oplimirntinn  nlogrithms 
such  as  the  gradient  or  conjngato  gradient  algorithm. 

Nunurrical  Algorithms 

The  classical  gradient  algorithiii  for  (Pi)  rons).sts  in  defining  recursively 
a  sequence  of  f„  6  IP{Qt).  Starting  frotii  an  arbitrary  /a  €  L‘(Qt},  we 
write  (Un  =  «7n(^  xVx  ujr.))'. 


fn+i  —  fn  ~  PnJ  {/••  ) 
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i.e., 

/n+l  —  fn  ~  F'i(/n  ••’n)- 

The  numbers  pn  >0  must  be  chosen  properly. 

The  conjugate  gradient  algorithm  for  (Pi)  consists  in  defining  recur¬ 
sively  two  sequences  ft,, hi-  Starting  from  an  arbitrary  /o  G  we 

write  (u'„  =  t„(V  x  V  x  «/„)): 

i’O  =  /o  +  tlU) 

kfi  s  -f  U'n 

icrif”  ~  +  “n  ~  •  (/"  U-„)(hdi 

l/n-1  -«V.-j'^dTd/ 

/n+l  ^  Jn  ~  P^U'. 

where  p  >  0. 

Both  algorithm.s  converge  to  /  if  /o  is  chosen  close  enough  to  /  and 
the  p,.  are  suitable.  Unfortunately,  for  realistic  flows,  these  algorithms 
necessitate  a  computing  power  beyond  that  presently  available.  In  the  rest 
of  this  section  we  describe,  in  a  similar  manner,  the  modeling  of  some 
related  flow  control  problems.  In  Section  3  we  will  describe  suboptima! 
procedure  which  are  more  fea.sible. 

1.2.  A  boundai'y  control  problem  in  thermohydrnnlirs.  The 
“system'"*  that  we  consider  here  is  a  two-  dimen.sic.nal  layer  of  fluid  heated 
(or  cooled)  from  above  and  below.  The  flow  is  periodic  in  direction  X\ 
(period  Lj),  at  rest  at  the  bottom  of  the  layer  t-i  =  0.  driven  at  velocity 
-.1  —  ^on  top  of  the  layer.  Ja  =  /a-  The  boundary  velocity  p  is  the  cvnifol, 
the  fialC:  of  the  system  i.s  given  by  the  field  of  velocities  u  =  and  the  field 
of  temperatures  r  ~  solutions  of  the  classical  Boussiiiesq  equations; 


-  ifAu  +  iu  ■  ^)v +  'vp= -q{r  -  TQ)f.2  in  Qt-Q^(0,T), 

ft 

(u  •  V)r  - /cAr  =  0  in  Qt, 

V  •  u  =  0  ill  Qt- 

(1-8) 

The  density  is  one.  I'tk.ff  are  positive  constants,  c-j  =  (0, 1)  thr  unit 
vertical  vector:  O  is  tlie  domain  (0,Ti)  x  (0,  Lj).  These  cquation.s  are 
supplemented  by  the  boundary  conditions  described  before,  namely  the 
periodicity  in  the  i\  direction  and 


w  =  r  =  Tj  at  jTj  =  £2- 

u  =  0,  r  =  -Tj  at  X2  —  0, 


*  In  (lie  !>eiise  uf  roiitrcl  tlieory 
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and  by  initial  conditions 


(I.IO)  0)  =  Tsiz),  z  e  Q. 

Por^jf^.n  givenini*{0,T;^'/*(0,Lj)),  one  can  show  that  eqimtions 
(I.^)-(l.lO)  a  unique  solution  {u,r}  =  {u^.Z;^}. 

We  encounter  a  regularity  difficulty  for  the  choice  of  the  cost  function. 
A  simple  choice  would  be 

»n,£  >  0.  However  it  is  not,  easy  to  obtain  the  existence  and  tiniqucness  of 
solution  of  (1.8)-(1.10)  if  we  only  assume  that  €  L^(0,  T;  £|)). 

This  result  may  not  be  true  if  wc  require  g  L'^(0.T-,NH?lf).  On  the 
other  hand  for  tf>  e  L'fO.T:  //’/'(O.  L\)^).  the  function  Jj  above  may  not 
attain  its  infimuin.  Hence  we  choose  the  less  convenient  cost  function 

M-fi)  =  5  jf  |r*(  - '^1  Jo  ^ 

It  can  he  shown  as  for  Thec>rem  1.1.  that  this  function  attains  its 
miniiiitim  on  £*(0,  T; at  least  at  one  point  ^  with  corre¬ 
sponding  state  {i/.t-}  •=  {uo.  z^}. 

The  necessary  condition  of  optimality  (NCO)  is  obtained  by  writing 


/!(#)  =  0 

It  is  not  easy  to  make  it  explicit  becau'e  of  the  space  L\)~.  How¬ 

ever,  if  we  do  not  emphasize  the  existence  of  the  optima!  control  but  only 
the  NCO,  then  v.-e  can  make  the  NCO  explicit  in  the  case  of  Jj. 

Indeed  the  Frechet  derivative  7.'  can  be  computed  using  the  adjoint 
state  ft,  5-  which  1*  solution  of  the  following  problem  with  v*  =  #  and 

h=:V  xV  X  Uf. 


(1.11) 


i 

— ~  -  t'Aw  -  (u.^  ■  V)il’  + 

aVr^^Vq  :=  h  in  Qr, 

— —  -  CUf  ■  7)6  —  =5 1»  in  Qr, 

at 

7  •  it  -  0  in  Q-f- 


The  boundary  conditions  are  (1.9)  homogeneized.  and  the  “initial"  condi¬ 
tions  nt  #  ---  T  read 


«.(*.T)  -0.  6(z.r)  =  0,  zgn. 
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Th<‘n  is  equal  to  v-r —  anti  the  NCO  is 


r-i^^  =  0  on  (O.T)  y  (O./.i). 

The  (us-ual)  gradient  algorithm  consists  in  constructing  a  sequence  of  fiinc 
tions  yr  such  tliat 


ifn  +  l  =  ‘pr.  --  ptiJlipn) 


=  -"S) 


where  ilr.  is  the  solution  of  (1.11)  with  <p  replaced  by  /i  by  V  x  V  x 

Hf/nark  14.  Of  course  we  could  have  chosen  the  lop  and  hot  loin 
heatings,  ri,r-j  as  tlie  control  functions  for  this  problem. 

1.3.  Boundary  control  of  channel  flows.  .  This  control  problem 
is  a  very  important  one.  Large  scale  comput.ations  are  being  performed  on 
this  problem  at  thi.s  time  with  the  methods  of  Section  3  (rf.  [3]),  In  this 
section  we  present  the  modeling  of  the  control  problem  and  describe  briefly 
the  theoretical  results  similar  to  those  of  Sections  1.1  and  1.2. 

The  “system’’  is  a  channel,  {i  =  (t).  Lj)  x  (O.Lj).  The  flow  is  incom¬ 
pressible  and  driven  by  a  given  flux.  Hence  we  write  the  incompressible 
Navier  Stokes  equations  in  Qt  =  H  x  (0.  T); 


du  .  ,  T-.\ 

-  t'Jku  -f  (u  ■  V) 

(ft 

V  ■  u  =  0,  in  Qt- 


t'Jku -f  (u  ■  V)u Vp  =  0,  in  Qt, 


The  flow  F  is  prescribed  ,  i.e..  if  u  = 


/  wi(0.X2;t)dr?  =  /’ (given). 

JO 


The  prefwiire  p  is  of  the  form 

P  -  Pi,t)xi  4  p', 

where  P  P{1]  is  an  unknosvn  pressure  gradient  determined  by  F. 


The  boundary  conditions  are  the  periodicity  of  u  and  p'  in  direction  j*) 
(period  Li).  and  on  the  walls  xj  =  O.ij,  we  hase 

(1.14)  «(ll,0;O  =  r‘2!  L2'J)  ~  pf-7- 
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Bere  e*  to  the  vector  (0, 1)  in  the  plane  and  ^  is  the  control.  Of  course  the 
state  to  the  pair  {tt.p)  defined  by  (1.10H1.14)  which  we  supplement  with 
an  initial  condition 

(i.io)  ii(2.o)  =  u:{x),  X  e  n. 


More  precisely  the  functional  setting  of  (1.I2)-(1.15)  is  as  follows.  Let  V 
be  the  space  of  functions  e  in  ^*(0)’  which  are  Li -periodic  in  direction 
xi  which  vanish  at  xj  =  0  and  Lj,  and  such  that  dive  =  0.  Let  H  be  the 
cl<»ure  of  V'  in 

For  F  e  IP-  and  ^  given,  wc  denote  by  the  set  of 

functions  t*  in  V  such  that 


(M6) 


In  parlicular  for  F  =•  0.  yr  =  0.  we  write  I'o  =  Irn.  Of  course  V'/-,#  is  the 
affine  space 


V'r.ws  =  Vj  + 

where  $  £  V  is  any  ;uiietion  of  I'  satisfying  (1.16).  Let.  also  and  Ho 
be  defined  in  a  similar  way:  Ho  ~  Ho.o-  and  Hp,^  to  the  space  of  functions 
«;  in  ff  such  that* 

(1.17)  jf  rj(0.xj)(/xj  =  r. 

Again 


Now  for  $  given  in  l*(0.'i';  1).  for  uo  given  in  ///■,<,  there  exists  a  unique 
pairing  %.p=  Pj.),  solution  of  (1.12)-{  1.15);  in  particular  u  G  Z,^(0.r;VV,( 
As  usual  p  is  only  defined  up  to  an  additive  constant:  as  indicated  before 
the  pair  is  the  ilaie  associared  with  the  control  ip. 

iu  the  control  problem  we  ward  to  choose  so  as  to  reduce  the  mag¬ 
nitude  of  the  drag  on  the  wall 


w/''- 


A  pcwsible  choice  of  the  cost  function  J  is  (f,  m  >  0): 


0m\ 

dx-t 


dt. 


*  N«»te  the  difference  with  (1.16). 
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including  a  time  average  of  the  square  of  the  drag.  An  alternate,  seemingly 
more  interesting  choice  is 


v:l 


(Is)  *'*’ 


the  integral  term  in  7j  corresponding  to  a  time  average  of  surface  stresses. 
As  in  5!ection  1.2,  we  have  to  choose  A'  properly.  The  simplest  choice. 
L'HO.T-L^iri))  is  not  suitable;  hence  we  take  A'  =  i-'fO.J; //''=*(r,)2): 
more  precisely  X  is  the  space  of  traces  on  the  wall  F i  of  the  functions  t 
of  L^(0,T:  V’),  satisfying  the  first  condition  in  (1.16)  (the  flux  condition), 
and  such  that  v'  =  dr/dl  belongs  to  /.-(O.T;  V')  (see  e.g.  (1'3])^ 

The  control  problem  is  then 
(Ps)  Tf>  mimmh*  J\(or  J^)  on  A". 

We  obtain  (see  [1]),  the  same  theoretical  results  as  in  Section  1.1  and 
1.2,  namely 

-  For  F  6  3?  given,  for  «o  giveti  in  H  satisfying  the  first  condition  in  (1.16), 

there  exists  an  optimal  triplet  {vi.p,:fi),  where  is  an  optimal 
control  (solution  of  (^’3)  and  u  =  u^.p  =  is  the  corresponding 
distribution  of  velocities  tind  preswurcs.) 

-  We  can  write  the  necessary  conditions  of  optimality  for  ('^3)  but  they 

are  rather  involved.  As  in  Section  1.2.  they  .ire  easier  to  write  if 
X  is  asubspace  of  Z,^!0.!/;i^(r- )^);  sec  (!]. 

-  We  can  think  at  implementing  a  gradient  type  algorithm  for  the  numer¬ 

ical  solution  of  problem  (T’3),  but  we  meet  two  dilHculties: 

•  If  X  C  ).  then  the  gradient  algorithm  is  not  ea.sy 

to  make  explicit  (even  theoretically) 

•  If  A'  C  L-(Q,T;L^{r-j)‘),  we  can  write  gradient  algorithms  similar 
to  those  in  Section  1.1,  but  the  amount  of  computing  is  beyond 
the  capacity  of  the  available  computers  at  present  time  as  well  as 
in  a  foreseeable  future.  We  refer  the  reader  to  Section  .1  for  more 
nffordable  computations. 

Remark  1.5.  for  other  control  probicnis  for  the  Navirr-Stofcrs  equa¬ 
tions  see  [11.12]. 


2.  The  three-diiiiensioiial  case.  (NCO)  The  question  addressed 
here  is  a  purely  theoretical  one.  Since  the  mathematical  theory  of  the 
Navicr-Sfnkes  equations  in  dimension  three  is  not  complete,  we  cannot 
write  the  necessary  conditions  of  op'.imalily  in  a  straightforward  way  as  we 
did  in  Section  1.  In  fact  the  modeling  of  the  control  problem  itself  raises 
some  difficulties;  if  we  consider  the  three  dimensional  analog  of  the  problem 
in  Section  1.1.  we  are  not  able,  for  /  given,  to  define  a  unique  stale  uj. 

Our  aim  in  this  .section  is  to  consider  the  thrce-diriicnsional  version  of 
the  problem  in  .Section  I.I,  and  to  derive  some  partial  results  following  [2], 


*  Hence  <f  is  prescribed  ut  lime  t  =  0,  equal  lo  Uj,i ,  the  second  component  of  «<). 
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in  particular  the  necessary  conditions  of  optimality  when  the  oplimai  state 
6  is  sufficiently  regular. 

The  3-D  Navier-Sfokes  equations  read  as  iit  (1.1). 

^  -v^u  +  (u-V)v  +  Vp:^  f  in,  Qr-ftx(0,r), 

(2.1)  .  V  w  =  0  in  Or. 

«  =  0  on  Ml, 
tt{a;.0)=  ttoCsr).  r  G  Q. 

Here  ft  is  now  an  open  bounded  domain  in  R*.  Tlie  functional  form  of  the 
equation  is  similar  to  (1.2): 


(2.2) 


~  -^■lfAu+  B{u)  =  /. 

Of 

u(0)  =  «(,. 


We  know  that  for  every  /  in  L^{0, 7’;  V),  and  for  every  ?Jo  in  //'*,  there 
exists  a  nonncct$saiilg  aniqm  solution  u  of  (2.2)  such  that 

«€  /.~(0,r;7/)n7®(0,r;V'). 

For  the  control  problem,  the  control  is  /,  the  state  u  rz  Vf.  The  fo.<f 
function  is 

/(/)  =  ^  +  |rxu,i^ds, 

where  f.  m  >  0  and  /  €  L-(0,T,  V") 

The  control  problem  (P4)  consists  in  minimizing  J(f)  for  all  /  in 
£^(0,  T;  I"),  rurthermorn,  for  each  /,  if  u/  is  not  unique  we  minimize 
as  well  with  respect  to  all  possible  u  =  v/  satisfying  (2.2). 

The  lack  of  uniqueness  of  u/  dors  not  prevent  us  from  proving  the 
existence  of  an  optimal  pair  /,  u,  as  in  Theorem  1.1.  More  precisely  there 
exists  an  optimal  /  and  a  corresponding  state  5  —  u/  solution  of  (2.2). 

We  want  to  derive  the  NCO.  This  will  be  done  under  the  assumption 

(2.3)  8€i®(0,r:L^(n)=)i.e., 


J  |fi(ic.#)|'‘dr^  dt  <  00. 


We  have 


*  Notsrinna  *fc  the  sajne  in  SecUun  l.t 
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Theorem  2.1.  Let  u  be  an  optimal  state  such  that  (2.3)  holds.  Then 
there  exists  an  adjoint  state  w  solution  of 

«z.e  i*(0.T;V)nL~(0,T;//) 

-  —  +  t/Aii  +  =  -mV  x  (V  x  it), 

at 

«;(r)  =  0. 

and  we  have 

(2.5)  /.4-'/H/'  =  0. 

Sketch  of  the  proof 

Consider  the  modified  problem 
(Pj)  To  minimize 

Af)  =  i  /7  + fsj  IV  X  «(.«)prf.s 

for 

(  u  €  C([0. 2 );  //) n  L*(0. 7  ;  V')  n  f^O,  f; 

(2.6)  i  u'  €  7;-(0.  T;  V").  /  £  7’: » .  ')  and 

i  u' +  i/Au  +  Biu)  -  f.  u(0)  =  Ui). 

The  solution  of  (T4)  exists,  is  unique  and  it  is  obviously  the  pair  {/,  ti). 
Writing  the  NCO  for  (’Pt).  we  obtain 

/^(/’/l-7+U',/)vv'ds  =  0, 

Jo 

for  all 

/  =  «' -f  4  £l'(u)u, 

with  {/, «}  as  in  (2.5),  and  «(0)  =  0.  WV  then  prove  (2.1)  by  showing  that 
all  such  /'s  are  dense  in  L^{Q,T,  V')  (.see  [2]  for  the  details). 

3,  Control  of  the  stochastic  burgers  equation.  Some  optimal 
control  problems  have  been  described  in  Section.s  1  and  2.  From  the  point 
of  view  of  control  theory,  they  correspond  to  open  loop  full  information 
control  problems. 

From  the  practical,  computational  point  of  view,  we  have  seen  that 
they  correspond  to  problems  which  are  not  feasible  at  this  time.  We  now 
consider  a  different  type  of  problems,  from  a  more  practical  viewpoint. 
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We  are  interested  in  artivc  eontrol  and  feedback  procedures,  We  are  less 
demanding  and  do  not  look  for  optimal  control  anymore;  instead  we  look 
for  proceduws  which  arc  feasible  and  which  produce  an  effective  reduction 
of  the  cMt  function. 

The  tnodel  problem  that  we  consider  is  the  Stochastic  Burgers  equa¬ 
tion,  and  we  follow  [7].  At  this  time,  in  a  progressing  work  (3J  we  try 
to  develop  similar  procedures  for  the  control  of  the  channel  flow  problem 
considered  in  Section  1 .3. 

We  consider  the  Burgers  equations  with  a  white  noise  forcing.  These 
equations  are  an  interesting  model  for  the  Kavier-Slokcs  equations  (NSE); 
they  are  simpler  than  the  NSE  but  if  wa-s  shwon  that  the  white  noise  forcing 
produces  a  behavior  close  to  that  of  turbulent  flows  (cf.  (6]).  Other  work 
on  the  control  of  Burgers  equations  appear  in  [1.5];  see  also  the  rfferences 
therein  and  in  [7], 

.After  nondimenslonaliratbn  the  Stochastic  Burgers  equations  read 


(3.1) 


'  du  1  _  , 

di'^  dr  ‘i~  Re«9j;2  "  ' 

u{x.O)  =  uef-r).  0<  T  <  1, 


0<  j-<  1,  f  >0, 


u(0,t)  =  t''o(t),  u(l,/)  =  r.‘(<) 


Here  Re  is  the  Reynolds  (like)  number,  m  after  nondimensicualization,  a 
white  noise  random  process  in  x  with  zero  mean  and  mean  square  value  1. 

Mr  =  0.  (X^)r  1. 


The  control  problem  The  .sfatc  of  the  system  is  described  by  the  function 
II.  The  confref  could  be  /.  or  c‘  =  or  the  pair  Hereafter 

we  emphasize  the  boundary  control  ca.se  (control  =  t')-  but  we  present 
numerical  results  on  both  the  boundary  control  case  arid  Hie  distributed 
control  case  (control  =  /);  further  details  appear  in  [7], 

We  would  like  to  reduce  the  “lutbulence"  as  mc.asured  by 

Hence  we  consider  the  instantaneous  ct,>st  function 

(3.3)  =  5l»-o(f)P  4  -  I (£('•<))  dx. 


which  accounts  for  the  cost  (,1.2)  and  for  the  cost  of  implementing  the 
control  >  0).  By  boundary  layer  effect,  the  main  contributions  to 

the  integral  in  (3.2)  are  produced  near  the  boundary.  Renee,  instead  of 
(3,2)  we  could  consider 


dx' 
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however  the  integral  (3.2)  leads  to  simpler  computations. 

A  control  problem  similar  to  those  of  Section  1  could  be  set  as  before, 
with  co.st  function 

J{^)  =  E  r  J,(s)dt 
Ja 

Iloxvever  as  indicated  before,  simplicity  is  preferred  now  over  optimality 
and  we  will  look  for  suboptimal  choices  of  the  control  function  v'-  which 
produce  a  substantial  reduction  of  Ji(t'd  over  a  period  of  time. 

We  use  a  iiiarchin;'  jirr  cedure.  (one  step  optimal  control)  based  on  a 
time  descrctization  of  the  equations. 


Time  discretized  Durgers  equations 

The  Burgers  equations  (3.1)  are  written  as  an  abstract  evolution  equa¬ 
tion  (i/  =  Re”*); 


(3.d) 


dv 

-l-  vAu  +  /?(u,i'  )  =  0, 


and  using  a  Cranck  Nicliolson  lime  discretization  scheme,  we  obtain 

+  «’'•-*)  +  v")  +  =  0. 

For  u  =  u",  we  write  (3.o)  as 

(3.0)  ^u"-i7'’(i/”.v’’)  =  0. 


where 

Mit”  =  (7+  ^A)«", 

R"  (u-’  ^  7f(u'= ,  V  " )  +  T  ■  ’  I 

-u"-*  +  ifiAu"-*. 

The  problem,  similar  to  those  considered  in  Section  1  is  now  the  following: 

Assuming  that  «’*“•  and  are  known,  how  to  best  determine  «" 

and  so  as  to  itiinimire 


7"(v'’^)  =  5(|vSP  + 


/n 


As  ill  Section  1  we  can  show,  at  each  step  u,  that  this  problem  has  an 
optimal  solution  v''  with  corresponding  state  u"  (solution  of  (3.6)).  l,'.sing 
the  adjoint  «taf:c  we  can  describe  the  optimality  conditions  for  thi.s  prob 
lein:  we  can  also  describe  gradient  algoiithin  which  has  been  effectively 
implemented.  .At  each  step  n,  this  algorithm  produces  t/)’’'  as  the  limit  of  a 
sequence  !•  —  oc>.  For  the  details  see  [7]. 
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In  conclusion  we  eniphasicc.  the  fact  that  docs  not  necessarily 

decrease  m  k  increases.  In  fact,  setting  t''”  =  lims_oo  C"  *,  we  do  not  even 
assert  that 

(3.?) 

The  effective,  large  scale  computations,  reported  in  [7]  show  that  (3.7)  may 
not  be  true  m  t  evolve.?  (n  increases).  However,  over  a  period  of  time,  some 
significant  or  substantial  decreases  of  is  observed. 

Figures  3.1  to  3.7  are  borrowed  from  [7].  Figures  3.1.  3.2.  3.3  give 
some  eharncteristics  of  the  flow*.  Figures  3.4  and  3.D  are  related  to  a 
control  problem,  Figures  3.6  to  a  boundary  control  problem.  The  decrease 
of  the  cost  function  J  is  8lway.s  important. 

Finally  let  us  emphasize  Figtires  3.7  which  are  very  instructive.  We 

attempted  here  to  plot  »(0.t)  =  t^o(t)  vs  _  [0,t)  with  the  hope  of  fitiding 

an 

some  actual  feedback  law 

(3.8)  t;o{f)  =  F(|;(0.o). 

It  appears  from  Figure  3.7  that  there  is  no  single  valued  feedback  law  of 
type  (3.8)  in  this  case 


®  not  mcntiontKl  Lefore  is  the  time  step  discretizalion  tif  the  white  noise 
for  idl  c^^mputaticm 


#  f  •  WW 
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KW.  3.3.  — .  ftrr.t^ivercffi  mfj.i  t*  sa  «•!<? 

H*  —  1500. s  O.iil,  _ ^  I—— .  iiifiriif  to  /<.»r 
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Fra.  3.S.  T»rr,f  tfjt7d  t*ir  a  prothrr^  t  sz  — 

4*i%  rfilA  '•or  fr.*,’  -  -  •  •nihokf  '‘?rfrc/.  (c.*  1***’^  t*he*f^ 

—  0);  fi}  */:«  fot'€inp$  ct  2:  —  0.5.‘  ,  o-iJn*! /'^rf»r|  /; 

'  -  •  rtfjirfom  fc*€i%3  \. 
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Fw.  H-?.  ii.'irsm  a/  cfn^nl  ani  ^rcaV-rf  3?  ucH  ft'r  tie 

titK*‘  iV.'er72/  0  <  I  <  i  :  c.  4*  =  0-  — .  «#  *•  s;  1.  |  >'cr  e'  =.  l.mi  s  5  10**^=.  At). 
/f  i  FVr  t  =s  ?u  ^  1.  T.^t  ca*^  tf)  I  s  0,m  —  1  r«  neui^ 

<9^  r3#f  *'M.  jV'^*  BS*'  .iriu'unl/  <»/ ft.it  *r**tch  jmiAr  f4fi: 

3/<3tc  /a/. 
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